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CHAPTER 2: MOTION OF FLUID PARTICLES AND STREAMS FLUID MECHANICS, IUG

Objectives of this Chapter:

e |ntroduce the concept of pressure.

e Prove it has a unique value at any particular
elevation.

e Show how pressure varies with depth according to
the hydrostatic equation.

e Show how pressure can be expressed in terms of
head of fluid.

e Demonstrate methods of pressure measurement
using manometer.
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2.1 Statics of Fluid Systems:

From chapter 1:
e A static fluid can have no shearing force acting on it.

e Any force between the fluid and the boundary must
be acting at right angles to the boundary.
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Pressure force normal to the boundary
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2.1 Statics of Fluid Systems:

This is also true for:
e Curved surfaces (the force acting at any point is normal to the

surface at that point). £ PT
e Any imaginary plane. 1l —
b

e We use this fact in our analysis by considering elements of fluid
bounded by solid boundaries or imaginary planes.

e And since the fluid at rest: (the element will be in equilibrium)
= The sum of the components of forces in any direction will be zero.

= The sum of the moments of forces on the element about any point must
also be zero.
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2.2 Pressure:

e As mentioned above a fluid will exert a normal force
on any boundary it is in contact with.

e Since these boundaries may be large and the force
may differ from place to place

o

t it is convenient to work in terms of pressure “p
which is the force per unit area.
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2.2 Pressure:

Force
Pressure = , . .
Area over which the force is applied
b= F
. A
Unit:

* N/m?or kg m-1s
e Also known as a Pascal, Pa, i.e.1 Pa=1 N/m?
e Also frequently used is bar, where 1 bar = 10° Pa.

Note : Uniform Pressure

If the force exerted on each unit area of a boundary (surface)
is the same, the pressure is said to be uniform.
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2.3 Pascal’s Law for Pressure

at a Point:

How does the pressure at a point vary with
orientation of the plane passing through the

point?

Z Pressure Forces
Gravity Force

Blaise Pascal (1623-1662)

M

V = (1/28y52)*8x

p is average pressure in the X, y, and z direction.
P, is the average pressure on the surface

0 is the plane inclination

d is the length is each coordinate direction, X, y, z
ds is the length of the plane

vy is the specific weight
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2.3 Pascal’s Law for Pressure at a Point:

Remember:

e No shearing forces

e All forces at right angles
to the surfaces

Dy OX 07 e

For simplicity, the x-pressure forces
cancel and do not need to be shown.
Thus to arrive at our solution we
balance only the y and z forces:

0z

6x5y5z p Sx 5}’
Z
Pressure Force Pressure Force 2
in the y-direction on the plane in
on the y-face \ the y-direction 5v = 85 cos @ 5z = s sin 0

EF_T = p,0x 0z — p,dxossinf =0

= | p,=p
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2.3 Pascal’s Law for Pressure at a Point:

ox Oy Oz
EF: = p,0x oy — p,0xdscos f — *}'T =0
Pressure Force Pressure Force /
in the z-direction in the plane in Weight of the
on the z-face the z-direction Wedge Z
(neglected)

The element is small i.e. dx, 8y
and o6z are small, and so xd)
dz1is very small and considered

negligible
P, 6x 62

> | p,= P
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2.3 Pascal’s Law for Pressure at a Point:

Thus:

Py =P, = Ps

Pressure at any point is the same in all directions.

This is known as Pascal’s Law
and applies to fluids at rest.
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2.4 Variation of Pressure Vertically in a
Fluid under Gravity

The pressure at:

2

= the bottom of the cylinder is
p, at level z,

Fluid of :"r:nas

" the top of the cylinder is p, density
at level z, "

Z

The fluid is at rest and in
equilibrium so all the forces in the
vertical direction sum to zero.

Vertical elemental cylinder of fluid
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P A
The forces involved are: Area, A
* Force dueto p,on A (upward) = p,A kl\
* Force due to p, on A (downward) = p,A ] ‘
" Force due to weight of element (downward) = Fluid
Density h
mg=pgA(z,-2z,) P i
PA -p,A—p gA(Z, -2) = 0 \{/ :,
P =P =-pg(2-2) Py A

HD:> Thus in a fluid under gravity, pressure decreases
linearly with increase in height (h)

Thus, in any fluid under gravity:

an increase in elevation causes a decrease in pressure.
a decrease in elevation causes an increase in pressure.
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2.5 Equality of Pressure at the Same Level
in a Static Fluid:

For equilibrium
the sum of the forces in the x
direction is zero.

pA=p.A

Fluid of mass density p {05 55

o > p,=p, | Y

mg
Horizontal cylinder elemental of fluid

Pressure in the horizontal direction is constant

This result is the same for any continuous fluid
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2.5 Equality of Pressure at the Same Level
in a Static Fluid:

e |tis still true for two connected tanks which appear not to have
any direct connection.

We have shown:

Pr = Ps
For a vertical pressure
change we have:

pR:pP-/-ng % :

Equality of pressures in a continuous body of fluid

%0 Pp = Po

E—— Pressure at the two equal levels are the same.
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2.6 General Equation for Variation of

Pressure in a Static Fluid

The forces acting on the element are:

" pAacting at right angle to theend of ,
the face at z Pressure p

= (p + Op) A acting at right angle to the
end of the face at z + ¢z

" mg=pAodsg pA

= forces from the surrounding fluid acting

normal to the sides of the element. ————————

Resolving the forces in the direction along the central axis gives:

PA- (0 +Op)A-pAdssgcosfd=0
op =-p g oscosl

. . dp
In the differential form: — = —,00 COS 6

ds

K. ALASTAL
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Pressure p + op

(p+dp)A
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Horizontal Area A

If 6=90°, thensisinthexory Pressure p + 5p
directions, so:

(p+dp)4
Area A

(d_}]) _d_p_d_p_n Pressure p
E_

Confirming that pressure on any  p4 z+6z

horizontal plane is zero.

Vertical
If 8=0° thensisin the z Confirming the result
direction so:
P2=P _
(a’p) dp —Fg
— —-pg I3 -1
{]{'5' Hn_{] -i.'l"':Ir
py—p =—pelzr - 7))
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2.13 Pressure And Head

e |n a static fluid of constant density we for vertical pressure
the relationship: dp

dz
e This can be integrated to give p=-—p0z+ constant

—~9

Patm

) __&___&__} R

v
/- —.—p
o I

e measuring z from the free surface so that z =-h

P = pgh + constant

K. ALASTAL




CHAPTER 2: PRESSURE AND HEAD FLUID MECHANICS, IUG

The pressure at the free surface of fluids are normally be
atmospheric pressure, P, ospheric + 90°

P :pgh+ Patm

As we live constantly under the pressure of the atmosphere,
and everything else exists under this pressure, it is convenient
to take atmospheric pressure as the datum. So we quote
pressure above or below atmospheric.

Pressure quoted in this way is known as gauge pressure i.e.
pgauge: ,Ogh

The lower limit of any pressure is the pressure in a perfect
vacuum.

Pressure measured above a perfect vacuum (zero) is known as
absolute pressure.
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pabsolute — ,[X\_:]h + patmospheric

pabsolute= pgauge+ patmospheric

1
T 1
+ @pressure@

Absolute pressure
@1

Local atmospheric
pressure reference

Pressure

Gage pressure @ 2
suction or vacuum)

Absolute pressure
@ 2

Absolute zero reference
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Summary: Absolute and Gauge Pressure

Pressure measurements are generally indicated as being either
absolute or gauge pressure.

Gauge pressure

e is the pressure measured above or below the atmospheric pressure
(i.e. taking the atmospheric as datum).

e can be positive or negative.
® a3 negative gauge pressure is also known as vacuum pressure.

Absolute pressure

e uses absolute zero, which is the lowest possible pressure.
e therefore, an absolute pressure will always be positive.

e a simple equation relating the two pressure measuring system can
be written as:

P, =P, +P

abs — " gauge atm

K. ALASTAL
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Atmospheric pressure

e refers to the prevailing pressure in the air around us.

e |t varies somewhat with changing weather conditions, and it
decreases with increasing altitude.

e At sea level, average atmospheric pressure is 101.3 kPa (abs), 14.7
psi (abs), or 1 atmosphere (1 bar = 1x10° Pa).

e This is commonly referred to as ‘standard atmospheric pressure’.

K. ALASTAL
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e Takingp,,=0

p=pgh

Which indicate that:

e As gis (approximately) constant, the gauge pressure can be
given by stating the vertical height of any fluid of density p
which is equal to this pressure.

e This vertical height is known as head of fluid.

Note: If pressure is quoted in head, the density of the fluid
must also be given.

K. ALASTAL
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Example:
What is a pressure of 500 kN/m? in head of:

e  water of density, p=1000 kg/m3

p=pgh w——> h= P
9
3
h= 20010 =50.95 m of water
1000x9.81
e  mercury of density, p= 13600 kg/m3
3
h= 20010 = 3.75 m of mercury
13600x9.81
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2.14 The hydrostatic paradox

" The pressure exerted by the fluid depends only on:
= vertical head of fluid (h).
= type of fluid (density p).

= not on the weight of the fluid present.

= Therefore, all the containers shown would have the same
pressure at the bottom — no matter what the size or shape of
container and how much fluid they contained.

» This observation is called Pascal’s Paradox.

! ||
T ‘ ‘ |
Illustration of Pascal’s
h
\l, K \ Paradox
v \

Pressure is the same at the bottom of container: p=pgh

7

-

N
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If the vessels have the same base area A, and filled to the same
height h then the forces are equal

\ /

/ /

Area A Area A Area A Area A

Pressure on the bottom in each case p = pogh

Force on the bottom = pressure . Area = pghA

Although the weight of the fluid varied in each case, the
force on the base is the same, depending on h, and A

K. ALASTAL
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Example:

Rank them according to the pressure at depth h, greatest first.

[

Liquid surface

AN
S
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2.15 Pressure Measurement By Manometer:

= The relationship between pressure and head is used to
measure pressure with a manometer (also know as a liquid

gauge).

" |n the following we demonstrate the analysis and use of
various types of manometers for pressure measurement.

K. ALASTAL
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A. The Piezometer Tube Manometer

e The simplest manometer is a tube, open
at the top, which is attached to the top of
a vessel or pipe containing liquid at a
pressure (higher than atmospheric) to be
measured.

e Asthe tube is open to the atmosphere the
pressure measured is relative to
atmospheric so is gauge pressure.

Pressure at A = pressure due to column of liquid hl

Pressure at B = pressure due to column of liquid h2

K. ALASTAL
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Problems with the Piezometer:

1. It cannot measure suction pressure which is lower than
the atmospheric pressure.

2. The pressure measured is limited by available column
height.

3. It can only deal with liquids, not gases.

K. ALASTAL
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B. The “U” Tube Manometer

e Usinga “U” Tube enables the ... ...
pressure of both liquids and  «»¥» /
gases to be measured with
the same instrument.

e The “U” is connected as
shown and filled with a fluid
called the manometric fluid.

5 D
Liquid QQ, mass
| density P,

=
A

Important points:
1. The manometric fluid density should be greater than of the
fluid measured.

pman >p
2. The two fluids should not be able to mix, they must be
immiscible.

K. ALASTAL




CHAPTER 2: PRESSURE AND HEAD FLUID MECHANICS, IUG

e Pressure in a continuous
static fluid is the same at any
horizontal level so:

e pressure at B = pressure at C
Pg = Pc

Fluid P, mass
density p :

Liquid Q, mass
| density pan

hy

=
A R R

Pressure at B = pressure at A + pressure due to height h, of fluid being measured

Pg = pA"'pghl

Pressure at C = pressure at D + pressure due to height h, of manometric fluid

pC — pD +10mangh2

But; p, = Atmospheric pressure = Zero gauge pressure

pC :O+pmangh2
I]I]I:> pA +mhl — pmanth

K. ALASTAL
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Fluid P, mas
density p

What if the fluid is a gas?
= Nothing changes.

= The manometer work exactly the same.
But:

—-D

Liquid Q, mass
| density pr,

e the density of gas will probably be very low in comparison to

the density of the manometric fluid i.e.

/Oman >>p

* |n this case the term pgh, can be neglected, and the gauge

pressure is given by:

pA — /Oman ghz

K. ALASTAL
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Example:

e Using a U-tube manometer to measure gauge pressure of fluid
density p =700 kg/m3, and the manometric fluid is mercury,
with a relative density of 13.6. What is the gauge pressure if:

Fluid P, mass
density p  /

Liquid Q, mass
|~ density pman

hy

=
R Y

« h,=0.4mand /#,=0.9m?
 h,stayed the same but /,=-0.1m?

K. ALASTAL
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SOIUtion: Fluid P, mass

density p /£

—D
Liquid Q, mass
|~ density pyan

h,=0.4mand A,=0.9m?
h, stayed the same but /2,=-0.1m?

hy

N
@!

Ps = Pc

Ps=Pa * PN,

Ps :pAtmospheric * Pman 9/72
We are measuring gauge pressure so patmospheric =0

Pa = Pman 0/72 - pgh]

a)p,=13.6x 1°x 9.81x 0.9- 700x 9.81x 0.4 =117 327 N/n¥ (1.17 bar)
b)p,=13.6x 1°x 9.81x (-0.1) - 700x 9.81x 0.4 =-16 088.4 N/n¥, (-0.16 bar)
The negative sign indicates that the pressure is below atmospheric
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Measurement of Pressure Difference using

a “U” Tube Manometer

The “U”-tube manometer can be connected at both ends to
measure pressure difference between these two points

pressure at C = pressure at D
Pc = Po
Pc = Pa+ P04
Po = Ps +3(b—h)+ p,,0h

pA+ma’: pB +1Lg(b_h)+pmangh

Fluid P, of
density p

Y

[ [ Po=r90-2)+ (AP0

K. ALASTAL
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e |f the fluid whose pressure difference is being

measured is a gas and p., >> p.

e Then the terms involving p can be neglected, so:

Pa—Ps = pmangh

K. ALASTAL
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Example:

e Adifferential “U”-tube manometer containing mercury of density 13000
kg/m? is used to measure the pressure drop along a horizontal pipe.

e If the fluid in the pipe is water and the manometer reading is 0.65m, what
is the pressure difference between the two tapping points?

pressure at C and D 1s equal:
PC=PD A .
PATPwZa=psTpwg(b-h)-pygh

Fluid density py,

PA-PB =PwgZb-pwgh-prgatpggh
=pwg(b-a)+~hg(pre-pPw)

As honizontala=">b

PA-PBE — hF: 'E PHz - Pw ) v € d ,  datum
=0.63 = 9.81 x (13000 - 1000 )
=76 5318 N/'m~ M Manometric fluid density p

= T'ﬁ . j ]:{,'___-"'"1-".1]_]_2 Figure of manometer setup

K. ALASTAL




Example:

Fluid den=ity

In the figure below two
pipes containing the same
fluid of density p = 990
kg/m3 are connected using
a u-tube manometer.

What is the pressure
difference between the
two pipes if the
manometer contains fluid
of relative density 13.6?

K. ALASTAL
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Fluid den=ity

M iric fluid d il =
anamatiric flui cn:u;,.-p-m” 13.6 p
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Solution:

Fluid density P

Pc = Pp
Pc=Pa*pg N4
Pp =Pt P9 (Ng-1)+ Pray g h
Pa-Ps=pPg (g -14) + 19(0ma - p)

hy=1.5m

M iric fluid d it =
anamatric flui cn:u;.-pm” 136 [

= 990x9.81x(0.75-1.5) + 0.5x9.81 X (13.6-0.99) x 1(¥
=-7284 + 61852
=54 568 N/n¥ (or Pa or 0.55 bar)
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Advances to “U” Tube Manometer

= The “U” tube manometer has the disadvantage that the
change in height of the liquid in both sides must be read.

= This can be avoided by making the diameter of one side
very large compared to the other.

" |n this case the side with the large area moves very little

when the small area side move considerably more.
Py P2

diameter [
o diameter d

Datum line

K. ALASTAL
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If the manometer is measuring By Py

the pressure difference of a gas IJ’I l
of (b, - p,) as shown, diameter D

we know: - diameterd |-

Gas ——

pl o p2 = pmangh go B Datum line T

Volume of liguid moved from
the left side to the right: = Z, x%d 2

The fall in level of the left side is:

Zy

2, %7 d? 2
_ Volume moved “27 4 , (dj
2

 Areaof leftside 7 D2
Putting this in the equation above: 4

d) d )’
pl_ p2 :pmang Z2 +22(B) :pmangzz 1+(Bj

Clearly if D is very much larger than d then (d/D)? is very small so

P,—P, = pmangz\z only one reading need be taken to
. measure the pressure difference.

K. ALASTAL
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Inclined manometer

e |f the pressure to be
measured is very small.

e Then tilting the arm
provides a convenient way
of obtaining a larger (more
easily read) movement of
the manometer.

------------------------------------------------------

'The pressure difference is still given by the
! helght change of the manometric fluid. i

* But Z,=Xsing

e Then P, — Py = Prand XSINEG

K. ALASTAL
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e The sensitivity to pressure change can be increased further by
a greater inclination of the manometer arm.

Alternative solution:

e Reduce density of manometric fluid.

K. ALASTAL




CHAPTER 2: PRESSURE AND HEAD FLUID MECHANICS, IUG

Example:

An inclined tube manometer consists of a vertical cylinder 35mm diameter. At
the bottom of this is connected a tube 5mm in diameter inclined upward at an
angle of 15 to the horizontal, the top of this tube is connected to an air duct.
The vertical cylinder is open to the air and the manometric fluid has relative
density 0.785.

dizmetar d

1. Determine the pressure in the 1*
air duct if the manometric AR

diameter O
fluid moved 50mm along the - q&..ﬁ“ 7

. . )
inclined tube. et

Datum line

2. What is the error if the
movement of the fluid in the

vertical cylinder is ignored? [

K. ALASTAL
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Use the equation derived in the lecture  p; — py = pgh = pg(zy + z7)
for a manometer where p__. >> p.
Where. z,=xsin 6, and
Az, =a,X
Z, =X (d/DF
where x is the reading on the manometer scale.

2
p, Is atmospheric i.e. p, =0 Dy = —pgx(sin9+ (i) ]
D

2
And x = -50mm = -0.05m, - p, =0.785x10% x 981 x (—0-05>[Si“15+(8'823 ]

py=1072 N

If the movement in the large cylinder is ignored the term (a@/D) will disappear:
py—p, = pgxsinf
p, =0.785x 10° x 9.81x 0.05x sin15

=99.66 N
: : . 107.2—-99.66
So the error induced by this assumption is error = 072 100 =7.3%

K. ALASTAL
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The Inverted “U” Tube Manometer

Pressure at XX will be the same in
both limb

For left hand limb:
pxx — pA_ma_pmangh

e For right hand limb:
Pxx = Ps —pg(b+h)

e Thus:

pB o pA ng(b—a)+(,0—/0man)9h

e OQOr,if Aand B are at the same
level:

Pg — Pa = (p_pman)gh

e If the top of the tube is filled with
air p..., is negligible compared to

and :
P pB_pA:pgh

K. ALASTAL
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Water Tank
Fo
"'-._."h ]
napiha %
F1 W -l- -
h
[ 4.
-
WERr
\
- o e |
Fa Fb
— I I
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Choice of Manometer

e Take care when fixing the manometer to vessel
e Burrs cause local pressure variations.

Advantages of manometers:

e They are very simple.

e No calibration is required - the pressure can be calculated
from first principles.

K. ALASTAL
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Some disadvantages of manometers:

Slow response - only really useful for very slowly varying
pressures - no use at all for fluctuating pressures;

For the “U” tube manometer two measurements must be
taken simultaneously to get the h value. (This may be avoided
by using a tube with a much larger cross-sectional area on
one side of the manometer than the other;)

It is often difficult to measure small variations in pressure. (a
different manometric fluid may be required - alternatively a
sloping manometer may be employed).

It cannot be used for very large pressures unless several
manometers are connected in series.

For very accurate work the temperature and relationship
between temperature and p must be known;

K. ALASTAL
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Example:

e Figure below shows a tank with one side open to the
atmosphere and the other side sealed with air above the oil
(5§G=0.90). Calculate the gauge pressure at points A,B,C,D,E.

_ E v
1m vA —

\|/
/|\

3m

A

Oil (SG = 0.90)

K. ALASTAL
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Solution:

point A, the oil is exposed to the atmosphere

thus P,=P_, . =0 (gauge)

Point B is 3 m below point A,
ThusP, =P,+p,gh
=0+ 0.9x1000x9.81x3
= 26.5 kPa (gauge)

Point Cis 5 m below point A,
ThusP. =P, +p,gh
=0 + 0.9x1000x9.81x5
= 44.15 kPa (gauge)

Point D is at the same level of point B,
thusP, =P,
= 26.5 kPa (gauge)

K. ALASTAL

“—1— 0il (SG =0.90)

Point E is higher by 1 m from point A,
ThusP.  =P,-p.gh
=0 -0.9x1000x9.81x1
=-8.83 kPa (gauge).
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Example:

" The figure shows the vessel
which is filled with water to the
top of the tube.

= (Calculate the ratio of
hydrostatic force at the bottom
of the barrel to the
gravitational force on the water
contained inside the barrel ?

= Why the ratio is not equal to
one?

K. ALASTAL
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Example:
The figure shows four situations in which a dark liquids
cannot be in static equilibrium.
(a) which one is that ?

(b) For the others, assume static equilibrium, for each is the
density of dark liquid greater than, less than, or equal to the
gray one ?

(1) (2) (3) (4)

K. ALASTAL
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Example:

Find the location of the surface in the manometer

The distance 4h is the height of the
liquid in the manomoter above the

A
heavier liquid in the tank. J ':5:::5::_::5:5::_::5:5:::;:;:;_::_ _\L
10 cm Water
Py +0.1%y, = py +Ah*y,_ Ak
pA = PD =0
Ah=0.1%"W
’m

Ah = 0.1*% =3.33cm

K. ALASTAL
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Example:

Find: Specific weight of fluid
Solution:

2 cms3

&)
o
3
\

Al _L//

0.5cm —» |e—
™~ Water

K. ALASTAL

v ="4d?
4

=%(o.5)2| -2cm®
| =10.186cm

Manometer Equation:
Ps = Pc
py+(1-0.05)y = p, + I7/|iq
| —0.05
Vlig :( | )7/
_ (0.10186 —0.05) (9810)
0.10186

‘ Vg =4995N /m? ‘
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Example:

Oil (S =0.90)

Mercury

K. ALASTAL



