CHAPTER 4
MOTION IN TWO DIMENSIONS

In this chapter we are going to discuss the following topics:

4 Position, Velocity, & Acceleration

1 2-D Motion with Constant Acceleration
U Projectile Motion

4 Circular Motion (Uniform & Non-Uniform)

] Relative Motion

Recommended Problems:

1,3,4,7,9,18, 19, 21, 23, 25, 29, 41, 42, 43, 44, 45, 47, 50,51,
54, 55, 60, 62, 64, 70, 71, 84, 86



4.1 The position, Velocity, and Acceleration.

Consider a particle moves along the curve shown from initial point
/to a final point £ y

The initial and the final position of the
particle are two-dimensional vectors:
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Now the displacement of the particle Is
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The instantaneous velocity is now defined as

g=ar dXIA-I—yjA—VI-I—VyJ
dt dt dt

Similarly, the average and the instantaneous acceleration s are
now defined as
AV Avy, . Ay,

X1+ i=aJd+a,]

At At AtJ x! ey
a3 M My o ]
dt  dt dt x>y

It Is clear now that the planar motion can be considered as a
vector sum of two-perpendicular linear motions: one along the x-
axis and the other along the y-axis.



4.2 Two Dimensional Motion with Constant

Acceleration

If ais constant, then a, and a, are consequently constants, then

we can write, by letting x; = y; =0,

X-axis y-axis Net
Vo = Vyi +a,l Vyt =Vyi +at Vi =V; +at
Xt =Vyit +5a,t° V¢ =Vyit+1ayt? ry =vit+1at’
V4 = V5 +2a, X vyf —v i +2ayY¢ VE=VZ+2a-F

Remember that the time is common between the two motions, i.e.,
the time the particle takes to move from one point to the other can

be found either from the x-axis, or from the y-axis equations.




Example 4.1 A particle moves in
the x-y plane, starting from the

origin with an initial velocity having T _

i=20m/s, and y;=-15m/s. The | X

particle experiences an acceleration h (

in the x-direction as a,=4.0m/s?.

a) Calculate the velocity and the E";
speed of the patrticle at =5.0s. "f:c’f:ry / %

b) Calculate the position of the )
particle at =5s.

Solution Taking # =5.0s and using the relations

Acceleration
vector

VXf = VXi + axt — VXf =20+ 40(50) =40m/s

Vyf = Vyi + ayt yf =-15+ 0(5 0) =-15m/s

= \7:(40i ~15j) m/s

And for the speed we have — V| = J(4o)2 +(-15)* =43 m/s



To find the position we use

X =it + o’ =20(5.0)+5(40)5.0f =150m T
Yi = Vyit +%ayt2 _ —15(5.0)4—%(0)(5.0)2 —_75m { .
=  r=(150i-75])m g

* Quick Quiz (1)

Two balls are projected at the same instant from the same height.
Ball A is projected horizontally and ball B is dropped from rest.
Assuming the only acceleration acting on the two balls is the
acceleration of gravity which is constant and directed directly
downward, which ball will reach the ground first?

a) Ball A. b) They will reach together.

¢) Ball B. d) Ball A will never reach the ground.



4.3 Projectile Motion
If a particle given an initial velocity and then follows a path
determined only by gravity we have projectile motion.

As the acceleration of gravity is always straight downward with a
magnitude of g, the acceleration of a projectile is always given as

a=—g]

This means that the projectile motion can be considered as a
vector sum of a vertical motion with g, = -g (the positive sense s
taken upward) and a horizontal motion with a, = 0 (constant
velocity). Taking x=x~0, the formulas govern the motion of a
projectile is then

Horizontal motion (&, = 0) Vertical motion (a,= -g)
Vi =V Vyr =Vy; — gt
X =Vl Vs :vy,t 1gt*
Vi =V vyt =Vy; Zgyf




If one substitute for #from x-eq. into the 2" y-eq. we get the
equation of a parabola.

y=(tané)x—| — ) — |X°
2V, Cos” 0
The y component of
velocity is zero at the The x component of
¥ peak of the path. velocity remains
~ l . constant because
= v, =0 F@. o there is no
0, J.-:E']F o — acceleration in the x
ﬂ @ "‘--.':E:' Ti direction.
'T".-#, o B
U, ! v,
3 g N
L
8, B
— X
YRR T 8.
The projectile is launched

with initial velocity ¥,. Uy A=,



Horizontal Range and Maximum Height of a Projectile.

The maximum horizontal distance a projectile covered is called
the Range of the projectile, while the height of the maximum point
reached by the projectile is called the maximum height. Resolving
the initial velocity into its rectangular components we have

Vy; =V; COSH

and Vyi = Vj sin@
At the maximum height (/1), v,,=0, using the equation
Vit =Vyi —20Y+ =

0 :(visin9)2—2gh. =

_visin‘é
29

h



To find the range we need the time of flight. Noting that for the
total time of flight =0, so we can use

2Vyi _ 2Vi Sin 9
g g
Now substituting for Zin the eq. Xz =V,it =

—

1

2v;sind _ 2v{sindcosd

R =V g 0
Knowing that  2sinfcos@d=sin20 =
R:vizsin 20
J

It is clear that the maximum value of Ris R =Vi2/g

This Is because the maximum value of sin2@1is 1, and this occurs
at 26-90° so the range is a maximum when 6=45°



* Quick Quiz (2)

A projectile launched from
the origin with the same
Initial speed but at various
angles of projection. For
which of the launch angles
the time of flight is the
largest.

a) For 15°

c) For 75°

150
v, = 50 m/s
TH =~ ’ Complementary
g lues of the initial
Y v values of the initia
TP angle 8, result in the
! - - Lo
/ A Y N same value of R,
I 457 A= "=y
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< 30T .
—— LT AL A
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I~ | | == T x (m)
50 100 150 200 250

b) For 45°

d) All are the same



* Quick Quiz (3)

In a projectile motion, at what point along the path are the velocity
and acceleration vectors for the projectile perpendicular to each
other?

a) the launch point. b) The highest point

c) The landing point d) nowhere

* Quick Quiz (4)

In a projectile motion, at what point along the path are the velocity
and acceleration vectors for the projectile parallel to each other?

a) the launch point. b) The highest point

c) The landing point d) nowhere



Example 4.3 A projectile is
fired at a target in such a way Target
that the projectile leaves the e
gun at the same time the target R i
is dropped from rest. Show that Ll
if the gun is initially aimed at cun ol collision Vil A
the stationary target, the - r
projectile hits the falling target

as shown in the figure.

Solution Let @ be the angle the aiming line (Line of sight), and «
be the angle the initial velocity of the projectile make with the
horizontal. We will show that if 6= « the projectile hits the target.

Xy tan 4,

The target undergoes free falling motion with v,=0 from the point
Xqi and Y,
yTf = YTi +Vrit —%gtz = ¥Ti —%gtz

As it is clear from the figure we have ytj =xgjtand = xgf tand =



2
yri = X7 tand -5 gt @
Targei -
For the projectile, its horizontal o 74
: " ST ' Lo
and vertical positions are e N L
Xpf = Xpj + Vpyit = Vj cOsart LT et
Gun O A collision '1{-]' y
ypt = Ypi +Vpyit =5 Lgt? = :+- X
Ypf = Vi sinozt—%gt2
. X
From the x-equation we have t=_""'
Vj COS

Substituting for fzinto the y-equation we get

: Xpf 1 s2
=V;SINx — =t =
fo | (Vi COSO(] Zg

Ypi = Xpf tana —1 gt* (2)



2

YT = XTi tané’—%gt (1)

larget
_ 1 ~+2 . ._..-"'l- |
ypf =Xpf tana —3 gt (2) o Y
. . . ':«‘*"C:-’; : . F.r- . tan 8,
For the projectile to hit the - _— T
target they must be at the same _  ,|_4%. oot r )
position, i.e., i .
Xpf =Xt and  ypf =Yty (3)

Comparing Eq.(1), Eq.(2), and Eq.(3) we conclude that for the
projectile to hit the target then 8 must be equal to .



Example 4.4 A stone is thrown from
the top of a building upward at an

200 m/s

0] A0 = 3007 "~

angle of 30.0° to the horizontal with :
an initial speed of 20.0 m/s as
shown. The height from which the
stone is thrown is 45.0 m above the
ground. (5.0 m
a) How long does it take the stone to
reach the ground?

b) What Is the speed of the stone
just before it strike the ground?

T

Solution First resolving the initial velocity of the stone to get
Vyi = V; c0s@ = 20.0c0s30.0° =17.3m/s

Vyi = Vi sin@ = 20.0sin30.0° =10.0m/s

a) To find the time when the stone reaches the ground we use



2000 m/s

—v .t—1qgt? | T shum
Y _Vylt zgt — s, ..r’l:'d 50.0° T~

~450=10.0t-1(9.80)t° = t=4.22s

b) First let us find the Y-
component of the velocity as the = om
stone strikes the ground. We use

Vyt =Vyj — gt =10.0-9.80(4.22) = _3@ lii

As the x-component of the velocity is  —
constant, the velocity of the stone as it
strikes the ground is

Vi =Vyg iA+Vyf j = (17.3iA —31.3j)m/s

For the speed we have  fv¢|=/(17.3) +(-31.3)% =35.8 ms



Example 4.5 A ski jumper leaves
the ski track moving horizontally
with a speed of 25.0 m/s as
shown. The landing incline below
her falls off with a slope of 35.0°.
Where does she land on the
Incline?

Solution It is clear that v,=25.0
m/s, and v,,=0.

Zal0m/s

i

e
i. b = 35.0°
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let d be the distance traveled along the incline. Now The

coordinates of the landing point is then

X; =dcosg and y;=-dsing

Using X5 =V,it =25.0t = dcos35.0° = 25.0t

And using y; =vyit —%g

t2 = — —dsin35.0° :—%9.80t2

Substituting for #from the 1st equation into the 2nd one we get



(_d c0s35.0°

25.0
. d cos35.0 2
dsm35.0°:4.90( ' j =

25.0
2 .- 0
d:(25'0) sin35.0° _ g1 .

(4.90)cos? 35.0°
Xt =d cos¢g=109c0s35.0° =89.3m

y¢ =—dsing=-109sin35.0° = —62.5m

25.0m/s
e

z

e H‘I’

= 35.0°




4.4 Particle in Uniform Circular Motion

When an object moves on a circular path with constant speed v,
the object is said to be in a uniform circular motion.

As the velocity is always tangent to
the path followed, the direction of
the velocity In uniform circular
motion always changing.

Although the speed is constant, we \
have an acceleration due to the | I
change of the direction of the | g ) '
velocity. This acceleration s l

directed toward the  center
(centripetal acceleration). and Is
given as T —

a. =
't



The period 7, which is defined as the time needed for the particle
to complete one revolution, can be found from

L2

V

The reciprocal of the period is called the frequency 7 which is
defined as the number of revolutions in one second.

Because one revolution equals to 2n radians, the angular speed,

measured in radian/s is given by
w=2:f =7 =Y
T r

The centripetal acceleration in terms of the angular speed can be
written as

<
N



Example 4.6 a) The earth revolves around the sun in an orbit
(assuming it is a circular) of radius 1.496 x 10 m and complete

one revolution in 1 year.

b) Find the acceleration of the moon toward the earth if the moon
revolves about the earth in an orbit of average radius 3.845 x 108
km and makes one revolution in 27.32 days (Sidereal Period).

Solution a) The period of earth about sun is

7=1 x 365.25x 24 x 3600 = 3.156 x 10’ s.
27

TS —=1.991x10" rad/s
. X

The angular speed of the earth is @ =

or w =0.986 degree/day

The centripetal acceleration is now

a, = w?r =(1.991x1077 ) 1.496x 101 )= 5.930 10 3mys?



b) The period of Moon about Earth is
7=27.32x 24 x 3600 = 2.360 % 10° s.

27 = 2.662x10° rad/s
2.360x10

The angular speed of the moon isw =

or w=13.18degree/day
The centripetal acceleration is now
a = w?r =(2.662x1078 | (3.845x10° )= 2.725x10 3m/s?
Note that in the period of 27.32 days the earth moves about
0 =0.986x 27.32 = 26.94°

So the moon needs to move this additional angle to complete one
Synodic Period this will take the moon a time of

P Q B 26.94°
o 13.18

= 2.044day
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4.5 Tangential and Radial Acceleration

If the speed of the particle changes with time, a tangential
acceleration will result. The total acceleration of the particle is now

d=a, +a
2 —
] V div - A
with a, =—a; =—— and a :% = d=-a.f+ab
r

with ¢ and @ : are unit vectors directed away from the center and
counterclockwise, respectively.

The negative sign indicates that the radial acceleration is toward
the center.

* Quick Quiz (5)

For a particle moves along a circular path, In which of the
following cases are its acceleration and velocity vectors parallel?

a) When the speed Is constant.  pb) When the speed changes

c) Always d) Never



Example 4.6 A car leaves a stop sign and exhibits a constant
acceleration of 0.300 m/s? parallel to the roadway. The car passes
over a rise in the roadway such that the top of the rise is shaped
like an arc of a circle of radius 500 m. At the moment the car Is at
the top of the rise, its velocity vector is horizontal and has a
magnitude of 6.00 m/s. What are the magnitude and direction of

the total acceleration vector for the car at this instant?
= 0.300 m,s

Solution a) The radial ——
. ol _ - —-ﬂr
acceleration can be found as J f= | 1- .
OO0
2 2 ' } = 6,00 m/ss
vs  (6.00) 5
a =—— = =0.072m/s =
r 500
3 = (~0.072f +0.3006 )m/s? =

= /a2 +af =/(-0.072)% +(0.300)% = 0.309 m/s?

s=tan & | = tan‘l(_ 0.072j =-13.5°
a, 0.300




4.6 Relative Motion
Suppose that two observers want to describe the motion of a
particle P. The first observer A in a frame S, Is stationary with
respect to the earth, while the second observer B in frame Sgis
moving with constant velocity vgg relative to thg earth

Sp
If the two reference frames coincide at =0, LN P
then after a time ¢, the displacement of B Fo
relative to Awill be rge.= Ve £ Fom
The displacement of the particle w.r.t. to the
earth (A) Is denoted by rpg, , X
v
the displacement of the particle w.r.t. Bis denoted by 7.5
From the figure we can write  fpg =Tpg +1gg =Tpm +VBEL

Differentiate w.r.t. fwe get VPE =VpB +VBE

—> —>

Differentiate again w.r.t. fwe get dpg =apm



Example 4.8 A boat crossing a wide river moves with a speed of
10.0 km/h relative to the water. The water in the river has a
uniform speed of 5.00 km/h due east relative to the Earth.

(a) If the boat heads due north, determine the velocity of the boat
relative to an observer standing on either bank.

Solution Let Wyg, Vgg, and Vg, be the F= =% ¥

velocity of the water relative to the earth, Bl

the velocity of the boat relative to the earth, =

and the velocity of the boat relative to the A_H7

water, respectively. st
Vge =Vgw +Vwe = (5.001+10.0 j Jkm/hr Voo| ol

% _l?_ -
\VBE\zJ(5.00)2+(10.0)2=11.2km/hr . { y /n
0 =tanY VX |=tan —1(500j 26.6°
Vy 10.0

So the boat is moving at a speed of 11.2 km/h in the direction
26.6° east of north relative to the Earth.



(b) If the boat travels with the same speed of 10.0 km/h relative to
the river and is to travel due north as shown, what should its
heading be? y >
Solution For the boat to travel due north
means that

VBE =VgE |
Now VBE = VBW -|-\7WE —
Now VBW ZVBE _VWE ZVBEj—S.OOf —
But ‘VBW ‘ =10.0km/hr —

10.0=(vge )% +(=5.00)% =

Vgg =/75=8.66 kmlhr = Now Vgy = (8.66 j —5.00i Jkm/hr

0=tanY VX |=tan~ (500) 30.0°
vy 8.66



* Quick Quiz (6)

A boy, driving a bike with constant speed, throws a ball vertically
upward relative to himself. The ball falls:

a) on the bike. b) in front of the bike.
C) behind the bike. d) can't be known.

* Quick Quiz (7)

Suppose you are running at constant velocity and you wish to
throw a ball such that you will catch it as it comes back down. In
what direction should you throw the ball relative to you?

a) in the forward direction. b) in the backward direction.

c) Straight up. d) At some angle with the ground.



