Chapter 2
LIMITS AND CONTINUITY

Firsy Semester 2020—2921

2.1 Rates of change and tangents to curves

@ Calculus is a tool to help us understand how functional
relationships change, such as the position or speed of a moving
object as a function of time, or the changing slope of a curve
being traversed by a point moving along it.

@ In this section we introduce the ideas of average and
instantaneous rates of change, and show that they are closely
related to the slope of a curve at a point P on the curve.

@ We give precise developments of these important concepts in
the next chapter, but for now we use an informal approach so
you will see how they lead naturally to the main idea of the
chapter, the limit.

@ The concept of limit of a function is one of the fundamental
ideas that distinguishes calculus from algebra and trigonometry.

@ You will see that limits play a major role in calculus and the
study of change.

@ We need limits to study how the values of a function f(x)
behave when its argument x gets closer and closer to a given
value xg not necessary in the domain of f.

@ This might be the case, for instance, when trying to evaluate a
function at xp leads to division by zero.

Average and Instantaneous Speed

@ A moving body’'s average speed over any particular time
interval is the amount of distance covered during the interval
divided by the length of the interval:

Ay

Average speed = —.
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@ We want a way to determine the speed of a falling object at a
single instant tp, instead of using its average speed over an
interval of time.

@ To do this, we examine what happens when we calculate the
average speed over shorter and shorter time intervals starting
at tp.

@ We cannot use this formula to calculate the “instantaneous”

speed at the exact moment ty by simply substituting At = 0,
because we cannot divide by zero.



Average Rates of Change and Secant Lines

(Average rate of change)

The average rate of change of a function y = f(x) with respect to x
over the interval [x1, x2] is

ﬂ . f(XQ) — f(Xl) . f(Xl + h) — f(Xl)
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where h = x, — x3 # 0.

Defining the slope of a curve

Tangent Line “'t

Figure: Tangent and secant lines

The slope of a curve y = f(x) at a point P(x1,y1) on the curve is
the slope of the tangent line at P.

slope = lim fOa+h) - f(Xl).
h—0 h

Geometrically, the rate of change of f over [x1,x2] is the slope of
the line (the secant line) through the points (x1, f(x1)) and

(x2, F(x2)).

Any continuous __ ;—a
function f(x)
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Figure: A secant to the graph y = f(x)
2.2 Limits of a Function and Limit Laws

@ In this section we give an informal definition of limit and show
how we can calculate the values of limits.

Limits of function values

@ Frequently when we study a function y = f(x), we are
interested in the behavior of the function near a particular
point xg, but not at xg.

@ Limits give us an estimate of f(x) when we can't compute a
result directly.

@ How do we obtain an estimation?
@ Zoom into the neighboring points.

@ If our prediction is always in-between neighboring points, no
matter how much we zoom, that's our estimation.
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Let f(x) = — >

> How does f(x) behave near x = 27
o —

Solution
Dom(f) =R — {2}

X f(x)
1.9 2.9
2.1 3.1

1.99 2.99
2.01 3.01
1.9999 | 2.9999

As x gets closer and closer to 2, f(x) get closer and closer to 3.

o Flwl Lle o 5 Bladl ile L)

@ No distance between f(x) and L when there is no distance
between x and xp, but f(xp) is not L.

@ Zoom into the neighboring points.

@ If our prediction is always in-between neighboring points, no
matter how much we zoom, that's our estimation.
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Informal definition of limit

@ Suppose f(x) is defined on an open interval about xg, except
possibly at xp itself.

e If f(x) is arbitrarily close to L (as close to L as we like) for all x
sufficiently close to xg, we say that f approaches the limit L as

x approaches xg, and write lim f(x) =L, |which is read
X—rX0

“the limit of f(x) as x approaches xq is L"

y=Ff(x)
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Example 1

For the function f(x) graphed below, find the following limits or
explain why they do not exist.

Y
_— %
(a) lim f(x)
x—1 sl
(b) lim f(x)
X—2

(c) lim f(x)

x—0




1, x< -1
| —X, -1<x<0
o5 Graph f(x) = ¢ 1, x=0
- —X, 0<x<l1
3 2 1 * 2 3 1, x>1,
osf then find the following limits or explain why they do not exist.
— (a) lim_ f(x)
x——1
e (b) lim f(x)
x—0
Figure: Graph of f(x) (c) lim f(x)
=1 x—1

(2) Jim £(x)
(b) lim f(x) =1

(c) Iim0 f(x) does not exist because f(x) approaches —1 when x
xX—

approach O from the left and f(x) approaches 0 when x
approaches 0 from the right.

1, x< -1

—x, —1<x<0 L, x< -1

f(X): 1, = . —X, —-1<x<0
-x, 0<x<1 (x)=1< 1, x=0

17 XZ]-, ]-—X7 Oi){<1
b X* b

1.5



1, x< -1 1, x< -1
—X, -1<x<0 —X, -1<x<0
flx)=1 1, x=0 flx)=< 1, x=0
—X, 0<x<1 —X, 0<x<1
1, x> 1, 1, x> 1,
Zy Zy

15F 15}

1, x< -1
—x, —1<x<0 oY
f(X): 1, x=0
L5}
—X, 0<x<1
1, x> 1,

15F

,_.
|
w

os| (@) lim f(x)=1 Figure: Graph of f(x)
x——1
' (b) lim f(x) =
x—0
o (c) Iim1 f(x) does not exist because f(x) approaches —1 when x
X—
Figure: Graph of £(x) approach 1 from the left and f(x) approaches 1 when x

approaches 1 from the right.



Example 3 Example 4

Show that lim k = k for any constant k. Show that lim x = xp.
X—X0 X—X0
3} z—y
2 Y ) {
y—k 1t
T T
3 2 1 1 ] 2 3 3 2 1 1 x0 2 3
@ From the graph we see |lim k = k for any constant k @ From the graph we seg lim x = xo
X—X0 X—Xx0 |

e

The limit laws

If lim f(x) =L and lim g(x) = M, where M and L are real

X—>X0 X—>X0
numbers, then

(1) Sum Rule: XILnJ@[f(X) +eg(x)]=L+M
(2) Difference Rule: XIi_}rr}(o[)"'(x) —gx)]=L-M
— . (3) Constant Multiple Rule: le”>1< [kf(x)] = KL, for any constant k.
I I . . f(x) L ;
I_l m |t I_aWS (pa I’t 2) (5) Quotient Rule: )(Il_)rr;(0 20) - M’ provided that M # 0

(6) Power Rule: lim [f(x)]" = L", for any positive integer n

First Semester 2020-2021 X0

V3] f\,u J_g;\ o (7) Root Rule: ILm VIf(x) = V/L, for any positive integer n
X—rX0

(If n is even, we assume that L > 0.)




Theorem 2 (Limits of Polynomials)

Theorem
If p(x) = apx™ + an_1x"" 1 + -+ + a;x + ag, then

lim p(X) = P(Xo) = anX(I; + "3n—1X(?71
X—rX0

+ -+ a1Xp + ao.

Theorem 3 (Limits of Rational Functions)

If f(x) = P(x) is a rational function and g(xp) # 0, then

q(x)

(x) _ p(x0)

o () ~ al0)

Examples

Example 1
. 2—/x+4
Evaluate |im ———.

x—0 X

Solution

. 2—+x+4 . 2—Vx+4[(2+V/x+4
@ |lim ——— = lim
x—0 X x—0 X 2+ +/x+4
°
. 4— (x+4)
= lim
x=0 x(2 + /x + 4)
°
= lim —
x=0 x(2 4+ /x + 4)
°

-1

-1
=lim ——— = —
x=02 ++/x+4 4

)

Eliminating zero denominators algebraically

o Let lim f(x) =L and lim g(x) = M, where M and L are real

X—+X0 X—rXp
numbers.
. f(x) L
o If M # 0, then XILET;O@ = M
e If M =0, then Iim @ =7
X—rX0 g(X)

o If the denominator is zero at xp, then canceling common
factors in the numerator and denominator may reduce the
fraction to one whose denominator is no long zero at xp.

@ In such case we can find limit by substituting x = xp in the
simplified fraction.

Example 2

. Jx—4
Evaluate lim .
x—16 /x — 2

2
ooVE—4 (vx) 4
xls WX —2  xsl6 )
’ o WE- 2R +2)
x—+16 V/x —2
- XIL”fﬁ(W+ 2) =4




The Sandwich Theorem

@ The following theorem, called the Sandwich theorem, enable us
to calculate a variety of limits.

\/xU

Remark

The Sandwich Theorem is also called the Squeeze Theorem or
Pinching Theorem.

Example 1
Let 2—x?<f(x) <2+ x? forall x# 0. Find lim f(x).
X—

Solution

@ In this example, we can choose
g(x)=2—x%, h(x)=2+x°
@ Then we have g(x) < f(x) < h(x) for all x #0
e Since lim g(x) = lim(2—x?)=2 and
x—0 x—0
lim h(x) = lim (2 + x?) = 2,
x—0 x—0

e by Sandwich Theorem, Iim0 f(x)=2.
X—>

Theorem 4 (The Sandwich Theorem)

Assume that g(x) < f(x) < h(x) for all x in some open interval
containing xp, except possibly at x = xp itself. Assume also that

lim g(x) = lim h(x) = L.

X—rX0 X—rX0

Then lim f(x) = L.

X—rX0

Let lim |f(x)| = 0. Find lim f(x).

X—C X—C

o We will use Sandwich Theorem.
@ We have —|f(x)| < f(x) < |f(x)]
o g(x)=—|f(x), h(x)=I[f(x)|

@ and lim |[f(x)| =0 and lim —|f(x)| = — lim |f(x)| =0.
X—C X—C X—C
@ Thus, by Sandwich Theorem, Iign f(x) =0.




Use the inequalities | —|x| <sinx < |x ‘ and
! Xl = < o Theorem 5
‘_|X‘ <1-cosx < x| to show that )I(Tosmx =0/ and Assume that  g(x) < f(x) for all x in some open interval
lim cosx — 1 containing xp, except possibly at x = xp itself. Assume also that
x—0 lim g(x)=L and lim f(x) =M both exist. Then
X—X0 X—>X0

lim g(x) < lim £(x).

5 o E X—rX0 X—rX0
o We use the Sandwich Theorem, lim —|x| =0 = lim |x|
x—0 x—0

¢ = |limsinx=0| and lim(1—cosx)=0.
x—0 x—0

If we replace < by <, then Theorem(5) is false. For example 0 < x°
for all x # 0, but lim 0= Iim0x2 =0.
X—> X—r

@ The last limit gives

0=1Iim1-— limcosx=1— lim cos x
x—0 x—0 x—0

@ —|limcosx=1
x—0

The Precise Definition of a Limit Precise definition of limit

Let f(x) be defined on an open interval about xp except possibly at

@ Let us review the precise definition of a limit. xo itself. We say that the limit of f(x) as x approaches xq is the

@ We replace the vague phrases like “gets arbitrarily close to” in number L, and write 00
lim f(x) =1L,

the informal definition with specific conditions that can be K

applied to any particular example. . . .
PP yp P if, for every number € > 0, there exists a corresponding number

@ Using the precise definition, we can prove the limit properties 8 > 0 such that for all x,

given in the preceding section and establish many important

limits. O0<|x—x0| <d = |f(x)—L|<e
@ To show that ILm f(x) = L, we need to show that the gap

between f(x) );nc);oL can be made “as small as we choose” if x ° |f(x) — Ll <e= ’ L—e<f(x) <L+ 6‘<:>

is kept “close enough” to xq. ’ f(x)e(L—¢,L+¢) ‘

e 0<|x—xo| <0 <:)’x0—6<x<xo+(5 and x;éxo‘<:>
’xe(xo—d,XO—l-(S)—{xo}‘




° ’f(x) € (L—e,L—I—e)‘whenever’xe (Xo—d,xo—i—(S)—{xo}‘

L+e¢

\ /\ The formal definition of limit does not tell how to find the limit of a

Lp=====c2 | 7?,: function, but it enables us to verify that a suspected limit is correct.

I
b
L—e¢ th
il
4 N

L >
/ K

To — ) To + )

2.4 One-Sided Limits

@ In this section we extend the concept of limit to one-sided
limits, which are limits as x approaches the number xg from the
right-hand side or the left-hand side only.

@ To have a limit L as x approaches a number xg, a function f
must be defined on both sides of xp and its values f(x) must
approach L as x approaches xg from either side.

2.4 One-Sided Limits e

f(xo) p------------ 7"”
First Semester 2020-2021 fxo e ] :
- alz . 0/7 1
Gall e el ] o :
Xo-0 xlo x0+6>




@ Because of this, ordinary limits are called two-sided limits.

o If f fails to have a two-side limit at xp, it may still have a
one-side limit.

Let f(x) = y/x. Then what can we say about Iim0 f(x)?
X—

The limit does not exist since f(x) is not defined for x < 0.

Right-hand and left-hand limits

(1) We say that a function f(x) has a right-hand limit L at xp, and
write

lim f(x) = L,

4L
X—)XO

if, for every number € > 0, there exists a corresponding number
0 > 0 such that for all x,

x<x<x+0 = |f(x)—L<e

Example 2

g(x), x<xo
Let f(x) = . Then how can we find lim f(x)?
h(x), x> xo. o

We can not evaluate lim f(x) in one step since f(x) have deferent
X—rX0

formulas for x > xg and x < xg.

Right-hand and left-hand limits

(2) We say that a function f(x) has a left-hand limit L at xg, and
write

lim f(x) =L,

X—>X0

if, for every number € > 0, there exists a corresponding number
0 > 0 such that for all x,

X—0<x<x = |f(x)—Ll<e




Example 1

For the function f(x) graphed below, find the following limits.
lim f
(@) lim £(x)

(b) lim f(x) X
x—1-
(c) Iim+ f(x)
One-sided limits have all the limit properties listed in Theorem (d) Xl_fo £(x) i
1-Theorem 5. ngﬁ X y=f(x)

Solution
lim f(x) =0
(a) lim £(x)
(b) lim f(x)=1 Y
-
(c) lim f(x)=0 sl
X0t Find lim v/x2—9
(d) lim f(x)=0 100 x>3+ '

lim Vx2—9=
14 x—3T

-




Example 3
Find lim X2
X—>2*’X—2‘
i xX—2
o |lim
x—>2*’X—2’
e X — 27
0 — x <2
0 = x—-2<0=|x—-2|=—(x—-2)
—2 -2
@ Thus lim X7< lim _XZ< =-1

x=2= |x = 2] x=2- —(x —2)

| ‘ \

Example 5
. ANT—VR2 1 ah+T
Find lim .
h—0- h
. VTI—Vh +4h+7
h—0— h
- VT VR +ah+7 (VT+Vh2F4h+7
h—0— h VI+Vh2+4h+7
o
. 7—(P+4h+7) . —(h% + 4h)
P20 h(VT+ VIR HAhTT) PO h(VT+ VR AR T
S oy 0ED =0 _ =B
h—0- (VI +VR2+4h+7) 27T VT

Example 4

X, x < —1
Let f(x) =

1— x, x> —1.
Find Iim+f(x) and lim f(x)

x——1 x——1-

o i f = | 1—-x)=2
1, o= g (6=

o lim f(x)= Ilm x=-1
x——1- x——1=

Example 6
Find lim 2.
x—4- X

Solution

@ In order to calculate | x| we have to find an integer n such
that n < x < n+1.

@ Since x — 4=, we have x < 4.
@ Since x is close to 4 and x < 4, we may take 3 < x < 4.
@ Thus [ x| = 3 and hence

x| 3

lim — = —.
x—4— X 4




Example 7

Find lim X1
x—-1- x+1

@ In order to calculate [x + 1] we have to find an integer n such
thatn—1<x+1<n.

@ Since x — —17, we have x < —1 and hence x +1 < 0.
It follows that —1 < x +1 < 0 <0.
@ Therefore, lim [x+1]=0.

x——1-

1
and hence lim [x+1
x—-1= x+1

What we can do?

Relation between one-sided limits and two-sided limits

lim f(x)=L| ifandonlyif lim f(x)=L= lim f(x).

X—rX0

Example 1

If Iim1 f(x) =5, then find lim f(x) and lim f(x)
X—r

x—1t x—1—

Since lim f(x) =5, we have lim f(x) =5 and lim f(x)=5.

x—1 x—1t x—1-

rx+/7: o F = o|— *x+)
Ny / z

=1

xﬁ;}?"

e We note that lim [x+ 1] = 0 much faster than

x——1-

lim (x+1)=0.

x——1-
1
@ Therefore, |im [x+1]

=0.
x—-1— x+1

If lim f(x)=—-9and lim f(x)= —9, then find Iim4 f(x).
X—>

x—4+ x—4=

Since lim f(x) = -9 and lim f(x) = —9, we have

x—4+ xX—4=
lim f(x) = —9.

x—4




Example 3
Find lim [x — 3].
x—4

When,wehave < x—=1<x-3

— 1<x—-3<2
@ Thus lim [x—-3] =2

x—4+

Solution

@ We cannot evaluate by direct substitution.

@ In order to calculate [x — 3] we have to find an integer

n suchthat n—1<x—-3<n. oWhen,wehave x<4d=x-3<1
@ Since x — 4, we have to study the values of f(x) = [x — 3] e —=0<x—-3<1<1.
when x> 4 and x <4. e Thus lim [x __31 -1
y X—4=
e Therefore, )li_r>n4[x —3] does not exist.
z

Example 4
Find lim X =31
x—=5 X —5H
i . -5 ) -5
o 1y X K
@ The denominator x —5 — 0 as x —> 5. x—=5+t X —5 x—=5t x—5H
@ In order to eliminate the zero denominator we have to simplify e and lim x|x = 5| — lim —x(x—5) _ 5.
|x —5|. x—=5- X—5H x=5- X—5
. X|x —5| _
e But @ Therefore, lim does not exist.
x —5, x—5>0 x—=5 X —

x— 5| =
—(x—5), x-5<0

x —b, x>5

—(x—=5), x<5




Example 5
x2, x <2
Find Iim2 f(x), if f(x) =
= VIxX+2, x> 2.

® Wehave to caleulate | fim, F(x) = ig, Vix+2=4 2.4 One-Sided Limits (part 2)
o and | lim f(x)= lim x> =4

<2 First Semester 2020-2021
e Therefore, )|<[>n2 f(x)=4. VAl fw\.é ol

Limits Involving (sin x),/x

=1. . 1—cosx
x—0 X Show that I|m0 e
X—> X

Corollar :

t
lim —— =1| and |lim —% =1, °
x—0 SIn X x—0 X
. 1—cosx 1 —cosx |1+ cosx
@ Iim —— = |Iim
Proof. x—0 X x—0 X 1+ cosx
° ) ) o i 1 — cos? x
= lim —
lim = lim —— =- =1 x=0 x(1 4 cos x)
S0sinx o0 sinx 1 sin? x sin x sin x
X @ = |lim —— = |lim =(1)(0)=0
o x—0 x(1 + cos x) XHO|: X } [(1+cosx)] (1)(0)
tan x . sin x . sinx 1
lim = |im = |im =1

x—0 X x—0 X COS X x—0 X COSX




Example 2

tan(5x)
.

Find lim
X—r

o lim tan(5x) — lim 5tan(5x)'
x—0 X x—0 bx
o = lim5|2nGX) | _ g
x—0 bx

Example 4
2

t t
Find lim —s
t=0 sin“(2t)

t2cost
o lim —2f _ lim (cos t) (

t—0 sin(2t)

= i t
° tTO(cos )

t—0

(o)

sin(2t)

o — lim <cos t) 2t 2 _1
T to0\ 4 sin(2t) ) 4

;

Example 3

cos(sinx) — 1

Find lim -
x—0 sin x
o
@ Lety =sinx.
@ Thenasx > 0=y — 0

cos(sinx) — 1

@ and |lim - can be written as
x—0 Sin X
. cos(sinx) —1 . cos -1
-y e L ey 4
x—0 Sin x y—0 y
. Ccos —1
o = lim W =1 _,
y—0 y

Example 5 (Exam)

2
Find lim X1+ tan"x)
x—0  sin(3x)

Solution

_ x(L+tan?x) 5 3x
lim ——————— = lim(1 —
® 50 sin(3x) fim (1 + tan™x) 3 2 30
. ((1+tan?x) 3x 1
e = lim - =z
x—0 3 sin(3x) 3




Find lim X sin(4x)
X—> 5X

o lim 3x + sin(4x) — lim <3x N sin(4x)>
x—0 5x x—0 \ bx 5x
o — I 3 n 4 sin(4x) 3 i 4 7
= Im = - = = - = =
x=0\5 b 4x 5 5 5

_ sin(x — 2)
@ lim
x=24/x+3—v2x+1

sin(x — 2) [Vx F34+v2x + 1}

= lim

o X—2 (x+3)—(2x+1)
| sin(x—2){\/x—|—3—i—\/2x—i—1}
=, “(x—2)

Si(n)gx_z)z)} {\/x T3+V2x+ 1}

o = [V5+ V5= 2/6

xX—2

Example 7

Find lim

x—2

sin(x — 2)

Vx+3—v2x+1

Solution

e lim

sin(x — 2)
X—2 \/X+3—\/2X+1

sin(x —2)

im
x=24/x+3—2x+1

= lim

sin(x — 2) (\/x+3+\/2x—|—1)
Vx+3+vV2x+1

sin(x — 2) [\/x F3+2%x F 1}
X—2 (x+3)—(2x+1)

Example 8

Find lim

x—0

sin(x® + 2x2 — 5x)

2x

Solution

. sin(x® 4+ 2x% — 5x)
lim
x—0 2x

sin(x3 + 2x% — 5x) [ x3 4+ 2x? — 5x
x3 +2x2 — 5x

x—0 2x

= |lim

x—0 (x3 +2x2 — 5x)

sin(x3 + 2x? — 5x) <X3 +2x2 — 5X>
2x

o x*+2x—5 -5
a0 2 2

S~




Example 9

[ — cos(¢/x — 2)?
—82

Find lim
X—r

Solution

o[ cos(x —2)P
x—8 (X — 8)2

’ I cos(9% )P (¢ - 2
x—8 (\3/)? = 2)2 (X — 8)2

-im [ 5 [

Example 10
Find lim tan(9x) csc(2x).
x—0

Solution

lim tan(9x) csc(2x)

x—0

— lim sin(9x) 1
~ x—0 cos(9x) sin(2x)

- ][220

x—0 | cos(9x) | | sin(2x) 18x

=1, ] 5 o] 2] = 2

) o[- cos(yE - )] [(IF-2)]
x'i“s[ (Vx-2) ] [(x—S)]
o |a®—b>=(a—b)(a®+ab+b?) (a=Vx, b=2)
- [1—cos(¥/x - 2)]” (¥/x - 2) ’
~tm [y (a2
= m [y 2)}2 e ﬁsz

2 1 ?
=) [((\3/5)2 + 2€/§+4)] =0

Example 11

. . X sin x
Find lim .
x—0 1 — cos x

. X sin x
o |im
x—01 — cos x

xsinx [1+ cosx]

° = |lim
x—=01 —cosx |1+ cosx

o i xsin x(1 + cos x)
= lim

x—0 1 — cos? x
. xsinx(1 4+ cos x)
° = lim —

x—0 Sin® X

. x(I+cosx) . x
° = lim ————= = lim —
x—0 sin X x—0 SIn X

(14 cosx)=2

A



2.5 Continuity

e Continuity relates two concepts: | f(xp)| and lim f(x)|
X—rX0

@ Intuitively, a function y = f(x) whose graph can be sketched
over its domain in one continuous motion without lifting the
pencil is an example of a continuous function.

@ In this section we investigate more precisely what it means for a
1 " function to be continuous.
2.5 Continuity

@ Since most functions of a real variable have domains that are
intervals or unions of separate intervals, it is natural to restrict
First Semester 2020-2021 our study of continuity to functions with these domains.

Lol 2l el s

(1) A function y = f(x) is continuous at an interior point xp of its

domain if lim f(x) = f(xo).
X% Let f(x) =4 X1
(2) A function y = f(x) is continuous at a left endpoint a of its 5 X —
domain if Xi”; f(x) = f(a). Is f(x) continuous at x = 1?7 Explain.

(3) A function y = f(x) is continuous at a right endpoint b of its Sont
domain if IirE f(x) = f(b). _ ution
X—Db™

@ In this example  Dom(f) = R.

@ It follows that x = 1 is an interior point.

@ Thus, f is continuous at x = 1 if it satisfies the following three
conditions:
@ 1 (1) is defined.
Q lim f(x) = L exists.
x—1
a xy b Q@ L=1(1).




2 _
X 1, x£1

f(X): x—1
2, x=1

o O 7(1)=2is defined.
2 _ _
@ lim f(x) = lim *— = lim (x=1Dl+1)

x—)lX—]_ x—1 X—l

Q@ L=2="F(1)

@ Therefore, f(x) is continuous at x = 1.

= lim(x+1)=2
x—1

e Ilm f(x)= lim V9—x2=0="f(-3)

x——3+ x——3*

@ Thus f(x) is continuous at x = —3.

e lim f(x)= lim v9—x%2=0=f(3)
x—3~ x—3~

@ Thus f(x) is continuous at x = 3.

Let f(x) = V9 — x2. Is f continuous at x = £37

@ In this example  Dom(f) = [-3,3].
@ Thus x=—3 s a left endpoint and x =3 s a right
endpoint.

@ [t follows that f is continuous at x = —3 if
li f = f(-3
o lim f(x)=f(-3)
@ and f is continuous at x = 3 if
o lim f(x)=f(3).
x—3~

@ Let us test these conditions.

Is f continuous at x = 07

L i) = =

X

e f is NOT continuous at x = 0 since f(0) is not defined.

If a function is not continuous at a point xg, we say that f is
discontinuous at xp and xg is a point of discontinuity of f.




Example 2

Say whether the function graphed below is continuous on [—2,4]. If
not, where does it fail to be continuous and why?

Definition

A function y = f(x) is continuous on an interval if it is continuous

at every point of the interval.

The function f(x) = /x is continuous on [0, o). — o~

R

@ The function is continuous on [—2,4] except at x = 0, 4.

e lim f(x) does not exist.
x—0

° iT_f(X)zl#fM):O

Theorem 8 (Properties of continuous functions)

~

If the functions f and g are continuous at x = xg and k is a
constant, then

(1) f £ g, fg, and kf are continuous at xo.
(Continuous functions) (2) f/g is continuous at xg provided g(xp) # 0.

A function y = f(x) is continuous if it is continuous at every point (3) /™ is continuous at xo provided it is defined on an open
interval containing xp, where n and m are positive integers.

Definition

of its domain.

Example 1 (Polynomials are continuous)

f(x) = x is continuous. If p(x) = apx"+---+a1x+ ag is a polynomial, then p is continuous.

Example 2 (Rational functions are continuous)

X) . . . . .
If f(x) = P(x) is a rational function, then f is continuous at every

q(x)

point of its domain.




Example 3 (The sine function is continuous)

@ We will show that lim sinx = sin xg
X—rX0

olet h=x—xp. Then x=x9+h and

@ lim sinx = lim sin(xp + h)
X—X0 h—0

@ = |lim |sinxg cosh+ sinh cosxp| = sin xp.
h—0

@ Thus, sinx is continuous at every point in  Dom(sin x) = R.

Example 4 (The cosine function is continuous)

€os x Is continuous.

Example 5 (The absolute value function is continuous)

f(x) = |x| is continuous.

Example 2

. 1 _ 2
At what points is the function f(x) = sm(+4x) continuous?
X

@ The function f(x) can be written as f(x) =

)

where

h(x)
()’

h(x) = sin(1 — x?)| and | g(x) = x + 4|,

@ h(x) is continuous on IR since it is a composition of the two
continuous functions, the sine function and a polynomial.

@ g(x) is continuous on R since it is a polynomial.

h
@ Thus f(x)= (x) is continuous for all x provided g(x) # 0.

g(x)

@ Therefore, f is continuous at any x € R — {—4}.

Continuity of composite functions

Theorem 9 (Composite of continuous functions is continuous)

If f is continuous at xg and g is continuous at f(xp), then go f is
continuous at xg.

Show that f(x) = v/x? — 1 is continuous on its domain.

e We have Dom(f) = (—o0, —1] U [1, c0).
e For any xo € Dom(f), g(x) = x?> — 1 is continuous at xy since
g is continuous on R.

@ Moreover, h(x) = \/x is continuous at g(xp) since
g(x0) € [0,00) and h is continuous on [0, 00).

@ Thus f=hog s continuous on its domain.

Theorem 10 (Limits of continuous functions)

Theorem 10

If g is continuous at the point L and Ii_>m f(x) = L, then
X—X0

lim g(f(x)) = g(L) = g( lim £(x)).

X—rX0 X—>X0

T

Evaluate  lim sin(= cos(tan x)).
x—0 2

@ By Theorem 10, lim sin <z cos(tan x))
x—0 2

= sin (g cos(tan 0))

= sin (g cos(O)) = sin (g) =3

S~




Continuity of composite functions

Theorem 9 (Composite of continuous functions is continuous)

If f is continuous at xg and g is continuous at f(xp), then go f is
continuous at xg.

Show that f(x) = v/x? — 1 is continuous on its domain.

e We have Dom(f) = (—o0, —1] U [1, c0).
e For any xo € Dom(f), g(x) = x?> — 1 is continuous at xy since
First Semester 2020-2021 g is contintious on R.

FA fw\.a u,rj 5 e Moreover, h(x) = \/x is continuous at g(xp) since
g(x0) € [0,00) and h is continuous on [0, 00).

2.5 Continuity (part 2)

@ Thus f=hog s continuous on its domain.

TN

If g is continuous at the point L and lim f(x) = L, then

in(1 —x2 X=X
At what points is the function f(x) = sin(1 = x°) continuous? o
xHe lim g(f(x)) = g(L) = g(lim f
lim g(f(x)) = &(L) = g( lim (x))
i)
@ The function f(x) can be written as f(x) = ——, where —
g(x) Evaluate  lim sin(E cos(tan x)).

0
h(x) = sin(1 — x?)| and | g(x) = x + 4|, -
o b = continaous on R sinc i i 2 composition of the two

continuous functions, the sine function and a polynomial. o 18y Wiiserers 30, [ sl <§ cos(tan x))
@ g(x) is continuous on R since it is a polynomial. o x=
h(X) . . . — af 4 0
@ Thus f(x)= ) is continuous for all x provided g(x) # 0. =sini3 cos(tan 0)
g(x
@ Therefore, f is continuous at any x € R — {—4}. ° LT Lo/
= sin (5 cos(O)) = sin (5) =3

S~




Continuous Extension to a Point

e If f(xp) is not defined and lim f(x) = L, then we say that f

X—rX0

has a removable discontinuity at x = xp. Example 1
@ Moreover the function Let f(x) = — >
(x) vx+1-1
f(x),  x#xo Define f(0) in a way that extends f to be continuous at x = 0.
F(x) =
Lo x=x
is called the continuous extension of f to the point x = xg. @ First of all, Dom(f) = [-1,00) — {0}.
@ We can fill the hole ! e We want to find the continuous extension
f(x), x#0
L F(x) =
\ L, x =0,
e where L= lim f(x)
x—0

X

o L=limf(x)=lim ——— Example 2
X— x=04y/x+1-1 5 1 <1
L [ « ] [ T%—l—kl} e 65— X° 4+ X ) X
= lim =
x=0[v/x+1-1 vVx+14+1 a, x> 1.
.o x[Vx+141] Find the value of a such that f is continuous at every x.
o L =Ilim ——m—
x—=0 x4+1-—-1
oy VAT
il X e We have Dom(f) = R.
°o L= )I(lno[\/x +1+4+1]=2 @ Forx € (—00,1), f(x)=x?>+x—1 isa polynomial and
@ Thus the the continuous extension of f(x) is hence is continuous.
@ Thus f(x) is continuous on (—o0,1).
X
s X#0 @ Forx € (1,00), f(x)=a isa polynomial and hence is
F(x) = continuous.
2, x=0, @ Thus f(x) is continuous on (1,00).
e Note that Dom(F) = [—1, 0). @ [t remains to check continuity at x = 1.




Example 3
For what values of a and b is f(x) continuous at every x?
x>+ x—1, x <1 ax + b, x<0
o f(x) =
a, x> 1. f(x)=< x2+a+2bh, 0<x<2
@ (1) = ais defined.
Q limf(x)=L 2x + 1, x> 2.
o L—f(1).
o lim f(x)= lim a=a
Xl Xl ) o We have Dom(f) = R.
° x|—|>n11* fi) = XI_|>nl17(x tx—1)=1 @ Forx € (—00,0), f(x)= ax+ b is a polynomial and hence is
e lim f(x) exists if and only if continuous.
Xl @ Thus f(x) is continuous on (—o0,0).

o Forx €(0,2), f(x)=x?+ a+2b is a polynomial and hence
is continuous.

@ Thus f(x) is continuous on (0,2).

ax + b, x <0
x>+a+2b, 0<x<?2

ax + b, x <0
x>+a+2bh 0<x<2

2x + 1, x> 2. 2x + 1, x> 2.

e For x € (2,00), f(x)=2x+1is a polynomial and hence is

continuous o Continuity at x =2
. . Q 7(2) =4+ a+2bis defined.
@ Thus f(x) is continuous on (2, c0). @ lim f(x) =L
o It ren."nai.ns to check continuity at x =0 and x =2. o XL_: £(2).
e Continuity at x=0 . 5
Q £(0) = b is defined. o L= lim f(x) =1
@ limf(x)=1L o lim f(x)= lim (x*+a+2b)=4+a+2b
Q@ L=1(0). X—2~ X—2—
o L= lim f(x) =7 o lim f(x)= lim (2x+1)=5
e lim f(x)= lim (ax+b)=0b e lim f(x) = L exists if and only if
x—0~ x—0— X—2
o lim f(x)= lim (*+a+2b)=at2b 4+a+2b=5=-a=1=|a= 1]
X— X—

o lim f(x) = L exists if and only if b=a+2b==[b= —a] b=—a=|b=1]

x—0



Intermediate Value Theorem for Continuous Functions

@ Continuous functions have properties that make them useful in
mathematics and its applications.

@ One of these is the intermediate value property: If a function
takes on two values, it also takes on all values in between.

Real World Example 2

@ Ali measures his height one day (day 0) and he is 150 cm tall.

@ Ali then measures his height 100 days later and finds he is now
160 cm tall.

o If we were to graph his height as a function of every day of this
year, the function would naturally be continuous.

@ The closed interval would have these boundaries:

f(a) = f(0days) = 150cm, f(b) = f(100days) = 160cm.

@ Using such a graph, you could be asked to find the date when
Ali was exactly 156¢cm tall.

@ This scenario satisfies the hypotheses of the intermediate value
theorem; Ali's growth is continuous over the closed interval of
day 0 to day 100, and there is a value d = 156cm between
f(0) = 150 and f(100) = 160.

@ According to the intermediate value theorem any height
between 150cm and 160cm can be chosen and there will be a
certain day in this closed interval where Ali was this height.

Real World Example 1

The temperature at various times of the day is a good example
of a continuous function.

Let's say that at 6am, it is 26 degrees outside, and by noon, it
is 35 degrees.
By the intermediate value theorem, at some time between 6am

and noon, the temperature outside must have been exactly
31.7 degrees.

We can pick any value between 26 and 35 and be confident
that that exact temperature was attained sometime between
6am and noon.

gl P = el
\4




Theorem 11 (The Intermediate Value Theorem)

Suppose that f is continuous on a closed interval [a, b] and let yp be
any number between f(a) and f(b). Then yp = f(c) for some
c € [a,b].

© The graph of a continuous function can not have any breaks. It
will be connected, a single unbroken curve.

@ A solution of the equation is called a root of
equation or a zero of the function. The Intermediate Value

Theorem tell us that if f is continuous and change sign on an
interval, then f has a zero in that interval (Bolzano Theorem).

¥
'

fib) ol

fia)+ r\\ J{/,-

Let f(x) = x3. Is there a number ¢ € [0, 3] such that f(c) = 77

@ In this example f(x) is continuous on [0, 3]

e f(0) =0 and f(3) =27

e Since f(c) =7 is a number between f(0) = 0 and f(3) = 27,
by The Intermediate Value Theorem, there is a number
c € [0, 3] such that f(c) =17.

o Note that f(c) =7= 3 =7= c=v7~179€[0,3]

4 _ox -1
Show that f(x) = %
X

e f(x) is continuous on [1,2]
o (f(x) is a rational function and x*> + 1 # 0 for all x)

has a zero in the interval [1,2].

1-2-1
Of(l):71+1 =-1<0

16-4-1 11
M e

@ By Bolzano Theorem, f(x) has a zero in (1,2).




2.6 Limits Involving Infinity;
Asymptotes of Graphs (part 1)

Firsjc Semester 2019-2020

Finite Limits as x — +o00

o If (—o0,a) C Dom(f) or (b,00) C Dom(f), then we use

Iirg f(x)| to study the behavior of f when x very large
X—r00

and positive or very large and negative.

b
4

2.6 Limits Involving Infinity; Asymptotes of Graphs

@ The symbol for infinity (co) does not represent a real number.

@ We use oo to describe the behavior of a function when the
values in its domain or range outgrow all finite bounds.

@ In this section we investigate the behavior of a function when
the magnitude of the independent variable x becomes
increasingly large, or as x — 4o0:

lim f(x)=L.

X—to0

@ We further extend the concept of limit to infinite limits, which
are not limits as before, but rather a new use of the term limit:

lim f(x) = +oo.

X—rX0

@ Infinite limits provide useful symbols and language for
describing the behavior of functions whose values become
arbitrarily large in magnitude.

@ We use limits involving infinity to analyze the graphs of
functions having horizontal or vertical asymptotes.

(1) We say that f(x) has the limit L as x approaches infinity and
write

lim f(x)=1L

X—>00

if, for every number € > 0, there exists a corresponding number
M such that for all x

x>M = |f(x)—Ll <e

(2) We say that f(x) has the limit L as x approaches minus infinity
and write
lim f(x)=1L

X—>—00

if, for every number € > 0, there exists a corresponding number
M such that for all x

x<M = |f(x)—Ll <e




All the limit laws in Theorem 1 are true when we replace

lim
X—>00

or

lim
X—>—00

. That is, the variable x may approach a finite

number xg or £oo.

lim
X—rX0

by

Example 1 (Basic limits)

@ If k is a constant, then| Iim

x—+o00

k=k

Example 1 (Basic limits)

e lim —=0
x—Foo X

Example 2
Find lim %
X—00 X

1 2
e lim %:3Iim <> =0
X—00 X X—00 \ X




Example 3

. . Tx2—9x 42
Flnd ||m ——,
x—00 4x2 +6x—5

lim —————— =i
® AN ax2 +6x—5 R ) <4x2 6x
X X

X2 X2

Example 5

2 _
Find lim @< +DE=X)
X——00 2X3 = 4X -+ 5

2]
X X

(6x*+1)3—x) _

e Iim = lim
x——o0 2x3 —4x+5 X——00 3 (
x3 (2 —

(‘” x12> (i ) 1) _©)(-1) _

e ( 7 5> T
2- 4>

x2 X3

Example 4
, . x4 X2 —x 42
Find lim :
x——o00 3x4% — x3 —Ox + 15

o

x4 x? —x+2

XETOO 3x4 — x3 —9x + 15 :X—>—00 4 1 g 15
X 3—*—73+74
x x3 x
1 1 2
! St x3 1 x4 -5
°o = =|—
o (19 15 3
x x3 x4

Example 6

HndJﬂ;zé“;;éj.
B
_ VX
e [im \f_\%?: lim \/)?(1 \/}>




Example 7

_ 3
Find lim —oX—9X

x—+=00 \/4x6 — 100

Solution

. 8x — 5x3
o i

3
X3 (2 )
. X
m — = Ilm
x——00 1/4x5 — 100 X——00 <
6
X

3(8 _
o tim G229
ol Je— )
) x3(%—5) X ——00=—=x<0
e = Iim 3
Xﬁfooixg, (47%) — x> <0

Limits of trigonometric functions as x — +oo

Theorem 12 (Two basic limits)
(1) lim X

x—+oo X

@) fim X
x—+oo X

=0.

=0.

(1) |sinx]| <1= —-1<sinx<1
1 sinx 1
o — —— <

Sf
X X X

3(8 _
° lim X (X2 5)
_ (8 _
o — lim i)
ARVICEE-D)
o — —(-5)

X— —00—=>x<0
— x3<0

Find

2x — cos x
x——o00 X + sin(2x)’

[im

. 2X — COS X .
im — = |im
x——00 X 4 sin(2x)  x——oc
X

o)




Example 2 (Exam)

i 2
Find fim X ESinx+2vx
X—00 X + sin x

x+sinx+2y/x

X<1+smx+2\/§>
: . X X
o |im = lim

X—$00 X +sin x X—00 sin x
X (1 + )
X

sin x 2
<1+ L2

x \/7<):

2.6 Limits Involving Infinity;
Asymptotes of Graphs (part 2)

Firs:c Semester 2019-2020
Gt f\.La d""“"\ S

Example 3

Find lim xsin <1>
X—00 X

: . (1 )
@ Ilim xsin[ — | = Ilim
X—00 X X—00

. sinf
L =[]

sin (%)

1
XxX—>00=—0=——0
X

1
X

Infinite Limits

@ We use infinite limits to

describe the behavior of functions

whose values become arbitrarily large and positive or arbitrary

small and negative:

lim f(x) = +oo.

X—rX0

e As x—0F, f(x):l

X
@ To describe this we write

1
e Similarly, as x — 07, f(x)=

negative.

@ To describe this we write

becomes arbitrary large and positive.

lim f(x) = occ.

x—0+

— becomes arbitrary large and
X

lim f(x) = —o0.

x—0~




Definition
(1) We say that f(x) approaches infinity as x approaches xp and

write lim f(x) =00
X—rX0

if, for every number B > 0, there exists a corresponding
number § > 0 such that for all x

0<|x—x]<d = |f(x)>B.

(2) We say that f(x) approaches minus infinity as x approaches xp

and write lim f(x) = —o0
X—>X0

if, for every number B > 0, there exists a corresponding
number § > 0 such that for all x

0<|x—x0| <d = |f(x)<—B.

x—3
Find lim ——
x—0 x2/5
Solution
o li x—3 -3
m X3 — [ o ==
x—0 x2/5 0

o lim
x—0 X2/5
. x—3
o m = 0
x—0 X2/5

Example 1

. . 1
Find i -1

Solution

. 1
@ |lim

1
Imo—n o] —

f
li 1
¢ XTl (X = ]_)2
N
. 1
@ | lim =00

x—1 m

N

Example 3
Find I 2x
in im
x——-3-3x+9

Solution

2x —6

l —| — [0 _or —oo]
R 0 o0 o T
2x —>

o i
x—>|r—n3* 3x+9

e x— 3 —x<-3—=x+3<0=—=3x+9<0
! 2x —>

o m
=335 4+9  — 0|

2x
im = 00
x—-3-3x+9




Example 4
Find Ilim secx
o\t
X_>(5)
Solution
. . 1
° I|m+secx: |Im+ 0 —>
(8 () o

1 — |1
@ Iim secx= Im . :
=(5)" o(3) cosx  —[0]

)

Example 6

Find HT [Vx* +4—x7].

Solution

o lim [Vx*+4—x? 00 — 00
X—r—00

Vx4 L4 2
o = lim [Vx*+4—x7 RV int
x——00 VX4 +4 + X2

. XA+ 4—x*
e — lm —}——
x——00 \/x% + 4 + x2
4
e = lm ——
X——00 \/m —|—X2
. 4
e = Iim
X—>—00

(L)

Example 5

Find lim x
X—>00

e lim x=
X—00

/
7
NS

S~

. 4
e = Iim
. 4
e = Iim
T2 (14 L) +x2
. 4
e = Iim
xafooxz[ (1+%) _1_1}
4
e = Iim x? = g =0

AT T 8) 41



Horizontal Asymptotes

@ If the distance between the graph of a function and some fixed
line approaches zero as a point on the graph moves increasingly
far from the origin, we say that the graph approaches the line
asymptotically and that the line is an asymptote of the graph.

Y

Horizontal Asymptotes

Definition

A line is a horizontal asymptote of the graph of a

function |y = f(x)| if either

lim f(x)=b| or | lim f(x)=b.

X—00 X—>—00

Example 1

1
Find the horizontal asymptotes of the graph of f(x) = —.
X

Solution
.1 i 1
o We calculate lim — =0 and lim — =0.
X—00 X X——o0 X

@ Thus the line (x—axis) is a horizontal asymptote of

the graph of f(x) = —.

Example 2

Find the horizontal asymptotes of the graph of f(x) = W

o We calculate

. .ox—1 .ox—1
lim f(x)= lim = lim

X—+00 X—00 |X’+1 x—oo X + 1
° 1 1
x(1-%) (1-3)

@ Thus is a horizontal asymptote.




- TTTT—— Obligue Asymptotes

@ If a function does not have horizontal asymptotes, then we look
for oblique asymptotes.

@ We find an equation for the asymptote by dividing numerator
by denominator to express f(x) as a linear function plus a
remainder that goes to zero as x — £oc.

im o) = fim XL o gm X1
Jim ) = lim = im X

o We calculate

: : x> +x—1
° Find the oblique asymptotes of the graph of f(x) = ———
x(1-1 1-1 x+1
. ( .
= lim ———< = lim —~—X-=-1
e (_1 * ;) o (_1 + ;) Solution
@ Thus |y =—1| is a horizontal asymptote. _ o xX24x—1
@ Note that x—ll)r:]l;]oo f(X) = x—ll)rlloo X7—|—1 = +00

@ Thus the graph of f(x) Does Not have horizontal asymptotes.

e Using long division x+1)x2+x—1

y
X
x+1)x2+x—1
x2+x
-1
2
X . . x“+x—1 1
@ This implies f(x)= ——— =|x —
x+1)x2+x—1 P (x) x+1 x+1
°
5
) 11 1
2) 11 N
10 2
1

@ Therefore, is an oblique asymptote.



Vertical Asymptotes I

@ If the distance between the graph of a function and some fixed 1
vertical line approaches zero as a point moves vertically along Find the vertical asymptotes of f(x) = X
the graph and away from the origin, we say that the graph

opproschesthe vertcl e ssymptoicllyand hat th fne

vertical asymptote of the graph. o First of all Dom(f) = R — {0}
T tiien @ Thus f(x) May have a vertical asymptote at x = 0.
A line x = a is a vertical asymptote of the graph of a function o We test:
y = f(x) if either 1
0+
lim f(x)=®+oc0 or lim f(x) = +o0. X'%L f(x) = X'L”& x>

x—at X—a—

e Thus is a vertical asymptote.

Example 2

Fin el ssyrismies of dhe gEsh of fhd)
Tt elll EEpReEs 6ff B2 Gt 6F feg) = x2 —3x—4 @ Thus is a horizontal asymptote and hence there is
no oblique asymptote.
o lim FG)= fim X0
@ Horizontal Asymptotes: X——00 C x——o0 x2 —3x — 4
o We calculate o = Iim X (1 + %)
5 - _ 3 4
o lim f(x)= lim 1> e (-5 - 55)
X—$00 x—00 X4 — 3x — 4 5
5 : (1+32)
) X (1 + ;) e = I|im 3 7]
e = |im 3 2 X—)—OOX( _7_7)
oo x2(1- 32— %) L
5 1 (1+3)
o= lim _1+3) o = dim (3) goray - OW =0
— 3 4 X x2
xsoox (1—3 — %)
. (1 (1+2)
0=l <x> i—i-g) - QW=0




@ Vertical Asymptotes
o First of all o Testing x = —1:
Dom(f):IR—{x:x2—3x—4:0}:IR—{4,—1} x45 7
o Testing x =4 ° X—IjTFr f(X) - X—IjTFr x2 —3x—4 6
) ) x+5 4
¢ ||T+ flx) = ll[Q+ x2 _3x—4 e lim f(x)= Ilim X+o —> = —00
7 " T T () (x+ 1) — [ (-5)(0F)
o lim f(x)= I x+5 —[9]
im f(x) = lim =0 — . :
/s o —Dxt1) —](0)5) @ Thus |[x=-1 is a vertical asymptote.

@ Thus is a vertical asymptote.

What is the most difficult part
of this section?




