Chapter 5
Integration

@ There are really two types of integrals that we will study in this
chapter:

@ Indefinite Integrals and

Chapter 5
Integration

@ Definite Integrals.
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Antiderivatives How to find all antiderivatives of a function

@ We have studied how to find the derivative of a function.

@ However, many problems require that we recover a function Theorem
from its known derivatives. If F s an antiderivative of f on an interval |, then the most
— general antiderivative of f on | is
Definition
(Antiderivative) F(x)+C,
A function F is an antiderivative of f on an interval [ if
F'(x) = f(x) forall xel. where C is an arbitrary constant.
Find an antiderivative of f(x) = 3x2. (Indefinite integral)

The collection of all antiderivatives of f is called the indefinite
integral of f with respect to x, and is denoted by

o Let F(x)=x5.
e Then F'(x)=3x?= f(x). /f(x)dx.

o Thus, F(x)=x> s an antiderivative of f(x) = 3x°.




If F s an antiderivative of f, then

/f(x)dx = F(x)+C, Example 2

where C s an arbitrary constant called the constant of integration. S / G T

Example 1
Find /x dx. @ An antiderivative of f(x) =cosx is F(x)=sinx.

@ [t follows that /cosx dx =sinx+ C

1
@ In this example F(x) = §x2 is an antiderivative of
f(x) = x.

@ Thus, /xdx:;xz—i—C

Integral Formulas

xn+1
— n 4y — _
/dx—x+C /x dx_n+1+C, n# -1 =

Find / de

'_l ‘

/cos(kx) dx = %sin(kx) +C /sin(kx) dx = —% cos(kx) + C

1 —1/2+1
° /dx:/x_1/2dx:X121+C:2xl/2+C
/seczxdx:tanerC /csczxdx:cotx+C VX -1/2+

/secxtanx dx =secx +C /cotxcscx dx = —cscx+C




Find /sin(3x)dx

1
° /sin(3x)dx =-3 cos(3x) + C ° dx = /cotxcscx dx = —cscx + C

(1) If k is a constant, then /kf(x)dx = k/f(x)dx.
(2) / [f(x)ig(x)} dx = / F(x)dx + / g(x)dx. e
S E—

Find /(x3 — x* 4 6)dx
- 1
o / [2sec? x + cos(2x)]d = 2tanx + > sin(2x) + C

° /(X3—X1/4+6)dX:/X3dX—/X1/4dX—|—6/ dx
1

° /(x3—xl/4—|—6)dx: 4—1/41+1x1/4+1+6x—|—C

° /(X3—X1/4+6)dX %x4—gx5/4+6x+ C




5.3 The Definite Integral
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Area and Estimating with Finite Sums

@ The area problem is one of the interpretations of a definite
integral and it will help us to understand the definition of the
definite integral.

@ Suppose we want to find the area of the region R that lies
above the x—axis, below the graph of y = x2 + 2, and between
the vertical lines x =0 and x = 2.

@ Unfortunately, there is no simple formula for calculating the
areas of general shapes having curved boundaries.

5.3 The Definite Integral

@ This section defines the definite integral of a function as a limit
of Riemann sum.

@ In addition we will give many of the properties of definite
integrals.

@ The definite integral is the key tool in calculus for defining and
calculating quantities important to mathematics and science.

@ The idea behind the integral is that we can effectively compute
such quantities by breaking them into small pieces and then
summing the contribution from each piece.

@ We then consider what happens when more and more, smaller
and smaller pieces are taken in the summation process.

flx)=a*+2




While we do not yet have a method for determining the exact area
of R, we can approximate it in simple way.

f(x) = x>+2

|

@ We can divide the interval [0, 2] into two intervals of equal
length and we construct two rectangles with height equal the
maximum value of the function f.

@ The total area of the two rectangles approximate the area A of
the R,

A=~ (1)f(1)+(1)f(2)=3+6=0.
@ This estimate is larger than the true area A since the two
rectangles contain R. We say that 9 is an upper sum.

Let us divide the interval [0, 2] into four intervals of equal

@ If we use rectangles contained inside R, then the sum is called
a lower sum.
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@ Thus,
b<A<9

and the error is less than 9 — 5 = 4.

length




@ An upper sum of the area A of the R is

1 /1 1 1_/3)\ 1 1/9 17
Ax 5f (2>+2f(1)+2f (2>+2f(2) =5 <4 +3+ 7T +6>

@ A lower sum of the area A of the R is

1 1_/1\ 1 1_/3\ 1 9 17
A ZFO)4+=f (2 )4F()4+=F (2 ) =2 (24> =
27043 <2>+2 D+3 (2) 2< g3t 4)

@ Thus,

23 31
A< T
2 <" <7

and the error is less than 2.

@ Therefore, when more and more intervals are taken, the
estimation of the area becomes more and more close to the
exact value.

Definite Integrals

@ The finite sum approximations we considered above became
more accurate as the number of terms increased and the
subinterval widths narrowed.

(Definite integral)
Let f(x) be a function defined on a closed interval [a, b]. We define
the definite integral of f over [a, b] to be

n

b
/ F(x)dx = lim > f(c)Ax,

0
Ipl—0 &=

provided that the limit exists.

Riemann Sums

@ Let f(x) be a continuous function on a closed interval [a, b].

e We subdivide the interval [a, b] into n subintervals, not
necessarily of equal width, by choosing n — 1 points
X1, ** yXn_1 between a and b such that

Xo=a<x1<x<--<Xp_1<b=xp.

@ Theset P = {xp,x1, " ,Xn—1,Xn} is called a partition of [a, b].

e The width (length) of the kth subinterval [xx_1, xk] is
AX = X — Xk—1.

@ A Riemann sum for a function f on [a, b] is

S,D == Z f(Ck)AXk.

Integrable and Nonintegrable Functions

x
Il
N

Definition

b
If/ f(x)dx exists, then we say that f is integrable over [a, b].
a

Otherwise we say that f is nonintegrable over [a, b].

Theorem

(Continuous functions are integrable)
If a function is continuous over [a, b], then f is integrable over [a, b].




Properties of Definite Integrals m< f(x) <M
(7) if f has maximum value M and minimum value m on [a, b],

If f and g are integrable over the interval [a, b], then then

(1) we define /a f(x)dx =0; m(b—a) < /b f(x)dx < M(b — a).

a

) /ab F(x)dx = /b F(x)

Example 1

2 3 3
If/ f(x)dx =2 and / f(x)dx = 3, then find / 2f(x)dx.
1 2 1

(5) for any c € (a, b), /: f(x)dx +b/cb f(x)dx = b/ab f(x)dx; . /132f(x)dx _ 2/13 Flx)dx = 2 [/12 Flx)dx + /23 f(x)dx]
@) 550 = sl @ [l B, S / F(x)dx > / g(x)dx: o —22+3]=10

b b
(3) for any constant k, / kf(x)dx = k/ f(x)dx;

(4) /ab[f(x) + g(x)]dx = /ab f(x)dx £+ /abg(x)dx;

Example 2
@ Thus, there is no critical points.

o f(0)=1 f(2)=+

o:m:%, M=1

2
1
Find upper and lower bounds for/ — 7 dx.
0 xXT 4+ 1

@ Therefore,

2
1 2
o?:L</ dx < U =7 2 1
<[ = < << dx < 2
Y Sl 17_/0x4—|—1X_
Theorem 2, part (7)

2
:>m(2—0)§/ L _dx< M2 0)
o x*+1 The variable of integration is a dummy variable; that is
1 , —4x3 b b b
°f(X):m:>f(X):m / f(x)dx:/ f(t)dt:/ f(u)du =
e f'(x) is defined for all x € (0, 2) 2 2 2

and f'(x)=0=x=0¢(0,2)




5.4 The Fundamental Theorem

of Calculus
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Fundamental Theorem, Part 1

@ Let f be an integrable function over an interval [a, b].
@ Then for each x € [a, b],

is a function from [a, b] to R.

b
e For example, F(a) =0, F(b) :/ f(t)dt, - .

X

If f is continuous on [a, b], then F(x) = / f(t)dt is continuous

on [a, b] and differentiable on (a, b). Moreover

Fl(x) = dii /: F(t)dt = F(x).

5.4 The Fundamental Theorem of Calculus

@ This section presents the Fundamental Theorem of Calculus,
which is the central theorem of integral calculus.

@ It connects integration and differentiation, enabling us to
compute integrals using antiderivatives.

@ Leibniz and Newton exploited this relationship and started
mathematical developments that fuelled the scientific
revolution for the next 200 years.

Remark

The conclusion of The Fundamental Theorem of Calculus, Part 1, is
beautiful, powerful, deep, and surprising. The equation

d X
Fl(x)=— [ f(t)dt=f(x
()= | (o =)
may be the most important equation in mathematics for the
following reasons:
© It says that the processes of integration and differentiation are
inverses of one another.

@ It says that the differential equation F'(x) = f(x) has a
solution for every continuous functions f.

© It says that every continuous function is the derivative of some
other function.




Examples

Example 2 (Exam)

Find % if y /4 (t —t1)dt.

Example 1

Find F'(x) if F(x) :/ cot t dt.
1

X
o Note that if F(x) :/ (t —t~Y)dt, then
4

e
s F(secx) :/ (t—t )dt
° F’(x)/ cott dt :

dx Jq e — y' = F/(secx) secxtanx
F'(x) = cot 1
® F'(x) = cotx @ But F'(x)=x-—-
X

1
o —> y' = F/(secx) secxtanx = [secx— sec x tan x
sec x

y' = sec® xtan x — tanx‘

Example 4
Example 3 (Exam) 2 /X
d X cos t
» Find d% if y :/ 5L .

2
. . . . t
Let xsin(mx) = f(t)dt, where f is a continuous function. vx

0
Use diflrntation o findthe value of 14

, d 2\/}costdt d [/a COStdt—i—/zﬁCOStdt]
VX t . t

oy =— =—
2 dx J x t dx
° i[xsin(wx)} = d/ f(t)dt
dx dx Jo oy,:i —/\/;COStdt—l—/2\/;COStdt
@ sin(mx) + mx cos(mx) = f(x?) 2x dx a t a t
@ x =2=sin(2m) + 27 cos(27) = 4f(4) oy = _cosyx 1 N cos(2y/x) 1
o —|fa)=" VX 2VX 2k VX
2 o |y = ©os2VX) — cos(vX)
B 2x




Fundamental Theorem, Part 2

(The Evaluation Theorem)

Theorem 4

If f is continuous on [a, b] and F is any antiderivative of f on [a, b],

then

We denote  F(b) — F(a) by

(1) /01(x2 F1)dx= 234

11 -1t -1
(2)/ R +

5 X2 x o2 -1

/2 /2
(3) / sin x dx = — cos x
0 0

.
(4) /_;(t +1)(2 + 4)dt — /

1 4
= 4+1-[040] =2
3 H1-0+0=4

1 1

2 2
= —cos(7/2) + cos0 =1

V3
(t3 + t2 + 4t + 4)dt

V3

1, 153 2 V3
e = |-t -t>+2t +4t‘
| L

4 3
o

1

:2(9—9)—#%(3\@+3\/§)+2(3—3)+4(\/§+\@):10\@

Evaluate the following integrals:

1
(1) /0 (2 + 1)dx.

V3
(4) /_\/g(t + 1)(t2 + 4)dt.

/2
(5) / | cos x| dx.

—T

w/2 —7/2 iy /2
(5) / ]cosx|dx:/ COS)_<,(_:/X+/ cos x dx

-7 -7 —7/2

/2 . —7/2 . /2
° / | cos x|dx = —sinx + sinx

- —T

—m/2

. [sin(—ﬂ/2) - sin(—w)} + [sin(ﬂ/2) —sin(—7/2)] =142=3



Total area between the curve y = f(x) and the x—axis Total area between the curve y = f(x) and the x—axis

Y Y

y=f(z)

| | / /\\/y @)

(1) If y = f(x) > 0 on [a, b], then the area under the curve (2) If f(x) <0 on [a,b], then the area between the curve y = f(x)
y = f(x) over [a, b] is and the x—axis over [a, b] is
b b
A= / F(x)dx A= / F(x)dx
a a

(3) If f(x) change signs on [a, b], then the area between the curve

y = f(x) and the x—axis over [a, b] is Find the area between the curve y = x? — 4x and the x—axis over
[0, 5].

A= /ab |f(x)|dx

AN Y= @) b
- A/ IF ()] dx
a
0o f(x)=x2—4x=0=x=0, x =4
® 4 4 3
a x 4 64 32
i /0f(x)dx:/o(x2—4x)dx:);’—2x20:3—32:—3

s x3 5 125 64
° /4 (x) dx 3 x|, 3 50 3 +3

61 7
— 2 _18—1
/ N 3




alb

o | Total area = | — 32/3| +7/3 = 13

5.5 Indefinite Integrals and the Substitution Method

@ Antiderivatives generally turn out to be more difficult to find
than derivatives.

@ However, there are many techniques for computing them.

@ In this section we will study the substitution method for
computing antiderivatives.

5.5 Indefinite Integrals and the
Substitution Method

Firsy Semester 2020—2921
Gl 2la el s

Integral Formulas

Xn+1
n
— — _1
/dX X+C /X dX 1—|—C, n7é

/cos(kx) dx = %sin(kx) +C /sin(kx) dx = —% cos(kx) + C

/seczxdx:tanerC /csczxdx:cotx+C

/secxtanx dx =secx +C /cotxcscx dx = —cscx+C




Theorem 5 (The Substitution Rule)

If u=g(x) is a differentiable function whose range is an interval
| and f is continuous on /, then

[ et ax = [ flu)d

Proof.
@ Let F(u) be an antiderivative of f(u).
e Then F'(u) = f(u).

@ Since u = g(x), the chain rule implies that

d d

S Fle(x) = Fl(g(x))_g(x) = f(g(x))g'(x)-

@ let u=4x-—-7
o — — =14

0 — du = 4dx
d 1
Thus /(4X ~73dx= [ L /u3 du

:>/(4x—7)3dx:

° — /(4x—7)3dx:(4x—7)4—|—C

@ Thus
[ et (dk = [ £ Flex))ax

=F(g(x))+C=F(u)+C= / f(u)du.

Example 2

Evaluate the integral /x (5x% 4 4)™° dx.

o let u=5x2+4
e — du = 10x dx

du 1
2 15 15 15
Thus /X (5X aF 4) dx = /X u 7]_0)( = 710 / u=> du

u16

1
2 15
=>/x(5x +4) dx—10 5 + C

1L
160

o — /x (5x% 4 4)*° dx = (5x* +4)1° 4+ C




Example 3

Evaluate the integral /x2 vV x3 — 4 dx.

Solution

| \

o let u=x3-4

e — du = 3x? dx

Thus /x2\/x3—4dx:/x2ﬁ;f2:;/ﬁdu
1 2
:>/X2\/X34dx:3u3/2+C

3

- — /szdng(xz_4)3/z+c

Example 5

Evaluate the integral /x cos(x? + 5) dx.

Solution
o let u=x*>+5
0 — du =2x dx

1
e Thus /x cos(x2+5)dx:/x cosugizz/cosudu

° :>/x cos(x* +5) dx = = sinu+ C

in N =

° — /x cos(x? + 5) dX:§ sin(x2 +5)+ C

Example 4

Evaluate the integral /sin(5x —2) dx.

Solution
@ let u=5x—-2
@ — du=>5dx

e Thus /sin(5x —2)dx = /sin u %

1
° :>/sin(5x2) dx:—g cosu+ C

° — /sin(5x —2)dx = —% cos(5x —2) + C

Example 6
1
Evaluate the integral — dx.
& / \V/3x — 2

Solution
@ let u=3x—-2
@ — du =3 dx

1 1 du 1
Th = k= T [y
° us /3x—2X ﬁ3 3/u u
1 1
L k=iu24cC
o=>/ 3X_2X 3u +
1 2
———dx=-V3x—-2+C
o:>/ P X 3 X +




X

—d
x+2

Evaluate the integral /

Solution
@ let u=x+2 = du=dx

X X
@ Thus /MdX:/LﬂdU

QU=—Xx+2—x=u—2

X u—2
o:>/(x+2)4dx—/u4du

X -3 —4
" = _92
o:>/(x+2)4dx /(u u" ") du
X u=? u=3 1 2
— = _95 —
° /(X+2)4dx — _3+C S +33+C

Example 8

Evaluate the integral /cosx sin® x dx.

@ et wu=sinx = du= cosx dx

@ Thus /cosx sind x dx = /u3 du

1
° :>/cosx sin x dx = ZU4+C

1
e — /cosx sin3 x dx = Zsin4x+ C

o:>/(x+2)4 > +3u3+C
-1 2
°= /(x—|—2)4 “ o122 Taxy2p " C

Example 9

_ x2—1
Evaluate the integral g dx
X

o First of all let us write / F dx = / 2 z Ly
x x
= 1

X

o Let :>du——3
—1
e Thus / /fdu
—1 1 2
o:>/ 32 Z + C

2_1 1/x2=1\%?
°:>/ X8dX23< X2 ) +C




Example 10 (Exam 2019)

Evaluate the integral /x7(x4 + 1)_1/4 dx.

o Let u=x*+1= du=4x>dx

1
e Thus /X7(X4+1)_1/4 dX:4/X4 u— 4 gy
ou=x*+1=x*=u-1

° /x7(x4 + 1)_1/4 dx = i/(u — 1)u_1/4 du
/

X7(X4 o 1)_1/4 dx = 411/ (u3/4 - u_1/4> du

L4 7/4 4 3/4 1 4 7/4 1 4 3/4
==\3 -3 +C=-(x"+1 ——(x"+1 +
1 (7u 3! C 7(x ) 3(x ) C

5.6 Substitution and Area between Curves

@ In this section we use substitution to evaluate definite integrals
and to find the area between two curves.

Substitution in definite integrals

@ There are two methods for evaluating a definite integral by
substitution.

@ The first method is to find an antiderivative using substitution,
and then to evaluate the definite integral by applying the
Fundamental Theorem.

@ The second method extends the process of substitution directly
to definite integrals so the limits of integration change when
the variable of integration is changed by substitution.

5.6 Substitution and Area

between Curves (part 1)

Firs:c Semester 2020-2021

Theorem 6 (Substitution in definite integrals)

If g’ is continuous on the interval [a, b] and f is continuous on the
range of g, then

b (b)
/ f(g(x))g'(x)dx = /gg f(u)du.




Example 1

/4
Evaluate / [1 - cos(3x)] sin(3x) dx.
0

Solution

@ Let wu=cos(3x) = du = —3sin(3x)dx
x=m/4

/ow/4 {1 — cos(3x)} sin(3x) dx = /X:o -] Eﬁ

| \

e x=0= u=cos(0) =1
@ x =7/4 = u=cos(3r/4) = —%
I T I P
3 /., 3 2|,
.:_1[_1_1_<1_1)]:1[1+3}:M+3)
3| V2 4 2 302 4 12

Example 3
/2 sin x
Evaluate —_—
o (3+cosx)?
@ let u=3+cosx— du= —sinxdx
. /”/2 sinx /“3 —du
- IX —
o (34 cosx)? u—a  U?
1 u=3
o = —
ulu=4
1 1 1
@ = — = —

Example 2

1
Evaluate / V5 + 2t (5t* 4 2)dt.
0

| \

Solution
o Let u=1t>+2t= du=(5t"+2)dt
1 t=1
o/ \/t5—|—2t(5t4—|—2)dt:/ Vudu
0 t=0

et=0—u=0
oet=1—u=3

1 u=3
o/ \/t5+2t(5t4—|—2)dt/ Vudu
0 u=0
' 32 2|4=3
o/ V5 + 2t (5t + 2)dt = u3/?
0

3
° /1 V15 + 2t (5t* 4 2)dt = %(3\/§—o> =2V3
0

u=0

Example 4

1
Evaluate / x V1 — x2 dx.
0

Solution

o let u=1-x?= du= —2xdx

1 u=0 du

o/ X\/l—deX:/ ﬁ—z

0 u=1 -
u=0

=693




Example 5

0
Evaluate / tan x sec? x dx.
—7/4

Solution

@ Let u=tanx = du = sec®xdx

0 u=0
o/ tan x sec2xdx/ u du
—7/4 u=-1

1 2u:O

(] u

u=-—1

)
1 1
_ - 0_1):_,
° 2( 2

Example 7

w2 /4
COSs t
Evaluate / 7\[ dt.
72/36 v/ tsin \/E

Solution

— __ _dt
o Let U—\ﬁ:>dU—2—\/E

72 /4 u=m/2
./‘ cosvit G
72/36 / tsin \/E u=n/6 \/m

[T,
u=r/6 Vsinu

@ let w=sinu=— dw = cosudu

. /7&/4 COS\/E P w=1 diw
72/36 \/ tsin \/E w=1/2 \/W
w=1
® = 2<2\/W’W:1/2

Example 6 (Exam)

w/2
Evaluate / sin x cos x dx.
—7/2

@ Let u=sinx=— du= cosxdx

/2 u=1
° / sin x cosx dx = / u? du
—7/2 u=-—1

1
3V
1 2

o =gliea)=5

u=1

e —
u=-1

2(2vw]”
° = ( \/W‘Wzl/2
2/ _
,/ cwﬁ'm:4@_1):4w5ﬂ
72/36 \/tsin\/t V2 V2



Example 8 (Exam)

2

Use the integral / f(z)dz =3 to find the value of the
1

L1 /1
integral / otd <> dx.
1/2X X

o Let z:%:>dz:;‘ix
X

o/ 2f<> dX:/ —f(z)dz
1/2 X X z=2

° :/zzzzf(z)dz:3

=1

Definite Integrals of Symmetric Functions

Let f be continuous on the symmetric interval [—a, a].

(1) If f is even, then / f(x)dx = 2/ f(x)dx.
—a 0

a
(2) If f is odd, then / f(x)dx = 0.
—a

Proof.
° /a f(x)dx = /O f(x)d)<+/a f(x)dx

—a —a 0
@ let u = —x— du= —dx

° /_aaf(x)dx:—/aof(—u)du—i—/oaf(x)dx

Example 9 (Exam)

/3
tan x
Evaluate / dx.
0 V2 secx

Solution

@ Let u=secx —> du = secxtanxdx
/”/3 tan x d U=2 1 du
Ix = —_—
0 V2 secx u=1 V2u U

1 u=2

e = — u=32 du
\/§ u=1
1 71/2 u=2 —2 1 ju=2
= ) - < -
° =Y A LT B
1
:—ﬁ(—l) =-1+2
° V2

Example 1

/2
Evaluate / cos(x)dx.
—7/2

Solution

e f(x) = cosx is even

/2 /2
° / cos(x) dx = 2/ cos(x) dx
0

—7/2
/2

e = 2sin(x)

0




Example 2

1 X
Evaluate /1 m dx.

T
e e 5.6 Substitution and Area
e f(x)= 1) is odd since f(—x) = () = —f(x)

between Curves (part 2)

L X
° :>/_1(x4+1)2 dx =0

Firs:c Semester 2020-2021

Definition
If f and g are continuous with f(x) > g(x) throughout [a, b], then Find the area of the region enclosed by y = x2, y = 2.

the area of the region between the curves y = f(x) and y = g(x)

from ato bis




v2 1
@ Area= / [2 — Xz} dx = 2x — =x3
V2 3

S

o =2[v2+2] —%[2\fz+2f2} :8\3@

Example 2 (Exam)

Find the area of the region enclosed by y =4 — x?, y =2 — x,
x = —2,and x = 2.

Solution

04-x2=2-x=x>-x-2=0= (x-2)(x+1)=0
o —x=2,-1

2

° Area/;1 [2—x—(4—x2)}dx+/_1 [4—x2—(2—x)}dx

o= [P tfo [ [ x-2]ax

1 1 -1 1 1 2
o= 37 -2 - [30 - p¢ -2

°1 1 1 1
L8 S -4 -2l 142 - 8 1]+ s[4 1] 422 4 1]
7 3 3 19

= - 7—2_ — e —
° 3+2 3+2+6 3

Example 3

Find the area of the region in the first quadrant that is bounded
above by y = 2,/x and below by the x—axis and the line y = x — 3.




2yx=x—-3=4d4x=(x—-3)>=x%> - b6x+9 =
x2—-10x+9=0

= (x—-9)(x—-1)=0=x=09,1

Area= /03 2¢/xdx + /39 [2f— (x — 3)} dx

3 9
= [ [,
° = %[3\@] - %[27 —3v3] - %[81 — 9] +3[9 — 3]

@ =36—-36+18=18

o area= [ [ sin () o+ [ [sin (%) ~ x|

o [1 2+2COS(7TX)}O [1 2—|—2COS<7TX>]1
= |=zx — — |=x — -
2 T 2 -1 2 T 2 0

1 2 1 2
o:5[0—1]—}—;[1—0]—5[1—0]—;[0—1]
4
o = ——1

Example 4

Find the area of the region enclosed by y =sin(%*) and y =x.
Y

2 4

Yy=x
1 4

y = sin(%)

‘ X

— —1 1 2
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Integration with Respect to y

@ The area of the region between the curves x = f(y) and
x=g(y)fromy=atoy=nbis

b
A= | [f(y)—&(y)ldy.
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Find the area of the region enclosed by x = y?, x = y + 2.

Example 2

Find the area of the region enclosed by the lines x =0, y =3, and
the curve x = 2y2.

(Solution |

4l

y=3

2
° Area:/ [y+2—y2}dy
°y+2:};=>y27yf2=0:>(y+1)(y*2)=0
o b
o= l-1+42p+1-;[B+1]=2+3=

3
° Area:/ 2y2 dy
0

]

2
=Z[27-0] =18
o =Z[27-0]



Example 3

Find the area of the region enclosed by the curves x =3 — y?
and x = —zy~.

Solution

What is the most dlfflcult part
of this section?

b
oArea:/ [3 y +4y}dy

03—y2:—zy :>3:Zy =2 =4 =y =42

@ Area= /_22 [3 — %yﬂ dy
o= [r-3,

o =32+2 ;848 =8



