Chapter 6
Applications of Definite Integrals

Chapter 6
. . . @ In this chapter we extend the applications of definite integrals
Appl |Cat|0ns Of Defl n Ite to finding volumes, lengths of plane curves, and areas of

surfaces of revolution.
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@ In this section we define volumes of solids using the area of @ Suppose we want to find the volume of a solid S like the one
their cross-sections. in the figure.
@ A cross-section of a solid S is the plane region formed by
intersecting S with a plane.
@ We present two different methods for obtaining the
cross-sections appropriate to find the volume of a particular
solid: the the disk method and-the washer method.

n=20
1 @ We begin by extending the definition of a cylinder from
P, Cross-section R(x) classical geometry to cylindrical solids with arbitrary bases.
with area A(x
/ - @ If the cylindrical solid has a known base area A and height
2 ; h, then the volume of the cylindrical solid is
-
?\é‘l\ i

@ This equation forms the basis for defining the volume of many

!
!
|
\ solids that are not cylinders.
b X



@ Thus, the volume of the entire solid S is approximated by

n n
Ve V=Y Ala)Ax.
k=1 k=1

e If we partition the interval [a, b] into subintervals of width Axy o We expect the approximations from these sums to improve as
and slice the solid, as we would a loaf of bread, by planes the norm of the partition of [a, b] goes to zero.
perpendicular to the x—axis at the partition points, slice S into
slabs.
o Volume of the kth slabar Vi = A(ci)Ax. The volume of a solid of integrable cross-section area A(x)

from x =a to x = b is given by

V= /ab A(x)dx.

Solid of Revolution: The Disk Method Rotation About the x—axis

@ The solid generated by rotating (or revolving) a plane region Ay
about an axis in its plane is called a solid of revolution.

Disk of Rotate

12 The regiom & (s} The solud X

@ To find the volume. of a solid of r-evolutlon we hav.e to obse.rve o The area is then
that the cross-section area A(x) is the area of a disk of radius A(x) = TR*(x)
R(x), the distance of the planar region’s boundary from the
axis of revolution.



Rotation About the x—axis

@ The volume of the solid generated by revolving a region about
the x—axis is

b
V= 7r/ R?(x)dx.

Example 1
Find the volume of the solid generated by revolving the region
between the curve y = v/a?2 — x2 and the x—axis about the x—axis.
Solution

y VT
Example 2

Find the volume of the solid generated by revolving the region
bounded by the curves y =x3, y =0, x =2 about the x—axis.

Solution

y=Va®—z2
R(zx) /\
—a z a J
Solution
@ The solid is a sphere of radius a.
° R(x) =+va%?—x?
a a
°o V= 7r/ R?(x)dx = 7r/ (Va2 — x2)%dx
—a —a
a 1 a 4 3
o V=nr (32—X2)dx:7r[a2x—x3 -
—a 3 |, 3

o R(x)=x3
2 2
°o V= 7r/ R (x)dx = [ (x3)%dx
0 0
2 |7 128
°o V= 7r/ Ndx =7 | ===
0 7,7




Example 3

Find the volume of the solid generated by revolving the region in the
first quadrant bounded by the curve
x =y?/4, y =2, x =4 about the the line y = 2.

3

Rotation About the y—axis

@ The volume of the solid generated by revolving a region about
the y—axis is

b
V= w/ R?(y)dy.

o R(x)=2yx -2
o y=2and x=y?/4 = x =
4 4
o V=mn 2(x)dx =7 —2)%dx
v /1R()d /1(2f 2)2d

4 2
V:47r/ (X—2\/§+1)dX:4ﬂ!);—x3/2+x
1

1
2

4

(16-1) - 5

oV:47r[ (8—1)+(4—1)]:

Example 1

Find the volume of the solid generated by revolving the region
bounded by x=+/y+1, x=0, and y =3 about the
y—axis.




Example 2

Find the volume of the solid generated by revolving the region
° Ry)=vy+1 between the curve x =y?+2 andtheline x=6
o Fromy=-1toy =3 about  the line x = 6.
3
° V:”/IRQ(Y)C’V
3 3
° VZW/ (\/y+1)2dy=7f/ (v +1)dy I NP,
-1 -1
3 2 L
1 z=y>+2
o V=r|sy’+y g -
2 —1 ' R(y)
1 4
OV:TF 5(971)+(3+1) :8 1 1 3 4 5 7
2 —

Ry)=6—-(y*+2)=4—y°
x=6andx=y>+2=y’ =4 =y =42

2
V= 77/ R?(y)dy
-2

2 2
V7r/ (4—y2)2dy7r/ (16—8y2—|—y4)dy
2 2

8 1
o V=rl|l6y — —y3+=)°

el 6.1 Volumes Using
o Vor|16(2+2) - Lo 0) + L@z 4 2) Cross-Sections (part 2)
o V=mnm 64—“6?))(8)4-6;1 = 64m [1—54—; First Semester 2020-2021
L Gl f\,\i ol s
o V:647r[5+3} _ 5127
15 15



Solid of Revolution: The Washer Method Solid of Revolution: The Washer Method

o If the region we revolved does not border on or cross the axis of
revolution, then the solid has a hole in it.

@ In this case the cross-sections are washer instead of disks.

0 @ The dimensions of a typical washer are
Outer radius:  R(x)
Inner radius:  r(x)
@ The washer's area is

A(x) = m[R*(x) — r(x)].

Example 1

Find the volume of the solid generated by revolving the region
bounded by y = x? + %, y =x, x =0 and x = 2 about the x—axis.

@ The volume of the solid obtained by revolving the region _
between the curves y = f(x) and y = g(x) over [a, b] about i
the x—axis or a line parallel to it is given by
b ! z=2
V= / A[R2(x) — r2(x)]dx. yma 1172
a 3L
2t y=z
b \}/ "
°o V= 7T/ [R?(x) — r?(x)]dx
a 1 1 2?/ 3
e R(x)=x*+3, r(x)=x




Find the volume of the solid generated by revolving the region

©a=0 and b=2 enclosed by y =4 —x? and y =2 — x about the x—axis.

oV:w/OQ{<x2+§>2—x2]dx:7r/02[x4+ﬂdx _
2
o V=mnm gXS-i—%X i y=4—z
o |y 097
10 (@)
1N
W

oy=4-x2and y=2-x=4-x>=2—x = Example 3
x2—x-2=0= (x=2)(x+1)=0 Find the volume of the solid generated by revolving the region
0 a=-1 agd b=2 i bounded by y = x?>+3 and y = 4x about the the line y = 1.
OV:ﬂ'/ [4—)(2 —2—X2}dx
e e |

2
7r/ [16—8X2+x4—(4—4x+x2)}dx
0

2
V:W/ [12+4x—9x2+x4}dx
_71 1 2 i
o V=m 12x+2x2—3x3+gx5

-1

o V=r 12(2+1)+2(4—1)—3(8+1)+%(32+1)

o V=m 15—}-?

_ 1087 2t
5

:}V




o y=4x and y=x>4+3=x*4+3=4x= x> —4x+3 =
0= (x—-3)(x—1)=0

oazland3b:3

oV:W/ [(4x—1)2—(x2+2)2}dx

1

10

2
:77/ [16X2—8x+1—(x4—|—4><2—|—4)}dx
0

3
V:W/ [—X4—|-12X2—8X—3:|dx
.-1 1 3
o V=m —5x5+4x3—4x2—3x]
1

1
b y=1 o Vo=r —5(243—1)+4(27—1)—4(9—1)—3(3—1)]
:V:W/ [RE(x) = r(x)lee 2 3 o 0 [ o 165 — 121 887
. 2 2 oV=nqm|—-—+66| =27r| ——— | = |V = —
o R(x)=4x—-1, r(x)=x"4+3-1=x"+2 5 5 5

Volume by Washer for Rotation About the y—axis Volume by Washer for Rotation About the y—axis

d
V = [ a([w() ] = [v(»)]?) dy

' Washers @ The volume of the solid obtained by revolving the region
between the curves x = f(y) and x = g(y) over [a, b] a bout
the y—axis or a line parallel to it is given by

b
V= [5lR() - P ldy.

(a) (b)

Washers
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Find the volume of the solid generated by revolving the region .
boundedby y=x34+1, x=1 and y =9 about the y—axis. I
3
y=z"+1
g )
I y=9 Gr(y)
y=z>+1
1 4 R(y)
I N
2| b /
/ o Ver [R) -~y /]
// - )=l ,():1/1 R
1 2 3 4 5 °
o x=1=y=2
@a=2and b=9 The region in the first quadrant enclosed by the
9 2/3 parabola y = x? the y—axis, and the line y =1 is revolved about
°o V= 7T/z [(y - 177 - 1} dy the line x =2 to generate a solid. Find the volume of the solid.
_ I3 5/3 o
=g -v SR
y=a? K
o V=mr (321)(92)] y=1
] V =T % — 7 [
5




y:,,t“) \j
\ . y=1 Oa:0and1b:1
/ oV:ﬂ'/ [4- - vwP|ay
r(y) o1 1
05t oV:?T/O [4—(4—4\/}7—1-)/)}6,)/:7[‘/0 [4\/}7—y}dy
) _ 8 32 1 51
: : — 5 °—”[§y _iy}o
8 1
sl o V=m 3—2]
b
o Vr [ 1R0) - Piy)ldy N
X 6

Example 3 (Exam)

Find the volume of the solid generated by revolving the region
bounded by the curves y? =4x and y = x about the line x = 4.

=




o x=y2/4 and
X:y:>y:y2/4:>y2—4y:0:>y(y—4):0
@ea=0and b=4

V:ﬂ/04[<4—)f>2—(4—y)2]dy

o
4 y4
o vzw/o {16—2y2—|—1—6—(16—8y+y2)}dy
/4[8 32+y4}d
= y —3y>+2—|dy
16
A 6.3 Arc Length
o |-y g,
(4)° First Semester 2020-2021
o — V:M%

6.3 Arc Length @ In order to derive an integral formula for the length of the
curve, we assume that f has a continuous derivative at every
point of [a, b].

@ We partition the interval into n subintervals with

@ Suppose that we want to find the length of a curve
=f(x) from x=a
{o x(:)b @ Next we connect successive points Px_1 = (xx_1, f(xk—1)) and
' st Py = (xk, f(xx)) with straight line segments Ly.
' y = f(x) p

a=x1<x<---<x,=b.

n

See blowup in
next figure




@ Each line segment Ly has length

L= /(82 + (Aye)?
e By mean value theorem, 3¢ € (xk—_1, xx) such that

Ay f(xk) — f(xu-1)
DAxe Xk — Xk—1

f/(Ck) =

@ Thus
Ly =+/1+ [f’(C/()]2 Axy

and hence the length of the curve L is approximated by

L) Le=> 1+ [ (c)]P Ax.
k=1 k=1

Example 1

Find the length of the curve y = (x+1)3/2 from x= -1 to
x = 3.

Solution

o We have L:/b\/1+[f’(x)]2 dx

o In this example  f(x) = (x +1)3/2 = f/(x) = 3(x + 1)1/2

3 3 2
Thus L:/ 1—|—|:2(X—|-1)1/2:| dx
1
3 3
9 9 13
L= 14+~ 1) dx = \/>x+ —d
/1 +4(x+)x /1 4X+4X
1
Let u:§x+—3 gd

ﬂd:
u 4.X

Arc length

@ We except the approximation to improve as the partition
become finer. As a result we obtain the length of the curve is
given by

n

b
L= fim > J1+ [P Bxe :/a S [FOOR d.

Definition

If f' is continuous on [a, b], then the length (arc length) of the
curve y = f(x) from the point (a, f(a)) to the point (b, f(b)) is

L/ab\/l—i—[f’(x)]? dx/ab,/1+ [Zﬂz e

u=10
o L

u=10
4 4 (2
o d o “ 3/2
/ul Vu g du=g (3“

8
o — L:E(IO\/E—l)




Example 2
Find the length of the curve y = %x3 4k i from x=1 to x=2.

Solution o [ — /2 [X2 + 1} dx
. 1 4x2
o We have L = / 1+ [f'(x)]? dx , 3112
d 1 1 , 5 1 ° - |:3 4X 1
@ In this example f(x) = §X + Vi f'(x) = x* — ) 1 1,1 7 1

2
Thus L—/\/ } dx 59
o — | =—
2 1 1 2 1 1
= 4 _ "4 = = 4 .~ 4 =
L /1\/1+|:X 2+16x4] dx /1 x+2+16x4dx

dx—/ X —I—} dx

Find the length of the curve y = (x/4)%/3 from x=0 to x = 4.

. d ) . dx )
@ At a point on a curve where Y fails to exist, ™ may exist

ind the | 4
and we may be able to find the length of the curve by Solution

o y=(x/4)?*3=f(x) = f'(x) = Zﬁ 1( /4)~1/3

expressing x as a function of y.

Formula for the Length of x=g(y), c<y<d

d
7 . . Y s not defined at x = 0, so we can not use the formula
If g’(y) is continuous on [c,d], then the length of the curve

dx
x = g(y) from the point (g(c),c) to the point (g(d),d) is [ = / /1 + [F1(x)]2 dx.
3/2

d d dx1? Rewrite the equation as  x = 4y>/< = g(y).
L:/ \/1+g’y2dy:/ 1+[] dy.
c ') c dy Thus g'(y) = o _ 6y*/2  which is continuous on [0,1]

dy

d
Therefore, we can use the formula L = / \/1+4[g'(y)]? dy
C

e x=0—=y=0, x=4=—=y=1




Example 2

It follows that L
6

L= /01 V31+H[E' WP dy = /01 1+ [6yY/2]? dy

1
— from y=2 to y =3.

Find the length of the curve x = 2

o ey

°o L= / 1+ 36y dy E 1

0 .

In th le x=gly)=2 +
o Let u=1+436y = du= 36dy o In this example  x = g(y) 6 + 2y
1 u=37 y 1

o — L= %/ Vu du e Thus g'(y) = 522 which is continuous on [2, 3]

1 2 3/2 u=37 d , 5
o L= 3% |3¢ / @ Therefore, we can use the formula L = 1+ [g'(y)]? dy

u=1

1
o — L:5—4(37\/377—1)

2
It follows that L—/\/ —] dy
1
| = S 4=
/\/ +4y]dy

oL [yz+32yz] dy 6.4 Areas of Surfaces of

SO |
o L= [y S— .
° Wk Revolution
1 1/1 1 19 1 39
° 2\3 2 0 12 12 First Semester 2020 2021
o =|L=" Gall ole gocl |




6.4 Areas of Surfaces of Revolution

@ In this section we study how to find the surface area of a solid
of revolution.

¥a

=T

@ Each line segment L sweeps out a frustum of a cone whose
surface area is given by

ASy = 7lf () + Fl )]y (Bx0)? + (Bye)?
= m[f(xk) + F(xk—1)] 1+ '(ck)Ax.

P.

» =1

i
H H L 1 1 H
1] 1 =X E X X3 A Xi=h U x

R—r
R

Frustum of a Right Circular Cone

Figure: A=7(r+ R)L

Revolution About the x—Axis

@ Suppose that we want to find the area of the surface of a solid
of revolution.
@ We partition the interval into n subintervals with

a=x1<x<---<xp=5b

and we connect successive points Px_1 = (xx_1, f(x(k—1)) and
Pyx = (x, f(xx)) with straight line segments L.

4 p__5 p

-

<>

B —mmmmmmm o
Hpb------o--

1

b

T

[l ST
i

@ The area of the original surface is approximated by the sum of
these areas:

S~ wlf(x) + F(x-1)]v/1+ F/(ck) Axi.
k=1

@ These sums are not the Riemann sums of any function since
the points x,_1, Xk, and ¢k are not the same.

@ However, it can be proved that
n

S= lim > alf(xi) + FOa-1)V1+ F(ck) A

= |
P
1Pll—0 £

= 27r/ab f(x)y/1 4 [f'(x)]? dx.



Surface area ETES

Example 1

Find the area of surface generated by revolving the curve
y=2vx+1, 2<x<7 aboutthe x—axis.

Definition

. . . . Solution
If f(x) >0 is continuously differentiable on [a, b], then the area

of the surface generated by revolving the graph of

b b C/y
— 2 e =
y = f(x) about the x—axis is ° 5= 27T/a FOIY T+ IF(P dx= 27r/a T [dx} o

1

o flx)=2Vx+1= f'(x) =
5:2W/abf(x)mdxz2w/abymdx. 7+ — \/ﬁ

2
5:271'/ 2vx +1 1—}—[ ] dx
2 vx+1
7
5:471'/ vVx+1 1+de
2 X+1

v X+ 2 v
5471'/ vx+1 dx471'/ VX -+ 2 dx
2 x+1 2

Example 2

Find the area of surface generated by revolving the curve
y=x3/9, 0<x<2 aboutthe x—axis.

7
2

o let u=x+4+2=— du=dx

u=9
5:477/ fdu—47r{3 3/2

Solution

- o S=2r / ’ F(x)1/1 + [F/(X)]? dx.

u=4

X2

8
:%[27_8] ofx—x3/9:>f' :?

152 7 2,3 2 4
e |S = 3 _2ﬂ_/ / x / / x

7/ x3 /x4 +9 dx
0

o Llet u=x*+9=— du=4x3dx




u=x*+9 = du=4x3dx Revolution About the y—Axis

) e If f(y)>0 is continuously differentiable on [a, b], then the
oS 2 / 3 /X% + 9 dx area of the surface generated by revolving the graph of
0

T 27 x = f(y) aboutthe y—axisis
2 u=25 1 2 u=25
05:27;-/ Z\/adU:%[§U3/2 b
27 Jums = s=2n [ F/1+FOIF o
° 525[125—27] 2

98 7
@ |S=— b 2
81 :27r/ X 1+[dx] dy.
- dy

Example 1 Example 2

Find the area of surface generated by revolving the curve Find ;chg/grea cil;zsurface generated by revolving the curve
x=1—y, 0<y<1 aboutthe y—axis. x=3y”"—y/% 3<y<4 aboutthe y—axis.

°S= 2w/b F(y)\/1+[F'(y)]? dy. ° 5= 2#/3 Fy)y/ 1+ (y)]? dy.

1 1 1 _
o fly)=1-y=f(y)=-1 ° f(y):§y3/2—y1/2:>f’(y)=§y1/2—§y 1/2
1 1
05:271'/ 1—-y)V1i+1d zzﬁw/ 1—y)d 4 2
(1Y) y L (L= y)dy o5:27T/ (;y3/2_y1/2> 1_|_|:;y1/2_;y—1/2:| dy
21 3
05:2\ﬁ7r<y—y 4
2 o _ 132 _ 10 1 1.1
05_277/3 <3y y 14 2/ 2+4y dy

05:2\67r[1—;]=> S=V2nx

4
_ 132 1p Lot 4
05—271'/3 <3y y 4y+2+4y dy




Y1y / 1 1 2
-2 —y3/2 _ 1)2 T 12 42 —1)2
S 77/3 (3y y Syt oy dy
471 1 1
=9 - 3/2_ 1/2 - 1/2 - —1/2 d
LN W/3 <3y y Sy ly
4

oS — 7r/ }y3/2 _y1/2> (y1/2 —I-y_1/2) dy
3
]

3

1, 1 Y1, 2

- Sy—y—-1)dy= Sy2-Zy—1) d
AR A >y Tr/3 <3y 4 >y

1

e S=m|=-y’—=-y"—
<9y 3V y3

e S=r1 <;[64 27]—7[16 9 - [4 - 3]) (37_921_9)
s

S=-5

What is the most dlfflcult part
of this section?




