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Chapter 7
Transcendental Functions

Functions can be classified into two broad complementary groups called algebraic functions and
transcendental functions. In this chapter we study the calculus of important transcendental functions,
including the logarithmic, exponential, inverse trigonometric, and hyperbolic functions. These functions
occur frequently in many mathematical setting and scientific applications.

7.1. Inverse Functions and Their Derivatives

A function that inverts the effect of a function f is called the inverse of f. Many common functions,
though not all, are paired with an inverse. Important inverse functions often show up in formulas for
antiderivatives and solutions of differential equations.

Recall: additive inverse of a real number x + (—x) =0
multiplicative inverse of a non-zero real number zz ! = 1.

One-to-one Functions

As we know, a function is a rule that assigns a unique value from its range to each point in its
domain. Some functions assign the same value to more than one point.
Example. f(x) = \/z assigns 2 only to 4.
f(x) = 2? assigns 1 to both 1 and —1,
f(z) = sinx assigns 0 to 0,7, 27, ...

Definition. (One-to-one function)
A function f(z) is one-to-one on a domain D if for all x1, 29 € D, z1 # x9 implies f(x1) # f(z2).

Example 1. Show that f(z) =z + 4 is one-to-one on R.

Solution. Let x1, 25 € R such that f(x;) = f(z2). We have to show that z; = 5.
f(l'1> :f(ZL’Q) $$1+4:JZ2+4$I1 = T9
Thus f(x) is one-to-one on R.

Example 2. Show that f(z) = vz + 1 is one-to-one on [—1, 00).

Solution. Let x1, x5 € [—1,00) such that f(z1) = f(z3). Then we have vz; + 1 = Vas + 1.
Squaring both sides we get x1 +1 = x5 + 1 and hence z; = x5.
Thus f(z) = V& + 1 is one-to-one on [—1, 00).

Example 3. Show that f(z) = 3 — 22* is not one-to-one on its domain.
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Solution. f(1) =1= f(—1).

Example 4. If f(x) is one-to-one and f(x) is never zero, can anything be said about g¢(z) = @) 17
x

Give reasons for your answer.

Solution. Let g(z1) = g(z2). Then we have f(z;) = f(x2) and hence x; = x5. Therefore g(z) is
one-to-one.

Increasing and decreasing functions:

Theorem 1. (Increasing and decreasing functions are one-to-one)
(1) If a function f(x) is increasing on an interval I, then f(x) is one-to-one on I.
(2) If a function f(x) is decreasing on an interval I, then f(x) is one-to-one on I.

Proof. (1) f(z) is increasing on I = f(x) is one-to-one on I.
Let x; and 5 be in [ such that f(z1) = f(x2). Then z1 < zy = f(x1) < f(22); contradiction.
x1 > 29 = f(x1) > f(x2); contradiction.

Thus 1 = x».

Example 1. Show that f(z) = 2%* is one-to-one on its domain.

Solution. The domain of f(z) is [0, 00).
f(z) = le/A‘ > 0 for x € (0,00). Thus f(z) is increasing on [0, 00) and hence it is one-to-one on

its domain [0, 00).
Example 2. Determine whether f(z) = 1 — 2% is one-to-one on (0, o).

Solution. f'(x) = —2z < 0 for all z € (0,00). Thus f(z) is one-to-one on (0, c0).

The horizontal line test
A function y = f(z) is one-to-one if and only if its graph intersect each horizontal line at most once.
Example. Determine whether the functions graphed below are one-to-one?

Solution.
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@
(b)

Inverses

Since a one-to-one function sends distinct numbers to distinct values, it is possible to define a function
which reverse f so that it sends number from the range of f back to the number from which it came.

Definition. (Inverse Function)
A function f(z) has an inverse if there is a function g(x) such that f(g(x)) = g(f(x)) = .

Remarks.

! (read f inverse)

(1) If f(x) has an inverse g(z), then we write g = f~
(2) If f~!is the inverse of f, then f~! has an inverse and (f~)~! = f.

(3) f has an inverse if and only if f is one-to-one.
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(4) The domain of f~' is the range of f and the range of ! is the domain of f.

3
Example 1. Show that f(z) =4 — =2 has an inverse and find it.

3
Solution. f'(z) = — < 0 for all x € D(f) = R. Thus f is decreasing and hence is one-to-one.

Therefore f has an inverse.
How to find f~!?
First Method:

(1) Solve y = f(z) for = in terms of y
3

3
y:4—5:1::>x:5(4—y)

(2) Interchange x and y

3

y:g(‘l—l’)

(3) Write f~'(z) =y
Second Method: 3 3
Let y = f~'(x). Using f(f ' (2)) =2 = (y):x:>4—gy:x:>y:5(4—x).
As a check: f((f'(2)) =2 = [ (f(2))?

1
Example 2. Show that y = 5 i x’ x # 2, is one-to-one and find its inverse.
—x

1
Solution. f'(z) = e >0 = f /7= f is one-to-one.
-
1+y 2z —1
y=f""'(x). Then f(y) =z =y s, YT

Example 3. Find f~'(2) if f(z) =2 + 42+ 1, 2 > —2.
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Solution. Let y = f~!(x). Then f(y) =2 = ¢y* +4y+1=2

4+ /16— 4(1 -
=y = : U=2) _ 5t 372

R(f7)=D(f) = [-2.00) = @) =-2+VEix

The relation between the graphs of f and f -1

The graphs of f(z) and f~'(z) are symmetric about the line y = x.
f)=2=f7(2) =
f2)=4=f"(4)

Example. f(z) =2 >0, and f'(z) = V.

1
2

Derivatives of Inverses of Differentiable Functions

Consider the identity

f(f (@) = 2.
Differentiating both sides, we obtain
P @) ) =1
d . 1
~ @ )
Evaluating C%f_l(x) at x = f(a) =
df ! 1

dr | x=fla)  f(a)

Theorem 2. (The derivative rule for inverses)

If f is differentiable at every point of an interval I and f'(x) # 0 for all v € I, then f~' is differentiable

at every point of the interval f(I) and

d oy 1
& D Fr)
or . .

Example 1. (Exam)
Let f(x) = 2 + 32 + 2.

(a) Show that f(x) has an inverse.

df 1

(b) Find do |2 =6= 1)
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Solution.
df =1 1
dr | z=f(1) (1)
flx) =32 +3= f(1) =
df 1
dr | x=f(1) ~ 6

Example 2. Let f(x) = /x Vut +1 du. Evaluate (f7)" at z = f(V/3).
2

Solution.
fl) =Vt + 1= f(V3) =10

1 1

. dft : 9

Example 3. Flnd% R Jf f(z) =2 =22+ 1, < 1.
Solution. f'(z) =2z —2

df =t 1

de | x=9 — f(f1(9))

Letf_1(9)—a:>f():9 =a"—2a+1=9=a=4ora= -2

D) = (el 1719) =0 = 2

- 1 1
Thus — dl’ =9 = m = —6

7.2. Natural Logarithms

The most important function-inverse pair in mathematics and science is the pair consisting of the
natural logarithm Inx and exponential function e*. We start by defining In x as an integral using the
Fundamental Theorem of Calculus. Then we will define e* as the inverse function of Inx.

The natural logarithm function

Definition. (Natural logarithm)
For any x > 0, the natural logarithm of x is

lnx:/ 1diﬁ.
1t

The value of Inx for any > 1 is the area under the curve y = 1/t from t = 1 to t = x. For
0 <z < 1, Inx is the negative of the area under the curve y = 1/t from t =z to ¢t = 1.

Remarks.
(1) Inz is not defined for < 0, that is Dom(lnx) = (0, 00),
(2) In1=0.
Example. Find Dom(f) if f(z) =In(3z — 9).
Solution. In(3xz — 9) is defined only if 3z — 9 > 0. Thus Dom(f) = (3, c0).
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The derivative of y =Inx

Using the first part of the fundamental theorem of calculus, we have

—lnxr =—

dz x
., dy . 9
Example 1. Find Ir if y=1In(z*+3z+1).
x
Solution.
Example 2. Find ¢/ if y = secln .
Solution.
: : 1+ In(22)
Example 3. Find 3/ if y = —=
Solution.
Properties of logarithms
Theorem 3. (Properties of logarithms)
For any numbers a > 0 and x > 0, we have
1. In(ax) =lna+Inzx.
2. In <E> =Ilna—Inz.
x
1
3. In <—) =—Inzx.
x
4. Inx"™ =nlnzx for any real number n.
Proof. 1. Lin(az) = £ = Lin(a). Thus In(az) = Inz + C
roof. . —In(ax) = — = — In(z). Thus In(ax) =Inx
dx x dx

r=1=C=Ina.

2. iln (2) = 1 = —diln(:z:). Thus In <2> =—Inz+C

dx T T T T
z=1=C =na.

Example 1. Express In(4.5) in terms of In2 and In 3.

Solution.

Example 2. Express Inv/15 in terms of In3 and In5.

Solution.

Example 3. Use the properties of logarithms to simplify the expression Insec + In(5sin ).

Solution.
Insecf +In(5sinf) = —Incosf +In5+Insinf = In5 + Intan 6.
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The Graph and Range of Inx

Domain of Inz is (0, 00)

In3 = 1.0986123 = In3" = n(1.0936123)
= In37" = —n(1.0986123)

= lim Inz = o0, and lim Inx = —oc.
r—>00 r—0+

Range of Inz is (—o0,00) = R.

r—intercept: Inx =0= 2z = 1.
y—intercept: In0 is not defined. Thus there is no y—intercept.
d

1
d—ln:c:—>0, forall > 0,=Inz  on its domain (0,00).
x x

No critical points.

d? 1
] Inz=-— >0, forall z>0,= Inx is concave down on its domain (0, c0).
x x

No inflection points.

lim Inx = —oco = = = 0 is a vertical asymptote.
z—0t

Logarithmic Differentiation

The derivatives of positive functions given by formulas that involve products, quotients, and power can
be found more easily if we take the natural logarithm of both sides before differentiating. This enables
us to use the properties of logarithms to simplify the formulas and hence the differentiation.

The method consists of the following steps:

e Step(1): Take the logarithm of both sides

e Step(2): Use the properties of logarithm to simplify the formulas

e Step(3): Differentiate both sides
(4):

e Step(4): Solve for 3/

d
Example 1. Find d—y if y = (2% + o+ 1)(z? — 322 + )5,
T

Solution.
1 2

Example 2. Find ¢/ if y = m

x(r —1)3
Solution.

. dy . (sinf + 1)?
Example 3. Find —= if y = ———=.
P a Y V0 + cot 0

Solution.
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The Integral /(l/u)du

1
If z >0, then/—dx:lna:+C’.
x

1
If # <0, then In(—=) is defined and di In(—z) = —
x

1

Thus /—dw = In(—xz) + C for z < 0.
x

Therefore, for all z # 0,

8

1
/—dx—ln|x|+C’.
T

12
1

Example 1. Evaluate the integral / — dx.
4 T

Solution. In3

dxz
3— 2z

Example 2. Find /

1
Solution. —3 In|3—2z|+C

8
d

Example 3. Evaluate / e

4

rin®z

. 8 dy u=ln8 g, ] | w=1h8 1 1 -5
Solution. ——— = —_ = - = 5 — 5= = 5
4 rln’x uelna U3 2u? u—lnd 18In°2 8In“2 72In°2

tan?(In(z + 1))
r+1

Example 4. Evaluate / dx.

Solution.

dx.

Example 5. Evaluate /
3+ 1

Solution.

sin(2x)

Example 6. Evaluate /m

Solution.
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The Integrals of tanz and cotx

/tanx:—ln|cosx|+C:ln|secm|+C

/cotx:ln]sinx]—i—C:—ln]csca:\—i—C

Proof. O
Example. Evaluate / z cot(z? + 1) dx.

Solution.

7.3. Exponential Functions

Having defined the function In z and studied its properties, we now introduce its inverse, the exponential
function e”.

The inverse of Inz and the number ¢

We know that p )
Elnx =-> 0 for all z € Dom(lnz) = (0,00).

Thus Inz is an increasing function on its domain and hence it is one-to-one on its domain. Therefore,
Inz has an inverse In"*(z).

Definition. (The number e (Euler’s number))
We define the number e to be the value of In"*(1). This real number has the value e = 2.718281828459045
up to 15 places.

The function e’

Since e > 0, e > 0 for any rational number x. Thus Ine” is defined.
But Ine® = zlne = 2 = In(In"'()) and In is one-to-one. Thus

In~'(z) =¢”
for any rational number x. This suggest the extension
In~'(z) = e”, for all x € R.

Definition. (The natural exponential function)
For every real number x, we define ¢” = In""(z).

Remarks.

2025-2022 3 Juad) Page 10 of 34



Calculus B (MathB1401)

(VI u,r:\ s

1) e =expx

2) The domain of e” is the range of Inx = R.
3) The range of €” is the domain of Inx = (0, 00).

5 ¢ =g for all z € (0,00).

('b

6

('b

(1)
(2)
(3)
(4) Ine® =z for all = € R.
(5)
(6)
(7)

7) The graph of e”

(8) lim ¢ =00 and lim e* =0.
T—00 T——00

Example 1. Simplify the expression In(3¢?).
Solution.

Example 2. Solve for x: e3V*t! =4

In4\?
Solution. 3vz+1=1nd =z = (%) —1

Example 3. Solve the equation Inz? = 2In4 — 61n 2.

1 1
Solution. Inz? = —2In2 = 2% = 1 == ia

Example 4. Solve for y in terms of ¢: In(4 + 3y) = 2t + 1.

Solution. y = % (e —4)

Example 5. Solve for y: In(y +2) —In(y — 1) = cosx.
€COS"L' + 2

Solution. y = ——
ecosT 1
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Laws of exponents

Even though e? is defined as In"' z, it obeys the familiar laws of exponents from algebra.

Theorem 4. (Laws of exponents for e*)
For all real numbers x1 and x4, we have

(1) et — 611+I2.

x1
(2) = =,

er2

(3) = =,

erl

(1) () = e,

Proof. (1) In(e™e™) =Ine™ +Ine™ = x; + z9 = In ™+

= eTle®2 — 1172

Example 1. Simplify the expression e?me~1nt,

2
2Inz—Int _ ZE_
t

Example 2. Find f~(z) if f(z) = &3 + 1.

Solution. e

Solution. f~'(x) = %[—2 +In(z — 1)]

The derivative and integral of ¢*

Since Inz is differentiable for all x € (0,00) and d—lna: =—-#£0 forall z € (0,00), ¢® = In""'z is
T

differentiable at each z € In((0,00)) = R and

d:p 1 X
—e'=———— =¢".

dz LN g]per

Therefore

The only functions that are the derivatives of themselves are e* or a constant multiple of e*.
As a consequence of the above formula, we have

/ezd$:e$+0
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Example 1. (Exam)
Find ¢/ if y = In(2%e").
Solution.

tanx

Example 2. Find Z—z ify = oz
Solution.

Example 3. (Exam)

Let f(z) = €® + .

(a) Show that f(z)is 1 — 1.

-1

d
(b) Find =

at x = f(In2).
Solution.

Example 4. Evaluate the integral / (e* —e™™) dx.

Solution.

4

Example 5. Evaluate the integral / z e da.
-1

Solution.
/4
Example 6. Evaluate the integral / e*“Tsecrtanx dr.
0

Solution.

1

dz.
e +4 v

Example 7. Evaluate the integral /

Solution.

The general exponential function a”

As we have seen above, we can define e* for every real number x. This definition unable us to define
the general exponential function a” for every real number x provided that a > 0. Now we will study the
derivatives and integrals of a” and we will define the general logarithmic function log, = as the inverse
of a”.

Definition. (General exponential function)
For any a > 0 and any = € R, the exponential function with base a is

a® = e* lna_
Example. Evaluate 3.

Solution.
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The power rule (general form)

Since we can define x" for any z € R as long as x > 0, the formula for differentiating x™ has the final
form

d
— 2" =na"!, for any real number n.
dx
The derivative of a*
Using a® = €%, we obtain
d T d zlna aclnal
—a" = —e =e na.
dx dx

Therefore we have

—a*=a"lna

dx

The above formula shows why is the natural exponential function preferred in calculus.
. dy . .
Example 1. Find — if y = 7*.
dx
Solution.

d
Example 2. Find d—y if y = 39",
x

Solution.

Other power functions

d
As long as z > 0, we can define 2/ = /@M= for any function f(z). To find d—xf(x), we use the
x

definition
4 t@ _ 4 @ma
dx dx
. dy . 22
Example 1. Find —= if y = 2" .
dx
Solution.
., dy . .
Example 2. Find e if y=(Inx)*.
x
Solution.

Inx+e®

d

Example 3. Find d_y if y = (cosx)
x

Solution.

Example 4. (Exam)

Find 2 if <1>I+1 (sec €%7)

ind = ify= (- n(sece™).
dz Y x
Solution.

2023-2022 3 Jad)! Page 14 of 34



Calculus B (MathB1401) Gt ol s ]

Laws of exponents for a”

For any real number a > 0 and all real numbers x; and x5, we have

(1) atla®? = axl+$2'

The Integral of a”

1
/cfC dr = /exlna dr = —a” + C, provedid that a # 1.

Ina

4
Example 1. Evaluate the integral / z 3% dr.
2

Solution.

Example 2. Find the value of / csc? T du.

Solution.

Logarithms with Base a

If a > 0, then f(x) = a” is defined for all z € R. Does f have an inverse?
>0, ifa>1
f(z) = (na) a*
<0, ifa<l1.
Thus f(z) = a” is one-to-one for any 0 < a # 1, and hence it has an inverse. We will denote this
inverse by log, x (the logarithm of x with base a).

Definition. (The general logarithmic function)
For any positive number a # 1, we define

log, x = the inverse function of a”.
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Inverse equations for ¢ and log, x
(1) log,(a®) = z, for all x € R.
(2) @8 =z, for all 2 > 0.

Example 1. Simplify logs(57°).

Solution.

Example 2. Simplify 31834,

Solution.

Evaluation of log, =

The evaluation of log, = is simplified by the observation that log, x is a numerical multiple of In . Since
a'°®” = x, we have log, z Ina = Inz. Therefore

Inx
log, v = —
Ina

Remark. The above formula shows that the arithmetic rules satisfied by log, x are the same as that
for Inz. That is, for any numbers x > 0, y > 0, we have

(1) log,(zy) = log, = + log, y.
(2) log, <E> = log, =z — log, y.
Yy

(3) log,(2") = ylog, x.
Example 1. Simplify 9834,

Solution.

logs x

Example 2. Express W

in terms of natural logarithms.

Solution.
1
Example 3. If x > 0, then find the exact value of —log,(8%).
x

Solution.
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Derivatives and integrals involving log, =

|
Using log, © = _na:) we find
Ina

d 1 1
— o —
dz be xlna
Y 6213+5x
Example 1. Find —= if y = ———.
dz 8¢ log,
Solution.
d
Example 2. Find / T
xlogg @

Solution.

e? l 3
Example 3. Find / M dx.

e

Solution.

7.5. Indeterminate Forms and L’Hoépital’s Rule

L’Hopital’s Rule was discovered by Bernoulli but written for the first time in a text by L’Hopital.

Indeterminate Forms 0/0 and oco/o0

If f(xg) = g(xg) = 0, then lim fE$; can not be found by substituting x = zy. The substitution produces
T—rT0 g X
0/0, a meaningless expression known as an indeterminate form. Similarly, if lim f(z) = o0 = lim g(x),
T—T T—2x0
then lim M produces the indeterminate form E

z—=x0 (T o
Sometimes, limits that lead to indeterminate forms may be found by cancelation, rearrangement

of terms, or other algebraic manipulations. Limits involving transcendental functions often can not be
found by these classical methods. L’Hopital’s Rule is an alternative method to find limits that lead to
indeterminate forms.

Theorem 5. (L’Hoépital’s Rule)
Suppose that

(1) f(x0) = g(zo) = 0 or lim f(z) = +oo = lim g(z),

T—xQ Tr—T0

(2) [ and g are differentiable on an open interval I containing x,

(3) ¢'(x) #0 for all x € I\{xo}.
Then

provided the limit on the right hand side exists.

2025-2022 3 Juad) Page 17 of 34



Calculus B (MathB1401) el ur:\ s

Proof. (partial)

Flag)  lmg g, HELE g
g/({L‘O) hma}—):co %ﬁgxo) T—T0 g(ﬁ) .

]

Remark. L’Hopital’s Rule can be applied to one-sided limits and when xg is a real number or 4-o0.

sinx

Example 1. Use L’Hopital’s rule to show that lim =1.

z—0 g
Solution.
/2 _
Example 2. Find lim LH
x—2 xr — 2

Solution. 2/3
E le 3. Find lim -~ —*

xample 3. Find lim ————.

P z—1 43 —x — 3

Solution. 3/11

Example 4. Find hH(l) ST COS(Sx).
T—

22
Solution. 4
Inz
E le 5. Find lim ———.
xampie 1n a:l—g}o 5+2Inx

Solution. 1/2

3*—1
Example 6. (Exam)Find lim :
z—0 €T
Solution. In 3
sinz 1

Example 7. Find lim
z—0 e — 1]

Solution. In2

5% —1
Example 8. Evaluate lim

00 3T — 1

Solution. oo

2
Example 9. Find lim r

z—o0 N
Solution. oo
log,

Example 10. Find xll)r{.lo m

Solution. In3/In2

—1 1 1
Example 11. (Exam)Find the value of the constant a such that a > 0 and lim w = —.
=0 1 — cos(ax) 4

Solution. a = 1/2
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Indeterminate Forms oo0.0 and co — oo

We can handle the indeterminate forms 00.0 and oo — oo by using algebra to convert them to a 0/0 or
00/oo form and then we apply L’Hopital’s rule.

Example 1. Evaluate lim z cotx.
z—07t

Solution. 1

1
Example 2. Find lim (cscx — —).
x

z—0t

Solution. 0

x 1
E le 3. 1i —
xample 9. - (m —2  In(z— 1))

Solution. oo

Example 4. (Exam)

Find lim e *(3z + 1).
T—>00

Solution. 0

Indeterminate Powers (1, 0°, and oo")

1, 0, oo” are indeterminate forms. The limits that lead to one of these forms can be handled by
L’Hopital’s rule as follows:
lim [f (%)) — lim g(z)In f(z).

r—ra r—a

If lim In F(x) = L, then lim F(z) = lim " F®) = ¢F

Tr—a r—a T—ra

Remark. a may be a real number or +oo.
. 2\

Example 1. Evaluate lim <1 — —) .
T—00 T

Solution. ¢~2

Example 2. Find lim (sinz)”.
z—0t

Solution. 1

Example 3. Find lim (In ).

T—r00

Solution. 1

Example 4. Find lim (e® + %)/

z—0t

Solution. e

tanx
Example 5. Evaluate lim (e%> )

z—0t
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Solution. 1

Example 6. Evaluate lim (tanz)”.
x—07t

Solution. e

Example 7. (Exam)
Find lim (1 + 3z)"°.

T—00

Solution. 1

Example 8. (Exam)
Find lim (1> .
z—0t \ T

Solution. 1

Example 9. (Exam)
Find lim (z* + e)/ "7,

T—r00

Solution. ¢*

Example 10. Evaluate lin[lJ (cos J:)%Z
z—

Solution. e /2

z—0t

3
Example 11. Evaluate lim <1 + —
x

Solution. 1

)
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7.6. Inverse Trigonometric Functions

Inverse trigonometric functions arise when we want to calculate angles from side measurements in
triangles. They also provide useful antiderivatives and appear frequently in the solutions of differential
equations. This section shows how these functions are defined, graphed, and evaluated, how their
derivatives are computed, and why they appear as important antiderivatives.

Defining the inverses

The six basic trigonometric functions are not one-to-one in their domains, but we can restrict their
domains to intervals on which they are one-to-one.

The arcsine function

3
The function f(z) = sinx is one-to-one on any one of the intervals [—g, g], [g, ;], ... But we choose
[—g, g] to satisfy the relationship sin™'(1/x) = csc™! x.

Definition. (The arcsine function)
T

For any z € [—1,1], y = sin"! x is the number y € | 2] for which siny = z.

Example. Find sin~'(0).

Solution.
Remarks.
.1 1
(1) sin™ oz # —.
sin x
1

2 = (sinz)™' = :
(2) P (sinz) cscx

The graph of y =sin 'z

The domain of sin™*z is [~

The range of sin™'z is [~
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Remark. The graph of y = sin™' z is symmetric about the origin. Therefore y = sin™'z is an odd

function; that is

sin™'(—x) = —sin~ ' 2.

—1
Example 1. Find sin™! [ — .
P (ﬂ)

Solution. sin™'(—1/v2) = —sin"}(1/v2) = —7/4.

Example 2. Find the value of tan (sin_1 (%))
Solution. 3/v/40
Remarks.

(a) sin~'(sinz) = for z € [—g, g]

(b) sin(sin~'z) = z for x € [-1,1].
Example. Find sin(sin~'2) and sin™* (sin 27).

Solution. sin(sin™' 2) is not defined.
sin~ ' (sin 27) = sin"' 0 = 0.
The arccosine function

The function f(z) = cosz is one-to-one on the interval [0, 7.

Definition. (The arccossine function)

For any = € [~1,1], y = cos ' x is the number y € [0, 7] for which cosy = .

1
Example. Find cos™ (§>

Solution. 7/3.

The graph of y = cos 'z
The domain of cos 'z is  [—1,1].
The range of cos™' s 0, 7).
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Remarks.

L2 is neither even nor odd.

(a) The function cos™
(b) cos '(cosz) = x for x € [0, 7].
(¢) cos(cos™ ') =z for x € [1,1].

Example. Find cos™!(cos(7/2)) and cos™*(cos 57).

Solution. cos™!(cos(7/2)) = cos 0 = 7/2.
cos *(cos 5m) = cos ' (—1) = .

Identities involving arcsine and arccosine

For all z € [—1,1], we have

(1) | cos™(—x) =7 —cos™'w

(2) | sin"'x +costa =

Proof. (1) We know that cos(m — #) = —cos 6. Thus if 2 = cos, then cos(m — 0) = —z.
=71 —0=cos '(—x).
Now substitute § = cos 'z, we get the result.

(2) Assume x > 0. Then § =sin" 'z € (0,7/2) and ¢ = cos ' = € (0, 7/2).
Thus from the triangle we have 6 + ¢ = 7/2.

Example 1. Find cos™'(—v/3/2).

Solution. cos™(—v/3/2) = m — cos }(V/3/2) =7 — 7/6 = 57/6.

Example 2. Find the value of 2% — cos™(—1/v/2).

Solution. 2"°%:™ — cos ! (—1/v/2) = (V/4)21% ™ — [1 — cos ™ (1/V/2)]
=48 _ 14 71/4=7/4

Example 3. Solve for z:  In(e** + 2¢” + 1) = 2sin[cos ' (—z) — sin™" z].

Solution.
In(e* + 2e* + 1) = 2sin[cos ' (—x) — sin~' 7]

= In(e” + 1)® = 2sinfcos ! (—x) + sin" ' (—x)]
= 2In(e*+1) = QSing

=e¢"+l=e=>z=Inle—1)
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Inverses of tanx, cotx, secx, and cscx

The function tan z is one-to-one on the interval (—m/2,7/2) and the function cot z is one-to-one on the
interval (0, 7). Thus they have inverses tan™' z and cot™' z.

Definition. (The arctangent and arccotangent functions)
(1) For any x € R, y = tan"' z is the number y € (—7/2,7/2) for which tany = x.
(2) For any # € R, y = cot™ ' z is the number y € (0, 7) for which coty = .
Remarks.
(1) The domain of tan™' z is R and domain of cot™ x is R.
(2) The range of tan 'z is (—7/2,7/2) and the range of of cot ' z is (0, 7).
(3) The graph of y = tan™! x is symmetric about the origin. Therefore y = tan™" z is an odd function;

that is

tan~!(—2) = —tan" ' x.

Example 1. (Exam)
Simplify the expression cos (tan’l(?) / x)) )
T

Solution. Let § = tan™'(3/x). This implies tan # = 3/ and hence cos ) = Ty
T

Example 2. Evaluate lim tan™'z.
T—00

Solution. From the graph, we have lim tan™'x = 7/2.
T—00

Definition. (The arcsecant and arccosecant functions)

(1) For any x € (—o0,—1] U [1,00), y = sec 'z is the number y € [0,7/2) U (7/2, 7] for which
secy = .

(2) For any o € (—o00,—1] U [1,00), y = csc 'z is the number y € [—7/2,0) U (0,7/2] for which
cscy = .

Useful Identities
(1) cot ' (z) =7/2 — tan ' z.
(2) sec™'x = cos !(1/x).
(3) cscta =sin"'(1/x).
Remark. In general cot ' (z) # tan"'(1/x). We have the following identity
tan™*(1/z), x>0,
cot () =
tan '(1/x) +m, 2 <O0.

Example 1. Find sec ' 2.
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Solution. sec 2 = cos '(1/2) = /3.

Example 2. Find sin (cos_l(l/?)) + csc 3).
Solution. sin (cos’l(l/?)) + cse 3) = sin (cos™ ' (1/3) + sin~'(1/3)) = sin(r/2) = 1.

)

Example 3. Find csc (tan_
x

VA — 72 b — 22
Solution. Let = tan™! —ac. Then tan 6§ = vim v and hence csc (tan’
T T

Example 4. (Exam)

2z
Solve for x:  log-(25)* + tan [ sin™* <—)> = 4cos (sec 'z
o (25)" + ton (s (- H— (sec"2)

Solution. First of all, logs(25)" = In(25)"/In5 = 2.

2x 2z
Next, if § = sin™! | ———— |, then sinf = ———— and as a result
’ Va2 +1)

Viax? +1
2
tan (sin1 (4++1)) = tanf = 2z.
x

Moreover, cos (sec”' ) = cos (cos ™' (1/z)) = 1/x.
Therefore, the equation becomes

204+ 2r =4/r =1 =1=1==+1.

Example 5. Evaluate lim sec ' z.

T—r—00

Solution. lim sec™'z = lim cos™'(1/x) = cos ' (0) = 7/2.
T——00 T——00

The derivatives of inverse trigonometric functions

Inverse trigonometric functions provide antiderivatives for a verity of functions.

1 1

The derivatives of y=sin"" x and y=cos " x

f(z) = sinzx is differentiable on the interval (—7/2,7/2) and f'(z) = cosz > 0 in this interval.
Therefore, f~*(z) = sin™' x is differentiable on the interval (—1,1) and

d ., 1 1
—sin" 'z = = .
dx f'(sin"tz)  cos(sin~!'x)
Using cosy = 4/1 —sin?y and sin(sin™'z) = 2, we get
N 1
—sin" = lz| <1

dz V1— 22

and hence
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dr =sin"'z+C

=

Since cos ' & = 7/2 — sin"' x, we have

d . d . —1 2] < 1
—cos T =——s8in T = —=— T
dz dx 1— 22

Example 1. Find ¢/ if y = sirfl(eg”2 + 3x).
Solution.

Example 2. Find ¢/ if y = 9" %) 4 cos™(2?).
Solution.

Example 3. Find
P / V25 — x2

Solution. Note that v25 — 2% =54/1 —

Using u = 5 we find

/ dx _/ du | _1<§>+C
V25 — 22 \/1—u2_Sln D '

Example 4. Find
P /\/ T — 12

Solution. Note that V62 — 22 = \/9 — (x —

Using u = xT, we find

/d_x_/d_u_sml r=3Y Lo
Vor —22 ) J1—u? 3 '

! dx
Example 5. Find / .
1/2 V34 dx — 4x2?

1 1
Solution. Since V3 + 4z — 422 =24 /1 — (v — 5)2, the substitution v = = — 5 transforms the integral

into

! dz u=1/2 U L, =2
/1/2\/m:/po —2m:§sm uu:O =7/12.
dy
sin~ty/1—y2

Example 6. Find /

Solution. Using the substitution v = sin™* 3 we find
du
= [ — =Inl|sin"'y|+ C.

| =
1 —y2 sin"ly u
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—1

The derivatives of y=sec™" x and y=csc " x

Since sec ™!z = cos !(1/x), we have

d ., d -1 -1
@SGC x:%(:os (1/1}):m<§)
Simplifying we get
1 1
—sec T = |z| > 1

dz |:17]\/:E2

and hence

dr = sec'|z| + C

s

1 Trx=m/2 — - W Vi
Since csc ' x 2 — sec lx, e have

d d —1
—ocsclr=——sec e = —— lz| > 1

dx dx 2|22 =1

Example 1. Find ¢/ if y = sec (22 — ).
Solution.

Example 2. (Exam)
Find y if y = 3" + sec™!(3z).

Solution.

Example 3. Find
P / x\/4a:2

Solution. Let v = 22. Then

2 x Y du 14 1 4

/lm—ém—sec ]u\Q:sec 4 —sec” 2.
dz

TRV

Solution. Since 2° — 8z + 7 = (v — 4)* — 9, using u = IT, we obtain

Example 4. Find /

/ dx 1 |- 4‘ L
—sec :
(x —4)Va? —8x + 7 u\/u2 ~3 3
sec™lx
E le 5. Find lim ——.
xample ind lim ——
Solution. Using L’Hopital’s rule, we find
seclx 2] ;2_1 1
lim = lim VL i — =1
=1+ /72 — 1  z—1+t T z—1+ x|z
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The derivatives of y=tan™

1

x and y=cot ! x

d
To find — tan™' # we can use the theorem in section 7.1. Alternatively we may process as follows:

dx

Y= tan 'z = tany = x.

Differentiating both sides we get

Thus

dy _ d

sec?y

1

= —tan "z =

dr dx

Therefore we have the following formula

and hence

1

dy
— =1.
dx

1

sec?y 1+ tan?(tan~'x)’

— tan—

dx

T 1t a2

/

1
1+ 22

der =tan 'z + C

Since cot 'z = 7/2 — tan"! x, we have

dx

—cot ™tz = ——tan~

dx

1

Tr =

241

Example 1. Find ¢/ if y = logs(tan™' (5z)).

Solution.

Example 2. Find ¢/ if y = 2 + sin(tan~" (2?)).

Solution.

Example 3. Find /

1

Solution. Using u =

Example 4. Find /

2cot7 g
2+ 1

dx.
cot ™'z, we find
/2 cot™lx
L o x2+1
dz
422 4+ 10z + 7

dv = /2 du =~} (cot ' 2)’
iL‘——l’LL u——2(co .’13)

2

1
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(433\;%5)2“ .

5\> 3 3
Solution. We have 42 + 10z + 7 = <2a: + 5) + 1 - 1

4+ 5

V3

/ dx _/ du B itanfl (4x+5) e
422+ 102 +7 ) VBu2+1) V3 V3 '
z? dx

1+ 26

Thus using v = we get

Example 5. Find /

Solution. Let u = 2°. Then du = 3z%dz and hence

x? dx du 1
T _ [t
/1+:c6 /3(1+u2) glan

tan~!(4
Example 6. Find lim an—(:c)‘
x—0 €x

Solution. Using L’Hopital’s rule, we find

. tan~'(4z) 4
Im———— =lim—— =
x—0 T 0 1622 + 1

7.7. Hyperbolic Functions

The hyperbolic functions ar defined as a combinations of the exponential functions e* and e™*. They
simplify many mathematical expressions and occur frequently in mathematical applications.
Definition. (The six basic hyperbolic functions)

x —x

(&

(1) Hyperbolic sine of z: sinhx = —°

2
Domain: R

Range: R

sinh z er —e*

3) Hyperbolic tangent of z:  tanhx = P —
2) Hyperbolic cosine of z:  coshx = % e’ +e

. h x —T
(4) Bop@amolR cotangent of z:  cothz = coshr ¢ te

sinhx e* —e ¢

Range: [1,00)
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1 2
5) H boli t of x: hx = = .
(5) Hyperbolic secant of z: sech z coshz e res

1 2
(6) Hyperbolic cosecant of x: csch © = — = :
sinhz e*—e™@

Remarks.
(1) sinhz is an odd function.

(2) coshz is an even function.

Identities for hyperbolic functions
(1) cosh? z —sinh®z = 1.
(2) sinh(2z) = 2sinh x cosh .
(3) cosh(2x) = cosh® z + sinh® z.

_ cosh(2z) + 1

(4) cosh®x
Example 1. Simplify cosh(2z) + sinh(2z).
Solution.

Example 2. Simplify tanh(21nz).
Solution.

Example 3. If sinh x = 4/3, then find the value of the other five hyperbolic functions.

Solution. sinhx =4/3 = e* —e * =8/3 = " =3 = coshz =5/3.

OR coshx = /1 +sinh®z = 1/25/9
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Derivatives and Integrals

(1)

(6)

— sinh z = cosh x
dx

1
/cosh(ka:)da: =7 sinh(kz) + C

— coshxz = sinh x

dx

/sinh(lm)da: = %cosh(kx) +C

— tanhz = sech® x

/sech2 zdr = tanhx + C

dz

o cothz = —csch?® « /csch2 xdx = —cothz +C
%sech r = —sech z tanhx /sech z tanh xdx = —sechx + C
%csch T = —csch xcothzx /csch z cothzdx = —csch © + C

Example 1. (Exam)
Find 3 if y = 2" + coth z.

Solution.

Example 2. Find ¢/ if y = In(cosh z?).

Solution.

9 . h
Example 3. Find / sinh /2 dx

NG

Solution.

Example 4. Find / cosh® x dx.

Solution.
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Inverse Hyperbolic Functions

d
(1) Since . sinhxz = coshx > 0 for all x € R, sinhz is an increasing function on R. Thus it has an
x
inverse. We denote this inverse by sinh™' x.

Domain of sinh™" 2 is R and its range is R.

(2) coshz is not one-to-one on its domain, but it becomes one-to-one if we take the restriction
coshz, = € [0,00). Thus it has an inverse cosh™' z.

Domain of cosh™ = is [1, 00) and its range is [0, c0).

(3) tanhz is one-to-one on R, and hence it has an inverse tanh ™' z.

1
(4) sech™ x = cosh™ (;)

Domain of tanh™' z is (—1,1) and its range is R.

1
(5) csch™ x = sinh™! (—
T

1
(6) coth™ z = tanh™! (—)

T

Evaluating inverse hyperbolic functions
Let us find a formula to evaluate sinh ™' z.
y =sinh™' 2z = sinhy =«

ey_e_y
2
= (¥ —2)?=2"+1

=Y -z =+Vva2+1

=X

But € > 0 for all y =

ey =x+ Va2 +1

and hence

y=sinh 'z =In (a:—i— Va?+ 1) .
Similarly,

cosh™tz =1In (:c + Va2 — 1) )

Example. Find cosh™(7/4).

Solution.
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Derivatives and Integrals

d 1

1) | —sinh ' = ———

(1) dxsm x T

(2) @COSh xr = ﬁ, x> 1.

3) | L tann! 2 < 1
—tanh™ "z = x .
dx 1— a2

d
Example 1. Find o sinh ™' (5%).
T

Solution.

Example 2. Find /

V1+ 16x2'

Solution. Let v = 42. Then du = 4dx and hence

dx 1 —1
/\/x?:_l_l = smh T + C
d
/\/% =cosh ‘o +C
dx 1
/ T tanh +C
= sinh™' (4z) +

dx du
/\/1+1612_/4\/1+u2

Example 3. (Exam)

Solve for z:  cosh™'(2z) = sec? (cot™"(2/m)) — 4

Solution. Let # = cot™!(2/7). Then cot # = 2/ and hence secd = V72 + 4/2. Therefore
cosh™" (2z) = sec” (cot™'(2/m))

= cosh™*(2x

Thus we have

7.8. Relative Rates of Growth

) =sec?f — 2

2
4

71'2+4

22 = cosh(0) =

1.

— 4l°g2 7r24+4
B ™2 4+4 w244
4 4

It is often important in mathematics, computer science, and engineering to compare the rates at which

functions of z grow as x becomes large.

Exponential functions are important in these comparisons

because of their very fast growth, and logarithmic functions because of their very slow growth. In this
section we show how to compare the rates at which functions of x grow as x — oco. We restrict our

attention to functions whose values eventually become and remain positive as x — oo.

Definition. (Rates of growth as z — 00)
Let f(x) and g(z) be positive for x sufficiently large.
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f (=)

(1) If lim 77) = 00, then we say that f(x) grows faster than g(z) as © — oc.
z—o0 g(x
(2) If lim % = 0, then we say that f(z) grows slower than g(x) as z — oo.
z—o0 g(x
(3) If lim % = L > 0, then we say that f(x) and g(x) grow at the same rate as x — oc.

Example 1. Show that e’ grows faster than 2 4+ 5z + 4 as & — oo.

Solution.

Example 2. Determine whether f(x) = Inz grows faster, slower, or at the same rate as g(z) = log,,«
as T — oo.

Solution.

Example 3. Let f(z) = v/ and g(z) = In(2® + 1). Does f(z) grow faster, slower, or at the same rate
as g(r) as © — oo?

Solution.
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