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Chapter 1 MATRICES, VECTORS,AND SYSTEMS
OF LINEAR EQUATIONS

1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

Definition

A linear combination of vectors uq, Us, ..., Uk IS a vector of the
form

CiUy + Colo + + Ci U,

where ¢4, Co, ..., Cx are scalars. These scalars are called the
coefficients of the linear combination.

Dr. rer. nat. Faten Said Abu-Shoga Islamic University of Gaza Lectures on Linear Algebra



1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

1

The set of coefficients that express one vector as a linear
combination of the others need not be unique.
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

@ Determine whether o is a linear combination of

et

© Determine whether = is a linear combination of

smlt]

© Determine whether

i [8].

i ] is a linear combination of 2 ]
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

Example

Given vectors uq, Uy, and ug, show that the sum of any two
linear combinations of these vectors is also a linear
combination of these vectors.

Solution: Suppose that w and z are linear combinations of
uq,Us, and uz. Then we may write

W=aui+bus+cus and z=4dus+buy+cus
where a, b, c, d, b/, ¢’ are scalars. So

w+z=(a+a)uy+(b+b)uz+(c+c')ug

which is also a linear combination of uq, u,, and us.
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

STANDARD VECTORS IN R?

We can write any vector in R? as a linear combination of

b
the two vectors l 1 and l ] as follows:

[]-elo)2]]
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

STANDARD VECTORS IN R?

a
We can write any vector | b | in R as a linear combination of
c
1 0 | 0
thetwovectors | 0 | , | 1 | and | O | as follows:
0 0 1

—
O T D
.
Il
I\
T 1
o o =

i
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

STANDARD VECTORS IN R"

In general, we define the standard vectors of R" by
1 0 0
0 1 0
e1= o )62= o 7'”7el’7= o
0 0 1
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

If u and v are any nonparallel vectors in R?, then every vector
in R? is a linear combination of u and v.

Practice Problem

1 2 3
Letw = 10 andS:{ 1],[_2}

(a) Without doing any calculations, explain why w can be
written as a linear combination of the vectors in S.
(b) Express w as a linear combination of the vectors in S.

| —
|
| S
1
| S
(o8
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

MATRIX-VECTOR PRODUCTS

Let A be an m x n matrix and v be an n x 1 vector. We define
the matrix-vector product of A and v, denoted by Av, to be the
linear combination of the columns of A whose coefficients are
the corresponding components of v. That is,

AV = V481 + Vols + ... + Vpan
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

Let

Then
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

Practice Problem

w|

letA=|2 1 1 landv= 1 | . Compute the
3 0 -2 »

following vectors:

(a) Av

(b) (Av)™
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

IDENTITY MATRICES

For each positive integer n, the n x n identity matrix /, is the
n x n matrix whose respective columns are the standard
vectors eq, €5, ..., in R".

| \

Examples

IQ=[8 ?]and@:{

o O =
o = O

- O O
1

A
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

ROTATION MATRICES

Consider a point Py = (Xp, ¥o) in R" with polar coordinates
(r,«), where r > 0.

® Pr=(xpy)

Py = (xg, ¥o)
0

Yo
0 ‘ @ X
x”

Then (r, o + 6) represents the polar coordinates for Py,
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

X1 = rcos(a + 6)
= r(cos acos f — sin asin 6)
= (rcosa)cosf — (rsina)sing
= XpC0S 6 — ypsing
Similarly, y1 = Xp sin @ + yp cos 6.

We can express these equations as a matrix equation by using
a matrix-vector product.
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

If we define Ay by

[ cosf —sind |

A = sind  cosf

then

A, | X0 __cose —sing | Xo
"Ly || sine cosé ||y

_ | Xocos@ —ygsing | | X
" | Xosin@+ypcosf | | y

We call Ay the 6 -rotation matrix, or more simply, a rotation
matrix.For any vector u, the vector Ayu is the vector obtained
by rotating u by an angle 6, where the rotation is
counterclockwise if 8§ > 0 and clockwise if < 0
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

To rotate the vector [

A~ W

] by 30°, we compute Azgo l 2 ]
cos30° —sin30° | [3] [
sin30°  cos30° 4 |~ %

3v3 _ 4 1
=| 2 2|21

The 0° -rotation matrix Aqo, which leaves a vector unchanged,
is given by Ay° = b.

that is
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR
PRODUCTS, AND SPECIAL MATRICES

Let A and B be m x n matrices, and letu and v € R". Then
Q Alu+v)=Au+Av

Q@ A(cu) = c(Au) = (cA)u for every scalar ¢

© (A+B)u=Au+Bu.

O Aej=aforj=1,2,...,n, where e is the j th standard
vector in R"

@ If Bis an m x n matrix such that Bw = Aw for all w in R",
then B = A.

@ A0 is the m x 1 zero vector.

@ If Oisthe m x n zero matrix, then Ov is the m x 1 zero
vector.

Q /hv=v
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1.2 LINEAR COMBINATIONS, MATRIX VECTOR

PRODUCTS, AND SPECIAL MATRICES

For any m x n matrix A, any scalars ¢y, o, ..., Cx, and any
vectors uq, Us, ..., Ug in R,

A(CiUq + Cols + + CxlUk) = C1AUL + CoAUL + + C AUk
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