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CHAPTER 4 Subspaces and Their Properties
4.3 The Dimension of Subspaces Associated with a

Matrix

For the matrix

1 2 -1 2 1 2
A_| -1 2 1236
a 2 4 -3 2 0 3
-3 6 2 0 3 9
the set of pivot columns of A,
1 —1 2
—1 1 2
o= 21| -83|7|2
-3 2 0
is a basis for Col A. Hence the dimension of Col Ais 3.
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4.3 The Dimension of Subspaces Associated with a
Matrix

@ The dimension of the column space of a matrix equals the
rank of the matrix.

© The dimension of the null space of a matrix equals the
nullity of the matrix.
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4.3 The Dimension of Subspaces Associated with a

Matrix

Show that
-2 3
1 —6
B = 11, -2
2 -2
1 —1
is a basis for the null space of
3 1 -2 1 5
i 0 1 O 1
A=| 5 2 5 5 _3
-2 -1 383 2 -10
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4.3 The Dimension of Subspaces Associated with a

Matrix

Solution

@ Each vector in B is a solution of Ax = 0, the set B is
contained in Null A

© neither vector in B is a multiple of the other, so B is linearly
independent.

© Since the reduced row echelon form of A is

the rank of Ais 3 and its nullity is 5 — 3 = 2. Hence Null A
has dimension 2, so B is a basis for Null A.
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4.3 The Dimension of Subspaces Associated with a
Matrix

Remark

It is important to note that, unlike the column space of a matrix,
the row space is unaffected by elementary row operations.
Consider the matrix A and its reduced row echelon form R,

given by
1 1 11
A=[22] and R=[O 0].

Notice that Row A= Row R = Span { l 1 ] } ,

can=spen{[ 3|} swn [ ]} - cam
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4.3 The Dimension of Subspaces Associated with a

Matrix

The nonzero rows of the reduced row echelon form of a matrix
constitute a basis for the row space of the matrix.

3 1 -2 1 5
. 10 1 0 1
Recall that for the matrix A = 5 5 5 _5 _3
-2 -1 3 2 -10
10 10 1
01 50 4
reduced row echelon form R = 00 01 -2
00 0O O
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4.3 The Dimension of Subspaces Associated with a

Matrix

Hence a basis for Row A is

1 0
0 1 0
11,/ -51].] o
0 0 1
1 4 2

Thus the dimension of Row A is 3 , which is the rank of A.

@ The dimension of the row space of a matrix equals its rank.
@ dim(Row A) = dim(Col A) = dim(Row AT)
© The rank of any matrix equals the rank of its transpose
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4.3 The Dimension of Subspaces Associated with a
Matrix

SUBSPACES CONTAINED WITHIN SUBSPACES

If V and W are subspaces of R” with V contained in W , then
dim V < dim W . Moreover, if V and W also have the same
dimension, then V = W .

The Dimensions of the Subspaces Associated with an m x n Matrix A

Col A r™ rank A
Null A RO nullity A = n —rank A
Row A r" rank A
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4.3 The Dimension of Subspaces Associated with a

Matrix

You can use the following procedures to obtain bases for these subspaces:

Bases for the Subspaces Associated with a Matrix A

ColA: The pivot columns of A form a basis for Col A.

NullA: The vectors in the vector form of the solution of Ax = 0 constitute a basis
for Null A. (See page 80.)

Row A: The nonzero rows of the reduced row echelon form of A constitute a
basis for Row A. (See page 257.)
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4.3 The Dimension of Subspaces Associated with a

Matrix

0 2
-2 1
how that 1], —1 is a basis for the null space of
-1 1
1 —1
the matrix
12 3 -2 -1
oo 1t 838 2
24 7 0 1
3 6 11 1 2
Find the dimensions of the column space, null space, and row
space of the matrix

Dr. rer. nat. Faten Said Abu-Shoga Islamic University of Gaza Lectures on Linear Algebra



4.3 The Dimension of Subspaces Associated with a

Matrix

EXERCISES Pages 260 and 261
1-68
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