Chapter 3
Second Order Linear Equations

@ This chapter deals with linear equations of second order.
@ They are very important in the study of differential equations
for two main reasons.

@ The first is that linear equations in general have a rich
theoretical structure that underlies a number of systematic

C ha pter 3 methods of solution.
Second Order |_| near Eq UatIOnS @ Further, this structure and these methods can be understood at

a fairly elementary mathematical level.
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_ 3.1 Homogeneous Equations with Constant Coefficients

@ The general form of a second order ordinary differential
equation is

@ In order to present the key ideas in the simplest possible
context, we describe them in this chapter for second order y" = f(t,y,y'),
equations.

) o where f is a function of three variables t, y, y’.
@ Another reason to study second order linear equations is that

they are vital to any serious investigation of the classical areas Definition
of mathematical physics.

(Linear second order equations)

@ One cannot go very far in the development of fluid mechanics, A second order differential equation is linear if it can be written as
heat conduction, wave motion, or electromagnetic phenomena
without finding it necessary to solve second order linear Py(t)y” + Pi(t)y’ + Po(t)y = Q(t). (1)

differential equations.
If a second order differential can not be written in the form (1),

then it is nonlinear.
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Py(t)y" + Pi(t)y’ + Po(t)y = Q(t) (1)

Remark
Since P»(t) is not identically zero, equation (1) can be written as

y" 4+ p(t)y' + q(t)y = g(t). (2)

Example 1

The equation
ty" + 6t2y’ . 2t3y — et

is a linear second order differential equation.

The equation

y//+yy/ — O

is a nonlinear second order differential equation.

Homogeneous equations

A second order linear differential equation

Lly]l = y" + p(t)y’ + q(t)y = g(t)

is said to be homogeneous if the term g(t) is zero for all t.
Otherwise, the equation is called nonhomogeneous. The term g(t)
is called nonhomogeneous term.

The equation

y" —sinty' +5y =0

is a homogenous second order linear differential equation.

Definition

The equation

y//+y:et

is a nonhomogeneous second order linear differential equation.

(Initial value problem)

An initial value problem consists of a second order differential
equation y” =f(t,y,y’) together with a pair of initial conditions
y(to) = yo. Y'(to) =5 where yo and y] are given numbers.

@ A second order linear equation
y' +p(t)y' +q(t)y = g(t)

is called an equation with constant coefficients if p(t) and
q(t) are constat functions.

@ Before studying linear second order equations in detail, we
consider methods of solving some special classes of nonlinear
second order equations.
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Equations with the dependent variable missing Examples

Example 1

o Consider a second order ordinary differential equation
y'=f(ty,y).
o If a second order differential equation has the form

Solve the equation

y"' =f(t,y), - . . .
@ This is a second order equation with the dependent variable
then the equation is an equation with the dependent variable y. missing.
missing. o Let y' =v.
@ The substitution v(t) =y’ reduces this equation to ® Then the equation becomes
I 12
vi=f(t,v) V=

which is a first order equation. which is a separable first order equation.

@ If we can solve this equation for v, then y can be obtain by o Uitttz g ip dos tio dv
solving the simple first order equation |y’ = v|. — = tdt

and integrating yields

av

‘ |

i Examples
V2
o Example 2
_i_lpg a. Solve the initial value problem
v
@ Thus we obtain ) t2y” (y/)2 -2ty =0, y(2) =5, y’(2) =2
T Pi2a
o Having obtained v, we now use y’=v toobtain y as o The given differential equation is a second order equation with
follows: the dependent variable y missing.
-2 t /
_ _ _ Let =v.
y_/th u= —> dt = +/2c1 du ° y
B +2a V2a o Then the equation becomes t’v' +v? —2tv =0 or
B / —2v/2c1du
) 2a(u?+1) 2V —2tv = —v?
e It follows that, (provided ¢; # 0), — L ; )
which is a Bernoulli first order equation with n = 2.
y = _£ tan~! <t> + . o Llet w=yvl""=y1
N4 V2 @ Then w =—v=2/.

~
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t2y — 2ty = —\?

@ The Bernoulli equation can be written as

t2v=2/ —2tv = —1.
. . - | A Iy . . .
° S}Jl:tltutlng w=v_, w =-—v_v into this equation o and hence y' —t.
giv
—t?2w —2tw = -1 or t*w +2tw =1. © Therefore, 1
d =’ + o
e OR a(tzw):l Y73 2
@ Integrating give @ The initial condition y(2) = 5 implies
tw=t+c
5=24+0=—0c=3
and hence
2
2vl—tto=—|v= t . and hence the solution of the initial value problem is
t+a 1,
2 y=—=t"+4+3.
o Asaresult weget y = . 2
e Using the initial condition y’(2) = 2 we obtain
4
2 = —2+c=2—7c¢=0
2+ o + 1

@ If a second order differential equation has the form Example 1

y' = f(y.y), Solve the equation ., .
. o : . y'=2y(y')
then the equation is an equation with the independent variable
@ Using the substitution  v(y) =y/, we get @ This is a second order equation with the independent
= iv(y) _ dv dy _ dv , variable t  missing.
dt dy dt dy o Let y =v(y).
@ Thus .the substitution  v(y) =y’ reduces the given o Then y"=v dv and the equation becomes
equation to dy
dv
v— =1f(y,v) dv 3
) = — 9
dy v dy yv
which is a first order equation. o
e If we can solve this equation for  v(y), then y can be dv D2
2 Doy
obtain by solving the simple first order equation |y’ = v(y). dy /

provided v # 0.

S~
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@ This is a separable first order equation.

@ Let us solve this equation:

dv
L2 = 2ydy

= ——=y’+q
v

@ Thus we obtain the solution

-1
v = i
@ Having obtained v, we nowuse y' = v toobtain y.
°
, 1
Y= y2+a

a separable equation for  y(t)

Example 2

Solve
(v +1)y" = ()2

Solution

@ The given differential equation is a second order equation with
the independent variable t  missing.

o Let y =v(y).
@ Then the equation becomes a separable first order equation

(y+1)vz\y/=v2
or
dw_ g
v y+1’

= (y> + a)dy = —dt
=iy +ay=—-t+o

@ Therefore, the solution is given by

13
gy +ay+t=ao.

@ Integrating to obtain

Injv[=Inly+1|+c
= |v|=€ly+1 = v==2e(y+1)

@ Thus the solution can be written as

vV = c1(y + 1).

o Next we solve y' =v=c(y+1).
@ It is a first order linear equation with integrating factor

u(t) = et

y’ —qay=c¢ — e_clt(y/ — C]_y) = C1€

. d
dt

@ Therefore,

(efclt'y) — Clefclt . efclfy —

y =ce" — L
’ crectt 1‘

—cit

—e 9+ o



Solve the initial value problem

y'+e =0, yB)=0,y(3) =1

@ The given differential equation is a second order equation with
the independent variable 't  missing.

o Let y =v(y).

dv .
@ Then y” =v—  and the equation becomes

dy

dv —2y
— + =0
de €

which is a separable first order equation.

dv -2y __
vdy—l—e =0

@ It can be written as
vdv = —e ¥ dy.

@ Integrating to get

1 1
§V2 = Ee_zy “+ 1

or
v =e ¥ 4+ 2q.

e Using the initial conditions  y(3) =0, y'(3)=1=v(3)

we obtain
_ —2y_

and hence (y')?>=e
@ Therefore,
y =+e™Y.

@ Since y’(3) =1, we have

3.2 Fundamental Solutions of Linear Homogeneous
Equations

o It follows that
dy =dt = & =t + o.
@ The initial condition  y(3) =0 implies that
1=3+c=
@ and hence the solution of the initial value problem is
e=t-2

and hence
y =In(t —2).

In this section we will provide a clear picture of the structure of
the solutions of all second order linear homogeneous equations.

In turn, this understanding will assist us in finding the solutions
of other problems that we will encounter later.

In developing the theory of linear differential equations, it is
helpful to introduce a differential operator notation.

Let p and g ‘be continuous functions on an open interval
I = (o, B).

@ The cases o= —o0, or = o0, or both, are included.



@ Then, for any function ¢ that is twice differentiable on /, we
define the differential operator L by the equation

Llg] = ¢" + p¢' + qe.

e Note that L[] is a function on /. The value of L[y] at a
point t is

Llp](t) = " (t) + p(t)¢'(t) + a(t)e(t).

@ In this chapter we study the second order linear equation
Llgl(t) = &(t).

@ Since it is customary to use the symbol y to denote
©(t), we will usually write this equation in the form

Llyl = y" + p(t)y’ + q(t)y = g(t). (3)

@ The following Theorem explains whether the initial value
problem (3), (4) always has a solution, and whether it may
have more than one solution.

Theorem

Let

Y+ p(t)y' +a(t)y = g(t), y(to) =y, ¥'(to) =y

be an initial value problem. If the functions p, q and g are
continuous on an interval | = («,3) containing the initial point
to, then the initial value has a unique solution y = ¢(t) valid for
all tel.

e With equation (3) we associate a set of initial conditions

y(to) =y,  ¥'(to) = o (4)

where tp is any point in the interval /, and yo and y} are
given real numbers.

@ Recall that a second order differential equation

Lly]l = y" + p(t)y’ + q(t)y = g(t)

is said to be homogeneous if the term g(t) is zero for all t.
@ Otherwise, the equation is called nonhomogeneous.

@ The term g(t) is called nonhomogeneous term.

Example

Find the largest interval in which the solution of the initial value
problem

ty"+sinty —costy=1, y(-1)=1, y(-1)=2

is certain to exist.

int t 1
@ In this example p(t) = %, q(t) = —g, g(t)=-.

@ These function are continuous
on R —{0} = (—00,0)U(0,0).
@ Since ty = —1, the interval is (—00,0).




@ Unlike first order linear equations, there is no useful expression

for the solutions of second order linear equations. @ A special case of Theorem 5 occurs if either ¢; or ¢ is zero.
@ Therefore, we need information about the form and structure of @ Then we conclude that any multiple of a solution of
solutions that might be helpful in finding solutions of particular Lyl = y" + p(t)y’ + q(t)y =0 is also a solution.
problems.
Consider the equation y" —y =0.  Then y, = e’ and
(Principle of Superposition) yo = et are solutions. Moreover any linear combination
If y» and y, are two solutions of the linear homogeneous equation cy1 + coy2 = cre® + ce” " s also a solution. For example,
Lyl =y" + p(t)y’ + q(t)y =0, y3=5€", yp = —3e7", y5=2e" +3e"

are solutions of the equation.

then the linear combination ¢(t) = c1y1 + cay» is also a solution
for any values of the constants ¢; and c;.

General solution of linear homogeneous equation The Wronskian

@ Let y1 and y» be two solutions of

Lyl = y" + p(t)y’ + a(t)y = 0.

Definition

ols (t)= <,j1y1 + c.2y2 the general s?lution of the equation? vi(to) yo(to)

@ To answer this question, we have to fl.nd c1 and ¢ such that The determinant W = = y1(to)y5(to) — yi(to)y2(to)

y(to) =yo.,  Y'(to) =y for any given real numbers yp, y{. vi(to) yh(to)
@ Applying these initial conditions gives is called the Wronskian determinant of the functions y; and y».
() + cnlt) =0 ®
1 2 o Sometimes we write W = W(y1, y2)(to) to emphasis that the

@ The system (5) has solution if and only if Wronskian depends on y; and y» and that it is evaluated at the

point tg.

yi(to) yo(to)
= # 0.

yi(to) ys(to)



Find the Wronskian of y; =e'* and y,=e ' att=0.

@ Using the definition we have
i ya| |8 ef
W (y1, t) = = 4l
(r1, y2)(t) y{ yﬁ P
1 1
@ Thus W(y1,y2)(0) = 1 1= -2.

General solution of second order linear homogenous

equation

Theorem

Let y1 and y» be two solutions of the differential equation
Lyl = y" + p(t)y" + q(t)y = 0.
If  W(y1,y2) #0, then

Yy =ay1 + oy,

where c1 and ¢ are arbitrary constants, is the general solution of
Lly] =0.

Find the Wronskian of y; =t and y, = te L.

yi
o W(yi,y) =
(1,2) iy
t te~t
Q =

1 e t—tet

o =t(l—t)e t—te t = —t2e L.

Fundamental set of solutions

Definition

If y1 and y, are two solutions of L[y] = 0 with
W(y1,y2) # 0, then the set  {y1,y»} s called a fundamental set
of solutions of L[y] = 0.




Show that y; = 1 and y» = ef form a fundamental set of solutions
of the equation y” — y’ = 0.

Solution

(a) ya =1 and y, = e' are solutions of the equation?
We have y1 =1, y; =y =0. Thus

W —y=0-0=0

and hence y; is a solution.
We have y, = e', yb=yj =e'. Thus

/! / t t
Y —yp=e —e =0

and hence y» is a solution.

Example 2

Show that y; =t and y» = % form a fundamental set of solutions of
the equation t?y” +ty/ —y =0, t>0.

Solution

(@) yp =t and y» =1 are solutions of the equation?

We havey1 =t, y; =1, y/ =0. Thus

R B — = — =

and hence y; is a solution.
We have y, =t 1, yb=—t"2  yif =2t"3 Thus

2y +tyy—yp =2t -t =0

and hence y» is a solution.

(b) W(y1,yo) # 07
1 et

W)} &[=et o

Therefore, (a) and (b) implies that y; and y, form a fundamental
set of solutions of the equation y” — y’ = 0.

(b) W(y1,y2) #07?

t t! .
W(y17y2) = 1 _t72 = -2t # 0.
Therefore, (a) and (b) implies that y; = t and y» = 1 form a

fundamental set of solutions of the equation
t?y"+ty) —y =0, t>0.



3.3 Linear Independence and the Wronskian

@ We have seen that the general solution of a second order linear
homogeneous differential equation can be represented as a
linear combination of two solutions y; and y» whose Wronskian
W (y1, y2) is not zero.

@ There is relation between this condition and the concept of
linear independence of two functions.

@ We briefly discuss this very important algebraic idea in this
section.

(a) f(t)=3t—5, g(t)=9t—15.

@ To solve this problem we assume that
kif(t) + kog(t) = k1(3t —5) + ko(9t — 15) =0 for all t € R.
Now we look for values of k1 and ky that satisfy this equation.
Since we have two unknowns ki and k», we need two equation.
We can choose any two values of t € R.

Choosing t = 0 gives
—5k; — 15k, = 0.
@ Choosing t =1 gives

—2k; — 6k = 0.

Linear dependence

Definition

Two functions f and g are said to be linearly dependent on an
interval | if there exist two constants k; and k>, not both zero, such
that

kif(t) + kog(t) =0

for all t € I. The functions f and g are said to be linearly
independent on an interval [ if they are not linearly dependent.

Determine whether the given pair of functions is linearly
independent or linearly dependent.

(a) f(t)=3t—5, g(t)=9t—15.
(b) f(t)=1t, g(t)=t—1

o It follows that k1 = —3k, and hence there are solutions other
than k; = k, = 0.
@ For example we can choose k» = 1, ki = —3 and hence we see
that
g(t) = 3f(¢).
@ Therefore, f(t) =3t —5, g(t) =9t — 15 are linearly
dependent.



(b) f(t)=t, g(t)=t—1.
@ We assume that
kif(t) + kog(t) = kit + ko(t —1) =0

for all t € R.
@ Now we look for values of k; and ky that satisfy this equation.
@ Since we have two unknowns ki and k», we need two equation.
@ We can choose any two values of t € IR.
@ Choosing t = 0 gives

—k, =0 and hence k, =0.
@ Choosing t =1 gives
ki = 0.

o It follows that the only solution is k; = ko, = 0.

@ Therefore f(t) =t, g(t)=t—1 are linearly independent.

(@) f(t)=1t>, g(t)=t.

t2

e Thus W(f,g)(1)=—-1#0.
o It follows that f and g are linearly independent on R.
(b) F(£) =2, g(t) = —222

T
o W(f.e)=p, _a

@ This does not implies that f and g are linearly dependent.

= —t2

=0, for all t.

@ To show that f and g are linearly dependent we use the
definition.

o We note that g(t) = —2f(t); that is 2f(t) + g(t) = 0.
@ This shows that f and g are linearly dependent.

If f and g are differentiable functions on an open interval | and if
W(f,g)(to) # O for some ty € I, then f and g are linearly
independent on |.

Example

Determine whether the given pair of functions is linearly
independent or linearly dependent.

(a) f(t) =12 g(t)=t.

(b) f(t)=1t%, g(t)=—2t

(c) f(t) =cos(2t), g(t)=sin(2t).
(d) F(r) = e, g(t) = e 2"

@) F() = g(t)= 2.

(c) f(t) =cos(2t), g(t)=sin(2t).

B (2t) in(2t)
o W(f,g)= _CQO:in(Qt) 2Scos(2t)

@ Thus f and g are linearly independent on R.
(d) F(£) =2, g(t) = e 2.

e1—2t e—2t
° W(f7g): _2el—2t _2e—2t

‘2#0foral|teR

=0, for all t.

e We note that f(t) = eg(t); that is f(t) — eg(t) = 0.
@ This shows that f and g are linearly dependent.



(e) F(t) =13 g(t)=1t?]t].

3 2t
o W(f,g)= 322 3t)t]| 0, for all t.
] ) o ) @ The following theorem, perhaps surprisingly, gives a simple
° !—|owever, in any interval / containing 0, f and g are linearly explicit formula for the Wronskian of any two solutions of any
independent. second order linear homogeneous equation even if the solutions

@ To see this we assume themselves are not known.

@ The theorem was derived by the Norwegian mathematician
Niels Henrik Abel (1802-1829) in 1827 and is known as Abel's

forall t € I =(-2,2). formula.
@ Choosing t = 1 gives k1 + ko = 0 and hence k; = —ko.

kif (t) + kog(t) = kit + kot?|t| = 0

@ Choosing t = —1 gives —k; + ko = 0 and hence k1 = ko.
@ Thus kl = k2 =0.

If y1 and y» are solutions of the differential equation

@ Assume y; and y» are solutions of the differential equation
Lly]l = y" + p(t)y’ + q(t)y =0, Lly] = y" + p(t)y’ + q(t)y = 0.
@ This implies that
where p and q are continuous on an open interval I, then the

Wronskian W (y1, y2)(t) is given by ¥i +p(t)y; +q(t)yr =0, (6)
3 +p(t)y; + q(t)y2 = 0.
W(y1, y2)(t) = cexp [_ /p(t)dt} g e Multiplying the first equation by —y», the second by y;, and

adding the resulting equations, we obtain

where c is a certain constant that depends on y; and y», but not on
t. Further, W(y1,y2)(t) is either zero for all t € | (if c =0) or else
is never zero in | (if ¢ #0).




o

1 " / / Find the Wronskian of two solutions of the equation
- + - = 0. 7
nya = yay1 + p(yiys — yay1) (7) 2y t(t+2)y' 4 (t+ L)y = 0.
o Let W(t) = W(y1,y2)(t).
yiow , , Solution
@ Then W = = —
yiow TR o I hi o o(p) = —HEF2) _ —(t+2)
, " " is example p(t) = 5 = :
e It follows that W' = y1y5 — yoyy'. it t

@ By Abel’s formula

Thus equation (7) becomes

W' + pW = 0. W = cexp [—/p(t)dt}
@ Now we can solve this first order linear differential equation for

<exp Up(t)dt] W)/ ~0. - <o U(th) W) e U <1+i> dt} '

W = Cet+2|n|t\ _ ct2et.

S~

@ Abel’s formula establishes a stronger version of Theorem 10 for

two functions that are solutions of a second order linear . . . .
homogeneous differential equation. Let y1 and y» be two linearly independent solutions of the equation

y"+2y +ty =0. If W(y1,y2)(0) = 2, then find W(y1, y2)(1).

@ By Abel’s formula

Llyl =y" + p(t)y' + q(t)y =0,
W = cexp [—/p(t)dt} = cexp [—/2dt] = ce %t
where p and q are continuous on an open interval I. Then

Theorem

Let y1 and y» be solutions of the differential equation

(1) y1 and y» are linearly dependent on | if and only if e Using W(0) = 2 gives c =2
W(y1,y2)(t) =0 forall t €I, e Thus W(t) =2e 2t
(2) y1 and y» are linearly independent on | if and only if o It follows that W(1) = 2e~2.

W (y1,y2)(t) #0 for all t € I. ’




3.4 Complex Roots of the Characteristic Equation

@ In this section we study a method to find the general solution
to the special case of the second order homogeneous linear
differential equation in which all of the coefficients are real
constants.

@ As we have seen before,the equation
y" + p(t)y’ + q(t)y = g(t) can be written as

Pa(t)y” + Pi(t)y" + Po(t)y = Q(t), (8)

where Py(t) # 0.

o If Po(t)y” + Pi(t)y’ + Po(t)y = Q(t) is an equation with
constant coefficients, then P,(t) = a, P1(t) = b, and
Po(t) = c are constant functions.

@ Thus a second order linear equation with constant coefficients
has the general form

ay” + by' + cy = Q(1), (9)

where a, b, and c are given constants.

Linear Equations with Constant Coefficients

Definition

A second order differential equation

y"+ p(t)y’ + q(t)y = g(t)

is called an equation with constant coefficients if p(t) and q(t) are
constat functions.

Example 1

The equation y” +5y’ —4y =0 is a second order differential
equation with constant coefficients.

Example 2

The equation y” +ty =0 is a second order differential equation
with nonconstant coefficients.




Solving homogeneous equation with constant coefficients Solving homogeneous equation with constant

coefficients

@ Consider a second order linear homogeneous equation

" /
_ ay” + by’ +cy =0, (10)
Solve the equation  ay’ + by = 0.

where a, b, and c are given constants.

o Based on our experience with the last example, we ook for

o o
o Integrating factor ji = exp [ [ gdt] _ ebt/a solutions in the form y = e".

o Thus the solution is @ Substituting into equation (10), we get

—bt/a. (ar? + br + c)e = 0.

@ Since e # 0 for all t, we can divide the last equation by e to
obtain

ar> 4 br+c = 0. (11)

@ Thus, equation (10) has solution in the form y = e if and
only if r is a solution of the polynomial equation (11).

Find the characteristic equation for each of the following differential
equations and solve it.

(1) 5y" — 3y +7y = 0.

The equation

AN /I _
arl +br+c=0 (2) —4y"+y' =0.

is called the characteristic equation for the differential equation
. . . . 2 _
ay” +by +cy=0 (1) The characteristic equation is  5r= —3r +7 = 0.

The solutions of it are

3449140 3+iV131
10 - 10

2=

(2) The characteristic equation is —4r>+r =0 or r(4r—1) =0.

Thus the solutions are r =0, r = %.




@ Since the characteristic equation
ar’+br4+c=0

is a quadratic equation, it has two roots, which would provide
us with the two independent solutions we need to form the
general solution.

@ However, the two roots of the characteristic equation may be
real and distinct, real and repeated, or complex conjugate.

@ These three cases lead to different types of solutions for
" /
ay" +by'+cy=0

and we consider each case in turn.

Find the general solution of the equation

2y" -3y +y=0.

o The characteristic equation is 2r> —3r +1 =10

@ and its solutions are r, = %, rp = 1.

@ Thus the general solution of the equation 2y" — 3y’ +y =0
is y=ce’?+ cet.

Real distinct roots

If the characteristic equation ar®>+ br +c =0 has real and
distinct roots r; and r», then the general solution of the differential
equation ay” + by’ + cy =0 s given by

_ nt nt
y =cel 4+ e’

where c1 and ¢, are arbitrary constants.

Proof.
@ We know that y; = et and y, = e"! are solutions of
ay” + by’ + cy = 0.

@ So it remains to show that W(yi, y2) # 0.
But W _ et e )t 0
o But W(y1,y2) = =(r—n)e # 0.

nt

et pe

Solve the initial value problem

6y” —5y'+y =0, y(0)=4, y'(0)=0.

@ The characteristic equation is 6r> —5r +1 =0 and its

solutions are n = 3, n = 1.

@ Thus the general solution of the equation 6y” — 5y’ +y =10
is y=cet’?+ cet/3.




e Initial conditions y(0) =4, y'(0)=0
y = cret’? + cret/?

1 1
y = §C1et/2 + gczet/3

@ Using the initial conditions we find
1+ o= 47
%C1 + %C2 =0.
a+o =4,
c+ %Cz =0.

@ It follows that the solution of the initial value problem is

y = —8e'/? 4+ 12613,

Euler's Formula

Proposition

For any real number t,

"t = cos(ut) + isin(ut).

By Taylor series. 0l

Complex roots

@ The characteristic equation ar?> + br+c =0 has two

solutions
—b+ Vb2 —4ac
2a '

@ If b2 — 4ac < 0, then the roots of the characteristic equation
has the roots

na=

—b+ ivdac — b2
2a

ns= =Atip.

o It follows that y; = et and  y, = eA—It gre
solutions of the differential equation ay” + by’ + cy = 0.

@ These two solutions are complex but we started with only real
numbers in our differential equation and we would like our
solutions to be real.

@ The following formula we help us in finding the real solution
from the complex solutions.

Real Solutions

e Consider the two solutions y; = et and y, = e(A—in)t,
@ Using Euler's formula we can write these solutions as

y1 = eM[cos(ut) + isin(ut)], y» = e [cos(ut) — isin(ut)].
@ Since y; and y» are solutions, any linear combination

u=ciy1 + oy

is also a solution.
@ Choose ¢; = %, o= %
@ Then we obtain the real solution

up = e cos(ut).

_ 1 — _1
@ Choose c1 = 5, @@= —3.
@ we obtain the real solution

up = e sin(put).



Proposition

If the characteristic equation ar® + br + ¢ = 0 has complex roots
rn =X+ iw and rn = X\ — iy, then the general solution of the
differential equation

ay” + by’ +cy =0

is given by
y = cre*t cos(ut) + cretsin(ut),

where ¢ and ¢, are arbitrary constants.

We know that u; and up are solutions of ay” + by’ + cy = 0. So it
remains to show that W(uq, u2) # 0. O

Examples

Solution
o The characteristic equation is r*> —2r +6 =0

@ and its solutions are

L ‘/24_24:1:&,'\/5_

naz =

@ /It follows that the general solution of the given differential
equation is

y = e'[c1 cos(V/5t) + e sin(V5t)).

Find the general solution of the equation  y” — 2y’ + 6y = 0.

e But

e cos(ut) e M sin(ut)

Wi, 12) = eM[Acos(ut) — pwsin(ut)] e [Asin(ut) + pucos(ut)]

= e2)‘t<cos(,ut)[)\ sin(ut) + pcos(put)]
— sin(ut)[\ cos(uit) — usin(,ut)])

= 2ue®’ £ 0.

Example 2

Find the solution of the initial value problem
y'+4y +5y=0, y(0)=0, y'(0)=1.

@ The characteristic equation is r*>+4r+5=0 and its
solutions are

—4£VI6-20 _ .
2 == .

rna =
@ [t follows that the general solution of the given differential
equation is
y = e %[cy cos(t) + cosin(t)].

o Next we apply the initial conditions.
y(0) =0 gives ¢; = 0.




Thus y = cpe 2t sin(t).
It follows that y' = ¢, (—2e~?tsin(t) + e 2! cos(t)).
Thus y'(0) =1 gives

C2:1.

Therefore, the solution of the initial value problem is

y = e %tsin(t).

3.5 Repeated Roots; Reduction of Order

@ In this section we consider the third possibility of the solutions
of the characteristic equation

ar’+br+c=0
of the second order linear homogeneous equation
" /
ay" + by’ +cy =0,

namely, that the two roots r; and rp are equal.
e Assume that b> — 4ac = 0.

@ Then the characteristic equation has two equal roots

—b

2a’

@ As a result we can obtain only one solution y; = e~ Pt/22 of
the differential equation ay” + by’ + cy = 0.

n=n=

Find the general solution of the equation  y” + 16y = 0.

o The characteristic equation is r®> +16 =0 and its solutions
are

n»2= +4.

@ [t follows that the general solution of the given differential
equation is
y = c1 cos(4t) + cpsin(4t).

@ Thus we have to find a second solution y> with W(yi, y2) # 0.
@ There are several method to obtain such a solution ys».
@ We will use a method originated by Jean d’Alembert

(1717-1783), a French mathematician, and is known primarily
for his work in mechanics and differential equations.

e We know that since y;(t) is a solution, so is cyi(t) for any
constant c.

e We generalize this idea by replacing ¢ by a function v(t) and
trying to determine v(t) so that the product v(t)y1(t) is a
solution.



@ Starting with y = vy;, we obtain
Y=wi+vin, Yy =wl + 2V

@ Substituting the expressions in the equation
ay” + by’ +cy =0 we get

a(vyy +2v'y; +v'y1) + b(vy; + V'y1) 4+ cvyr = 0.
@ Arranging terms vyields
v(ayy + by; + cv1) +2av'y; + av”’y; + bv'ys = 0.

—bt/2a
)

@ Since y; = e we have

If the characteristic equation ar? 4 br +c =0 has two equal roots
—b . . . .
n=rnmn= 55 then the general solution of the differential equation
a

ay// —|— by/ + Cy = 0 is given by
y(t) = e—bt/2a(c2t + Cl) _ C2te—bt/23 + Cle_bt/2a7

where c1 and cp are arbitrary constants.

In other words, in this case, there is one exponential solution
corresponding to the repeated root, while a second solution is
obtained by multiplying the exponential solution by t.

@ It follows that
ayy +by; +cy1 =0

@ and the equation for v becomes
_be—bt/2avl + ae—bt/2avu + be—bt/zavl —0.
@ Thus the equation for v reduces to
v =0.

@ So we can find v(t) = et + ¢1, where ¢; and ¢, are arbitrary
constants.

o Therefore, y(t) = e b1/23 (oot + 1) = cotePt/22 4 cre=bt/2a,
@ We note that y is a linear combination of two solutions:

_ efbt/2a’ —bt/2a

Vi and ¥ = te

with W(y1,ys) = e Pt/22 £ 0.

Find the general solution of the equation 4y” + 4y’ + y = 0.

o The characteristic equation is 4r> +4r+1=0 or

(2r+1)2=0.

@ [ts solutions are 1

r1:r2:—§.

o [t follows that the general solution of the given differential
equation is
y = e ?[cit + .




Example 2

Find the solution of the initial value problem
y'+6y +9y =0, y(-1)=2, y'(-1)=1

@ The characteristic equation is

r’4+6r+9=0

or
(r+3)>=0.

@ Thus its solutions are

n=rnrnr= -3
Reduction of Order

@ The method we have used to obtain a second solution of
ay” + by’ +cy =0 when rp =, can be applied to other
equations.

@ Suppose we know a solution y;(t) of

y"+p(t)y’ +q(t)y =0 (12)

such that y;(t) is not the zero function.
@ To find a second solution we take y = v(t)y1(t).
e Substituting for y, y/, and y” in (12) gives

yiv" + 2y + pyi)v' + (1 + py1 + q)v = 0.

@ Since y; is a solution of (12), we have y;’ + py; + ¢ =0 and
hence the equation for v becomes

yiv" + (2y; + py1)v' = 0.

o It follows that the general solution of the given differential
equation is
y =e cat+ ol

o Next we apply the initial conditions y(—1) =2, y/(-1)=1.
o vy = -3e 3t + ] + e 3t = e 331t — 3¢ + .
@ Thus the initial conditions give
63[—C1 + C2] =2,
e3[4c1 — 3¢ = 1.
°
—4c1 +40 = 86_3,
4¢c; — 30y = e 3.
°
C = 9e_3, = 7e73.
@ Therefore, the solution of the initial value problem is

y=e 337t +9).

@ This an second order equation for v with dependent variable v
missing.

@ Thus, the substitution w = v’ transforms it to a first order
equation for w:

nw' + (2y1 + py1)w = 0.
@ Solving the last equation for w, we then can obtain v by
integration.

e Finally, y can be found by the formula y = v(t)y1(t).

@ This method is called the method of reduction of order since it
reduces the problem from solving a second order equation to
solving a first order equation.



Examples - TTTTN—

Example 1

Use the method of reduction of order to find the general solution of te' (v +2v' +v) = 2(t — 1)e"(v' +v) + (t — 2)e'v = 0.
the equation ty” —2(t — 1)y’ + (t—2)y =0, if yi(t)=¢e" s

a solution.

e Dividing the equation by e’ and collecting similar terms, we

obtain
o We use the transformation y = vy; = e'v. tv'+(2t—=2t+2)v'+(t—2t+2+t—2)v =0 OR t/+2v =0.

o [t follows that
@ This an second order equation for v with dependent variable v

! __ At/ t .
y =ev tev, missing.

N t. N t./ t
y'=evit2ev tev. @ Thus, the substitution w = v’ transforms it to a first order

@ Substituting into the equation we obtain linear equation for w:

/ _
te' (v’ +2v +v) — 2(t — De'(V + v) + (t — 2)etv = 0. tw+2w =0.

@ This equation can be integrated after multiplying it by t.

° Example 2

2 7 2\
t'w +2tw =0 = (t'w) =0 Given that y;(t) = t is a solution of 2t?y” +ty’ —y =0. Find
° the general solution of the equation.

@ Thus, we obtain .
w=q /t2 o We use the transformation y = vy; = tv.
. o It follows that
@ Next we integrate "
, ) y =tV + v,
1% —W—Cl/t y//:tvll+2vl_
to find a n @ Substituting into the equation we obtain
V=—— ()

2 " / ! _
@ Finally, we use the formula y = efv to obtain the general 2t°(tv" +2v) + t(tv' + v) — tv = 0.

solution of the given equation o Collecting similar terms, we obtain
t

y=¢é'[e—al/t].

283V + (A2 + )W +(t—t)v=0 OR 2t3v" +5t2V =0.

S~




@ This an second order equation for v with dependent variable v
missing.

Thus, the substitution w = v/ transforms it to a first order
linear equation for w:

2tw’ + 5w = 0.
@ This equation can be integrated after multiplying it by %t3/2.
°
5
52w’ + §t3/2w =0 = (?w)=0

°

t5/2W =qC
@ Thus, we obtain

w = c1t75/2.

@ Next we integrate to find

2
v = _§C1t_3/2 + .

Example 3

Find the general solution of the equation
t2y" +ty' —4y =0, t>0,if y1(t) = t? is a solution.

Solution

o We use the transformation y = vy; = tv.

o [t follows that
y' = t2v' + 2tv,
y" = t2v" + 4tV + 2v.

@ Substituting into the equation we obtain
20,2 1 / 2.1 2.
to(tv" +4tv' + 2v) + t(t°v + 2tv) — 4t°v = 0.
e Collecting similar terms, we obtain

th 4B+ (21242t —4t°)v =0 OR  t*v'+583V = 0.

S~

2 3

v=—=-cat "+

o Finally, we use the formula y = tv to obtain the general
solution of the given equation

~1/2

2
y=—§clt + oot

t*v" + 583 = 0.
This an second order equation for v with dependent variable v
missing.
@ Thus, the substitution w = v/ transforms it to a first order
linear equation for w:

tw' + 5w = 0.

This equation can be integrated after multiplying it by t*:
2w’ +5t*w = 0.

Thus, we obtain

tow = cc OR w= C1t_5.

Next we integrate to find

L 4+
vV = ——C Co.
4 1 2
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@ Finally, we use the formula y = t?v to obtain the general
solution of the given equation

1
y = —cht_Q + oot?.

(-]
t2(tv” +2v) — t(t +2)(tv' +v) + (t+2)tv =0

@ Collecting similar terms, we obtain

BV -2tV H(—t2-2t+242t)vy =0 OR V'3V =0.

@ This an second order equation for v with dependent variable v
missing.

@ Thus, the substitution w = v/ transforms it to a first order
linear equation for w:

w —w =0.
@ This equation can be integrated after multiplying it by e *:
e 'w —efw=0 OR (e 'w) =0
@ Thus, we obtain

e tw=¢ OR w=ce"

Example 4

Use the method of reduction of order to find the general solution of
the equation t2y” — t(t +2)y’ + (t+2)y =0, t>0,if y1(t) =1t
is a solution.

Solution

@ We use the transformation y = vy; = tv.

e [t follows that
y' =tV +v,
y' =t +2v.

@ Substituting into the equation we obtain

t2(tv” 4 2v') — t(t + 2)(tv' + v) + (t + 2)tv = 0.

V. =W = (C€

@ Next we integrate to find
_ t
v=ce + o.

e Finally, we use the formula y = tv to obtain the general
solution of the given equation

y = t(cre' + o).



If uy and up are two solutions of the nonhomogeneous equation

Undetermined Coefficients

Lly]l = y" + p(t)y’ + q(t)y = g(t),

@ In this section we consider the nonhomogeneous linear equation ] ) ] )
there difference u; — up is a solution of the corresponding

Lly] = y" + p(t)y’ + q(t)y = g(t). (13) homogeneous equation
@ The following two theorems describe the structure of solutions Lly]l = y" + p(t)y’ + q(t)y = 0.
of the nonhomogeneous equation (13) and provide a basis for
constructing its general solution. Proof.

@ Let u; and wp are two solutions of the nonhomogeneous
equation L[y] = g(t) and let u = u; — wp.
@ Then L[u] = L[w1] — L[u] = g(t) — g(t) = 0.

DE——

The general solution of the nonhomogeneous equation

Lly] = y" + p(t)y’ + q(t)y = g(t) Proof.
o @ Let y be any solution of L[y] = g(t) and let y, be some
is given by particular solution of L[y] = g(t).

y=ay1+ cy: + yp, @ Then u =y — y, is a solution of L[y] = 0.

where y1 and y» are fundamental solutions of the corresponding o Thus u=y—y,=cy + .
homogeneous equation

Llyl = y" + p(t)y’ +q(t)y =0

and yp is some particular solution of

Lly]l = y" + p(t)y’ + q(t)y = g(t).




@ We have already discussed how to find y.(t), at least when the

. . homogeneous equation L[y] = 0 has constant coefficients.
Theorem 8 states that to solve a nonhomogeneous linear equation

Lly] = g(t), there are two main steps: @ Therefore, in the remainder of this section and in the next, we

will focus on finding a particular solution y,(t) of the

(1) Find the general solution c1y1(t) + coy2(t) of the corresponding nonhomogeneous equation L[y] = g(t).

homogeneous equation. This solution is frequently called the

complementary solution and may be denoted by yc(t). @ There are two methods that we wish to discuss.

@ They are known as the method of undetermined coefficients

(2) Find some particular solution y, of the nonhomogeneous . _
and the method of variation of parameters, respectively.

equation.

@ Each has some advantages and some possible shortcomings.

@ The method of undetermined coefficients consists of making an @ In this case we may modify the initial assumption and try again.
initial assumption about the form of the particular solution yp, e The main advantage of the method of undetermined
but with the coefficients left unspecified. coefficients is that it is straightforward to execute once the
@ We then substitute the assumed expression into L[y] = g(t) assumption is made as to the form of y,.
and attempt to determine the coefficients so as to satisfy that @ Its major limitation is that it is useful primarily for equations for
equation. which we can easily write down the correct form of the
@ If we are successful, then we have found a solution of the particular solution in advance.
differential equation L[y] = g(t) and can use it for the @ For this reason, this method is usually used only for problems in
particular solution yp. which the homogeneous equation has constant coefficients and
@ If we cannot determine the coefficients, then this means that the nonhomogeneous term is restricted to a relatively small

there is no solution of the form that we assumed. class of functions.



@ In particular, we consider only nonhomogeneous terms that
consist of polynomials, exponential functions, sines, and
cosines.

@ Despite this limitation, the method of undetermined
coefficients is useful for solving many problems that have
important applications.

@ However, the algebraic details may become tedious and a
computer algebra system can be very helpful in practical
applications.

@ We will illustrate the method of undetermined coefficients by
several simple examples and then summarize some rules for
using it.

@ Since g(t) is an exponential and we know that exponentials
never just appear or disappear in the differentiation process it
seems that a likely form of the particular solution would be

Yp = Aet.
°

y) = 2Ae*,

vl = 4Aet,

e Substituting for y, and y// into the equation y” —y = e?*

yields
4Ae%t — Ae®t = &1,

@ This gives A =1/3 and hence we obtain a particular solution

1
7e2t.

Yp:3

Find a particular solution of the equation y" —y = et

@ We want a function that its second order derivative minus itself

is e2t.

@ Consider
ay” + by’ + cy = g(t),
where a, b, and c are constants.

@ Let rn and rn be the roots of the characteristic equation
ar’ + br+c=0.

(1) If  g(t)=e*(ant"+---+ art + ap)
with n =0,1,2,..., then y, has the form

yp = t5e® (Apt" + -+ + At + Ao),

where s is the number of the roots r1, r» that are equal to a.
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Example 1

Determine a suitable form for particular solutions of the following
equations. Do not evaluate the constants.

(a) y” —y= et(2t +5).

(2) If  g(t) = e*[Acos(Bt) + Bsin(St)] (ant" + -+ + a1t + ag)
with n=0,1,2,..., then y, has the form

yp = t°e®t| cos(Bt)(Ant" + -+ + At + Ag) (b) y e?tt2.
(c) '+ 2y +y=e (3 -2t).
+sin(Bt)(Bat" + - - - + Bt + By)/|, (d) y"+y = e3(sint +3cost)(3t* — t2 + 7).
" —
where s is the number of the roots r, r» that are equal to (€) y"+2y"+ 5y = —5te™" cos(2t).
o+ iB. (f) 4y" + 4y’ + 5y = (5t% — 4t — 1) sin(3t).
(g8) y'+y=tant.
(h) y'+y=ceft2

Example 1 (a) Example 1 (a)
(a) v — y = et(2t + 5). @ Now « =1 and we have
o In this example  g(t) = ef(2t +5). 0, n#o n#ao
°

s=< 1, n=a n#*a,
(1) If  g(t)=e* (ant"+---+ a1t + ao)
with n =0,1,2,..., then y, has the form 2, n=nrn=am

Yp = t°€® (At + - + At + Ao)
where s is the number of the roots r1, r» that are equal to «.
@ Here a=1, =0 and n=1.

o |t follows that

o The characteristic equation of the equation reads r> — 1 =0
and hence r; » = %1.

@ Thus n=a, n#a andhence s=1; thatis

yp = t°e" (A1t + Ao).

Yp = tet(Alt + Ao)




Example 1 (b) Example 1 (c)

(b) y// —y= e2tt2.
o In this example  g(t) = €%t () y' +2y +y=et(t3—21).
e o In this example g(t) = e~ (3 — 2t).
() If  g(t) = e (ant" +--- + art + ag) @ Here a=-1,6=0 and n=3.
with n=0,1,2,..., then y, has the form o It follows that
yp = t°e® (Apt" 4+ -+ + At + Ao) ,
where s is the number of the roots rq, r» that are equal to a. Yp = t°e H(Ast® + Axt? + At + A).

@ Here a=2,8=0 and n=2.
o It follows that @ The characteristic equation of the equation

reads r2+2r+1=0 and hence rnpo=—1

= t5e%1(Axt? + Art + Ap).
Yp e” (Axt” + Art + Ao) @ Thus s=2 and

@ The characteristic equation of the equation reads r> —1=0
and hence rp = +1. yp = tPe H(Ast® + Axt? + Art + Ag)
@ Thus s=0 and

Yp = ezt(Agf2 + At + Ao)

R B———

(d) y" +y = e3(sint +3cost)(3t* — t2 + 7).

@ Now a+i8=3+i and we have
o In this example g(t) = e3(sint + 3cost)(3t* — t2 + 7).

o Oa rl#a_‘_iﬁ? I’27éOé—|—I'B,
If g(t) =e*[Acos(Bt) + Bsin(St)] (ant” + -+ - + a1t + ag) s=1 1, n=a+if, n#a+ip,
with n=0,1,2,..., then y, has the form
yp = t°e* [cos(Bt)(Ant" + -+ - + Ait + Ag) 2, n=n=a+if?
+sin(5t)(Bat" + - -+ 4+ Bit + By)], . ) .
where s is the number of the roots rq, r» that are equal to o + i/3. @ The characteristic equation of the equation reads
r2+1=0 and hence rno==+i#3+1i.
@ Here a=3,=1 and n=4 @ Thus s=0 and hence

@ It follows that
3 4 3 5 yp = €3t | cos(t)(Aat* + Ast® + Axt? + At + Ao)
= t%e>"| cos(t)(Aat* + Ast> + Axt® + At + A
Yp (t)(Ast® 4+ Ast® + Axt® + Art + Ap) +Sin(t)(B4t4+B3t3+32t2+81t+80) '

+sin(t)(Bat* 4 B3t3 + Bot? + Bit + By)|.



Example 1 (e)

(e) y"+ 2y’ + 5y = —5te™* cos(2t).

In this example  g(t) = —5te * cos(2t).
()

If g(t) = e*[Acos(Bt) + Bsin(5t)] (ant” + -+ + a1t + ag)
with n=0,1,2,..., then y, has the form
yp = t°e*t [cos(Bt)(Ant" + -+ - + Ait + Ag)
+ sin(ﬁt)(B,,t” 4+ -+ Bit+ Bo)] ,
where s is the number of the roots ry, r» that are equal to o + if3.

Here a=-1,6=2 and n=1.
It follows that

yp = t°e | cos(2t) (A1t + Ao) + sin(2t)(Bit + Bo)}
In this example a4+ i = -1+ 2i.

The characteristic equation of the equation reads
r? +2r+5 =0 and hence o= # =—-142j.

Example 1 (f)

4y" + 4y’ +5y = (5t2 — 4t — 1) sin(3t).

In this example g(t) = (5t> — 4t — 1)sin(3t).
Here « =0, =3 and n=2.

It follows that

yp=t° [cos(3t)(A2t2 + Art + Ag) +sin(3t)(Bat? + Byt + By) | .

The characteristic equation of the equation reads
4r? 4+ 4r + 5 =0 and hence
np="8=_l4ita+if=3i

Thus s=0=—

¥p = cos(3t)(Axt? + Art + Ag) + sin(3t)(Bat® + Bit + Bo)

a+if=-1+2i

@ Thus n=—-1+2i=a+if, n=-1-2i#a+if and
hence s=1.

@ Therefore,

yp = te f| cos(2t)(Art + Ag) + sin(2t)(Bit + Bo)

Example 1 (g) and (h)

(8) y'+y=tant.

@ In this example g(t) =tant.

@ We can not use the method of undetermined coefficients.
(h) ¥ +y = ete2.

o In this example  g(t) = eft 2.

@ We can not use the method of undetermined coefficients.



3.6 Nonhomogeneous Equations; Method of

Undetermined Coefficients (part2)

To solve a nonhomogeneous linear equation L[y] = g(t), there are
two main steps:

(1) Find the general solution (complementary solution)
ye(t) = ayi(t) + caya(t) of the corresponding homogeneous
equation.

(2) Find some particular solution y, of the nonhomogeneous
equation.

Find a particular solution of the equation y” + y/ = t> — t + 1.

o In this example g(t) = t> —t + 1.
@ [t follows that

vp = t°(Axt? + Art + Ap).

@ The characteristic equation of the equation reads r*> +r =0
and hencerp =0, rn=—1.
@ Thus s=1.

@ Therefore,

Yp=1t A2t2 + At + Ag) = A2t3 +A1t2 + Aot.
b

e Consider
ay” + by’ + cy = g(t),
where a, b, and c are constants.
(1) If  g(t) =e* (ant"+ -+ a1t + ap)
with n=0,1,2,..., then y, has the form

yp =t (Apt" + -+ At + Ag)

where s is the number of the roots r, r» that are equal to «.
(2) If  g(t) = e*[Acos(Bt) + Bsin(Bt)] (ant™ + -+ - + a1t + ag)
with n=0,1,2,..., then y, has the form

yp = t°e* [cos(Bt)(Ant" + -+ + A1t + Ag)

+sin(Bt)(Bnt" + - -+ + Bit + Bo)],

where s is the number of the roots ri, r» that are equal to
a+ip.

@ In order to determine the coefficients Ay, A1, Ag we
substitute y, into the equation

y”—|—y’:t2—t+1.
Yp = Aotd + A1t? + Aot

° y;, = 3A2t2 + 2A1t + Ag
yp = 6Ast +2A;

o (6Axt +2A1) + (3Axt? + 2A1t + Ag) = t2 — t + 1.
@ Now we compare the coefficients of different powers of t:
°

t2 - 34, =1 = Ay = %

t: 2A1 +6A, = —1 :>A1:f%

1: Ag+2A;1 =1 = Ayg=4
@ As a result we find

15 3,
Yp = 5t° — -t +4t.

3 2



Find the general solution of y” + 2y’ +y = e (2t —5).

@ The general solution of the nonhomogeneous equation
Lly] = g(t) is given by

y=an+tay+yp,=Yc+ Y

where y. = c1y1 + Yo Is the general solution of the
corresponding homogeneous equation L[y] =0 and y, is some
particular solution of L[y] = g(t).

@ First of all we find the general solution y. of the homogeneous
equation
y'+2y +y=0
(the complementary solution).

@ The characteristic equation of the equation reads
r24+2r+1=0and hence p = r, = —1.

@ It follows that the complementary solution is

Ye = cle*t + czte*t.

@ Next we look for a particular solution y, of the
nonhomogeneous equation

y' +2y +y=e(2t - 5).

o In this example g(t) = e~*(2t —5).
o It follows that

Yp = tseft(Alt + Ao).
@ Since n=rn=-1, wehave s=2.

@ Therefore,
yp = tPe (At + Ag) = e T(Art® + Agt?).

@ In order to determine the coefficients A;, Ap we substitute y,
into the equation.

yp = e H(A1t3 + Aot?)
y,’, = —6’_t(Alf3 + Aotz) + e‘t(3A1t2 + 2A0t)
= e_t(—A1t3 — A0t2 + 3A1t2 + 2A0t)
v = —e H(=A1t? — Aot? + 3A11% 4 2A0t)
+ e H(—3A1t? — 2Apt + 6A1t + 2A¢)
= e (A1t + Aot? — 6A1t% — 4Apt + 6A1t + 2A0)
oy +2y+y=et2t-5)=
e (ALt + Agt? — 6A1t% + 6A1t — 4Agt + 2A0)
+2e7H(—Art3 — Agt? 4 3A1t% + 2A0t)
+e H(Art3 + Apt?) = e (2t — 5).

@ Now we divide both sides by e~* and then compare the
coefficients of different powers of t:

3 Al —2A1+ A1 =0 v
2. Ag —6A1 —2A0 +6A1 + A =0 v
t: —4Ag+ 6A; +4A) =2 :>A1:%

2A¢ = -5 = Ap=—3



@ As a result we find

(15 5.
yp:e t<3t —2t>

@ and the general solution of the nonhomogeneous equation is

1 5
Yy=Yctyp=cie "+cte " +e’ <3t3 - 2t2> _

@ It follows that the general solution of the homogeneous
equation is  y. = ¢ sin (\/§ t) + ¢, cos (\@ t) .

@ Next we look for a particular solution y, of the
nonhomogeneous equation y” + 2y = e’ sin(3t).

o In this example  g(t) = e'sin(3t).

@ [t follows that
yp = t°e’ [Agsin(3t) + By cos(3t)] .

e Since rp = +iv/2 and a + i =1+ 3i, we have s = 0.

@ Therefore,
yp = €' [Agsin(3t) + By cos(3t)] .

Example 4
Solve the equation y” + 2y = e’sin(3t).

@ The general solution is given by

Y =Yc+ Yp,

where y. is the general solution of the corresponding
homogeneous equation y" +2y =0 and y, is some
particular solution of y" + 2y = etsin(3t).

o First of all we find the general solution y. of the
homogeneous equation y" + 2y = 0.

@ The characteristic equation of the equation reads r*> +2 =0
and hence r » = +iv/2.

@ In order to determine the coefficients Ap, By we substitute y,
into the equation:
yp = e'[Aogsin(3t) + By cos(3t)]
yp = e"[Agsin(3t) + Bgcos(3t)] + e’ [3Aq cos(3t) — 3By sin(3t)]
= e [(Ap — 3By)sin(3t) + (Bo + 3Ao) cos(3t)]
¥y = e"[(Ao —3Bo)sin(3t) + (Bo + 3Ao) cos(3t)]
+e* [3(Ap — 3Bp) cos(3t) — 3(Bo + 3A0) sin(3t)]
= e [(—8Ag — 6By) sin(3t) + (—8By + 6Ag) cos(3t)]
e Now y” + 2y = e'sin(3t) implies
e [(—8Ag — 6By)sin(3t) + (—8By + 6Ao) cos(3t)]
+2e! [Agsin(3t) + By cos(3t)] = et sin(3t).
@ Now we divide both sides by e and then compare the

coefficients of sin(3t) and cos(3t):

sin(3t) : (—8A0 — 680) +2A0=1 = —6Ag—6By=1
COS(3t) : (—850 + 6A0) +2By=0 = Ay = Bp



Example 5

Solve the initial value problem
o It follows that y'—y=¢é*, y(0) =1, y'(0) = 0.

2

@ The general solution is given by

@ As a result we find

Yp = e [sin(3t) 4 cos(3t)]

12 Y =Yec Tt Yp,

@ and the general solution of the nonhomogeneous equation is where y. is the general solution of the corresponding
1 homogeneous equation y" —y =0 and y, is some particular
Y = Yctyp = cisin (\/§ t)—i—cz cos (\@ t)—ﬁet [sin(3t) + cos(3t)] . solution of y" —y = et
@ First of all we find the general solution y. of the
homogeneous equation y" —y = 0.
@ The characteristic equation of the equation reads r> —1 =0
and hence ri» = £1.

@ |t follows that the general solution of the homogeneous " ot
equation is  y. = cief + cpe L. ® Now y” —y = e implies

N look f icul luti f th
@ Next we look for a particular solution y, of the 4A062t N Aoe2t — o2t

nonhomogeneous equation y” — y = et
° :: :hlis exatr;ptle g(t) = €. @ Now we compare the coefficients to find
o It follows tha
yp = Aot°e®l. Ay = 1
@ Since rnp = =+1 and a = 2, we have s = 0. 3
@ Therefore, @ As a result we find
Yp = Age®’. Yo = %eZt

@ In order to determine the coefficient Ay we substitute y,

into the equation: @ and the general solution of the nonhomogeneous equation is

1
Yp = Age*t Y=yct+y,=crel + et + Ze*.
/ 2t 3
Yo = 2A0e
yF/’, = 4A0€2t



e Lastly we apply the initial conditions  y(0) =1, y’(0) = 0:

_ 2
y' = cet — et + Ze%t.

3
@ As a result we get
a+a+3z=1,
1T — & + 3 =0.
or
a+e=3,
Cl — C = —%.
@ Thus 5
1 = 07 Cy = g
@ Therefore ) )
y = § e2t + g et

Determine a suitable form for y, of

vy +y' — 6y = 10e%t — 183 — 6t — 11.

Solution

@ In this example
g(t) = 10e*" — 18e> — 6t — 11 = gy(t) + & (t) + g3(t), where
gi(t) = 10e*, g(t) = —18¢e%, g3(t) = -6t —11.

@ It follows that y, = uy + u> + u3, where
gi(t) = 10e* = up =t Age?,

g2(t) = —18e3t = Uy = Bot52€3t,
g3(t) =—06t—11 = u3= l’s3(C1t+ Co).

Generalization

Suppose that g(t) is the sum of two terms,

8(t) = &(t) + &(t),

and let uy be a solution of L[y] = gi1(t) and up a solution of
Lly] = g(t). Then y, = u1 + u> is a solution of

Lly] = g1(t) + &(t).
0

By direct substitution.

® yp, = uy + up + u3, where

gi(t) = 10e* = u = t1Age?t,
g2(t) = —18e3t = Uy = Bot52€3t,
g3(t) =—-06t—11 = wu3= ts3(C1t + Co).

@ The characteristic equation of the equation reads
r>+r—6=0and hence np =2,-3.

@ Thus s =1, sp = s3 = 0 and hence

Yp = Aote2t + Boe3t + (Clt + Co).



o It follows that the general solution of the homogeneous

Solve the equation  y” — 2y’ — 8y = 4e%t — 21e3t. equation is  yc = c1e*t + cpe™?".

@ Next we look for a particular solution y, of the

nonhomogencous xuaton y” — 2y’ — By = 4e2 — 21e.
@ The general solution is given by e In this example g(t) = 4e%t — 213 = g1(t) + g2(t), where
gi(t) = 4e%,  go(t) = —21e%.
Y =YetYp e It follows that y, = u; + up, where
z/here Yc Is the ger.mral f/olut2/orl1 of the correspond/ng gi(t) = 4e = oy =t Aget,
om_ogeneous eguat/on %// — %/ —8y = 02 and y% is some o(t) = 213t =y = Byt2edt.
particular solution of y" — 2y’ — 8y = 4e*t — 21",
e First of all we find the general solution y. of the @ Sincery =4, = —-2,5 =5 =0 and hence
o 1 / —
homogeneous equation y" — 2y’ — 8y = 0. Vo = Aot 1 By
@ The characteristic equation of the equation reads P ’
r? —2r—8 =0 and hence n, =4, np=-2.

@ In order to determine the coefficients Ag, By we substitute
yp into the equation:

Yp = Aoezt + Boe3t
y;, = 2A0e2t + 3Boe3t

"o 2t 3t
Yp = 4Aoe™ +9Bpe @ and the general solution of the nonhomogeneous equation is
e Now y” — 2y’ — 8y = et — 21e3t implies
y = c1e4t+cze_2t+§e3t—1e2t
4A0e*t +9Bye® —2(2A0e* +-3Bye3) —8(Ape® +Byedt) = 4e?t—21e%. 5 2

e Now we compare the coefficients of et and e3t:
et 4Ag—4Ap —8Ay =4 = Ay =—1
e:  9By—6By—8By=-21 =By=2
@ As a result we find

o e Lo



Example 3 @ It follows that the general solution of the homogeneous

Find the general solution of the equation equation is  yc = c1sin(3t) + ¢z cos(3t).
y" +9y = &3t 4 73t 4 &3t sin(3t). @ Next we look for a particular solution y, of the
nonhomogeneous equation y” + 9y = €3t + e =3t 4+ €3t sin(3t).

o In this example

@ The general solution is given by g(t) = &3t 4 73t + &3t sin(3t) = g1(t) + g2(t) + g3(t), where
gty =€, g(t)=e%, g(t)=e*sin(31).
Y =Yc+ Yp, o It follows that y, = uy + u> + u3, where
where y. is the general solution of the corresponding gi(t) = &3 = up =t Agedt,
homogeneous equation y" +9y =0 and y, is some o(t) = e 3t = up = Byt2e 3,
particular solution of y" + 9y = 3t + e73t 4 &3t sin(3t). g3(t) = e3tsin(3t) = u3 = t2e3[Cysin(3t) + Do cos(3t)].
o First of all we find the general solution y. of the o Since L =3i, rm—=—3i, 5 =5 —=s; =0, and hence

homogeneous equation y" + 9y = 0.

3 -3 3 :
@ The characteristic equation of the equation reads r*> +9 = 0 Yp = Aoe>* + Boe " + e>*[Cosin(3t) + Do cos(3t)].

and hence r; = 3i, r = —3i.

@ Now we compare the coefficients of

@ In order to determine the coefficients Ag, By, Co, Dy we
e3t, e 3t e3tsin(3t), 3t cos(3t):

substitute y, into the equation:

e’ 9Ag +9A¢ = 1 = Ay =L
Yp = A0e3t + Boef3t + e3t[C0 sin(3t) 4+ Do cos(3t)] e 3t . 9By + 9B, = 1 = By = g
Yp = 33A06‘3t — 3Bge3t + 3e%[Cysin(3t) + Do cos(3t)] e¥sin(3t):  9G —18Dg —9G +9C =1  =9G — 18Dy =1
\ :
+e[3Cp cos(3t) — 3Dp sin(3t)] et cos(3t): 9Dy +18Co— 9Dy +9Dp =0 = 18Co+9Dp =0

y) = 9A0e + 9Bye 3" + 93 [Cysin(3t) + Dy cos(3t)]
+6e3t[3Cy cos(3t) — 3Dy sin(3t)]
+e3[~9Cy sin(3t) — 9Dp cos(3t)] 9Co — 1800 =1
36Co) + 18Dy =0

@ The linear system for Cy, Dy can be written as

o Now y” + 9y = e + 73t + €3 sin(3t) implies o It follows that

9A¢e3t + 9Bye 3t + 9e3[Cysin(3t) + Do cos(3t)] Co = 1 Dy = —2Co = _3‘

+6€3t[3C cos(3t) — 3Dy sin(3t)] + €3[~9Cy sin(3t) — 9D cos(3t)] 45 45
+9 (Aoe3t + Boe 3t + e3t[Cysin(3t) + Do cos(3t)]> 1 1 1 5
= &3 + 73 4 3sin(3t) Yp= Ee3t + Ee_3t +e* 5 sin(3t) — 5 cos(3t)

@ As a result we find



- TTTT—— 3.7 Variation of Parameters

@ Variation of parameters is a method for finding particular

solutions of a nonhomogeneous linear equations.

@ and the general solution of the nonhomogeneous equation is o It was introduced by Lagrange

y = cisin(3t) + cpcos (3t) @ The method of variation of parameters is a general method
+1718e3t + %e—3t + 3t [% sin(3t) — 4;5 cos(3t)] ) that can be applied to any linear differential equation.

@ The disadvantage of the method of variation of parameters is
that it requires evaluation of certain integrals involving the
nonhomogeneous term in the differential equation, and this
may present difficulties.

@ Consider a linear nonhomogeneous equation @ The condition (22) enable us to determine u; and wy and help
Lyl = y" + p(t)y + q(t)y = &(t) (14) us to avoid terms involving uf and uj so keep the differential

equations for uy and wy at first order.

and let y.=cayi + oy» be the general solution of the o As a result equation (16) becomes

corresponding homogeneous equation L[y] = 0.

@ We assume that a particular solution has the form y' = wmyi + wy;. (18)
Y= uy1 + tayo, (15) e Differentiating (18) yields
where wu; and up are functions to be determined. y" = wuy] + Uiy + oyl + ubys. (19)
o Differentiating y, we obtain e Using (15), (18), and (19) into (14) gives
Y\ =yl + uyn + tays + Uy, (16) [uyy + iy + wayy + uays] + pluy; + ways] + glurys + way2] =
@ Since there are two unknown functions to be determined, and g(t).
only one condition to be satisfied, we can impose the following ® Collecting the coefficients of u; and us yields
second condition that produces a convenient simplification: ur[yy +py1 +qyi]+ua[y4 +pys+aqye] +uyys +ubys = g(t). (20)
ury1 + upys = 0. (17) @ Since y1 and y» are solutions of L[y] = 0, the coefficients of 1y

and up are both zero.



@ Hence, equation (20) reduces to @ Subtracting the second equation from the first, we obtain
uiy + toys = g(t). (21) (v1y2 = y1y2)uh = —y28(t).
° e Since {y1, y2} is a fundamental set of solutions of L[y] = 0, the
uy1 + upys = 0. (22) Wronskian W (y1,y2) = y1y5 — y1y2 # 0.
e Equations (22) and (21) form a system of two linear algebraic @ Thus we obtain
equations for the derivatives uj and u) of the unknown up = Lg(t) (23)
functions. W, y2)
o Multiplying equation (22) by y} and (21) by y» gives @ Substituting this solution into (21) we can solve for uj as
uyLys + tsyays =0, oy — &) (24)
uy1y2 + uyyays = y28(t). Wiy y2)

B—— |
Example 1

sint
cos? t

@ The general solution is given by

Find the general solution of y" +y =

e Finally we integrate (23) and (24) to obtain u; and ;.

@ The constants of integration can be taken to be zero, since we
are looking for a particular solution. Y =Ye+ Yo

where y. is the general solution of the corresponding

homogeneous equation y" +y =0 and y, is some particular
sin t

solution of y" +y = ——%—.
cos? t

@ First of all we find the general solution y. of the
homogeneous equation y" +y = 0.




@ The characteristic equation of the equation reads r> +1 =0
and hence p =i, mn=—I.

o It follows that the general solution of the homogeneous
equation is  y. = ¢y sin(t) + ¢ cos(t).

@ Next we look for a particular solution y, of the
nonhomogeneous equation y” + y = SIL;

cos’ t

@ We must use the method of variation of parameters.

@ So we assume

Yp = U1y1 + tpyr = uy sin(t) + up cos(t),

where 17 and up satisfy

y = —y2g(t)

L W, y)
U = Y1g(t)

27 Wy, y»)

@ Thus
yp = —sin(t) In|cos t| — cos(t)[tan(t) — t]

@ and the general solution is

y = csin(t) + cxcos(t) — sin(t) In | cos t| — [tan(t) — t] cos(t).

Here g(t) = Cs‘%ft ya(t) = sin(t),  ya(t) = cos(t).

Let us calculate W(y1, y2):

W(y1,y2) =

e It follows that

sin(t)  cos(t)

cos(t) —sin(t) =1

o —yo8(t)
U=
W (y1,y2)
_ (1)
W (y1,y2)
° .
sint
u; = cost 3 tt: tant,
/ o, Sin 2 2
= —sint = —tan“t= —(sec“t—1
us COS2 ( )
@ and hence
up = —In|cost|, up = —[tant — t].

Example 2

Find the general solution of y” + 3y’ +2y =

et +1

Solution

@ The general solution is given by

Y =Yc+ Yp,

where y. is the general solution of the corresponding
homogeneous equation y" + 3y’ +2y =0 and y, issome
ticular solution of y" + 3y’ +2y = ——.
particular solution of y" + 3y’ + 2y et 1
@ First of all we find the general solution y. of the
homogeneous equation y" + 3y’ + 2y = 0.




@ The characteristic equation of the equation reads o Here g(t)=——, w(t)=e"f y(t)=e""
rP4+3r+2=(r+1)(r+2)=0and hencery = -1, rn=—-2. Let lcul tefv—‘;l '
o It follows that the general solution of the homogeneous o Letus calculate W(y1, y2):
equation is  y. = cie” '+ cze_zt. . et e 2t . —3t -3t _ —3t
@ Next we look for a particular solution y, of the W, y2) = _et _pek|T 26T e =
nonhomogeneous equation  y" + 3y’ +2y = — 1 o It follows that
e
@ We have to use the method of variation of parameters. , —e 2t 1 et
@ So we assume N7 TeBtet 11 ety 1
et 1 et
_ _ —t —2t ! — —
Yp=w1y1 + tay2 = 1€ "+ he 7, u; = —e3tet 1 __et—l—l
where vy and up satisfy @ and hence
) —y28(t) et
Uy = ———=, — — t
LT Win, ) u = / pr dt = In(e* + 1),
u/ — ylg t €2t t t
T W) N =T e ]

Example 3

o Thus Consider the equation  L[y] = t?y” — 2y =3t>—1, t>0.
(a) Show that y; = t2 and y» = t~! are fundamental solutions of
yp =€ tln(ef + 1)+ e [In(ef +1) — 1 — €] Lly] = 0.
(et + 72t)| (1+ef) Cor Ly (b) Find the general solution of the equation L[y] = 3t? — 1.
= (e e n ey—e T—e
o and the general soluton
_ _ _ _ _ _ Show that y1 = t? and y» = t~! are fundamental solutions of
— et e 2t 4 (et + e 2) In(l+ ef) — e 2 — ot (a)
y=a 2 ( ) In( ) Lly] = 0.
or (i) y1 = t? and y» =t~ are solutions of the equation?
y=ce "+ e+ (et +e?)In(l+ eh). o We havey, =t2, yj =2t, yy =2 Thus
2y —2y; =2t> =2t =0
and hence y; is a solution.




(b) Find the general solution of the equation L[y] = 3t% — 1.
@ The general solution is given by

e Wehave yp =t 1, yh=—t72 yll =2¢73 Y =Yc+ Yp,

® Thus where y. is the general solution of the corresponding

2.1 _ -1 -1 __
By =2y =2t 2t =0 homogeneous equation t2y” —2y’ =0 and y, is some

and hence y» is a solution. particular solution of t2y” — 2y’ = 3t% — 1.
(i) W(y1,y2) # 07 @ First of all we find the general solution y. of the
2 ¢! homogeneous equation.
Wy y) = 2t —t2| —3#0. @ Since y; = t2 and Yo = t~1 are fundamental solutions of
@ Therefore, (i) and (ii) implies that y; and y, form a Lly] =0, we have yc = c1t® + oot
fundamental set of solutions of the equation t2y” — 2y’ = 0. ® Next we look for a particular solution yj of the

nonhomogeneous equation t2y” — 2y’ = 3t% — 1.
@ We have to use the method of variation of parameters.
3t2 -1
t2

o Note that g(t) =

@ So we assume @ and hence
_ 1 1
Yp = Utyr + toys = it + ot u = / 71— §t_3 dt = In|t| + 6t_2’
h isf 1 1 1
where u; and u satisfy u2=/ —t2+3} dt:—§t3+§t.
g — —re8(t)
! W(Yla)/z)’ @ Thus . . .
ué:7y1g(t) _ yp = t? [In|t|+6t2] + 71 [—3t3+3t}
W (y1,y2)
1 1
o Here g(t) =3—t72 yi(t) =12, yo(t)=t"1. =t2In|t| — §t2 +5
e We have calculate W(y1, y») = —3.

@ and the general solution is
o It follows that

1 2 —ct2+ct*1+t2|n|t|+1t2+1
="t o=t L yoarTe 37 12
oS3 3t 37 or .

t 1 1
ué:—3(3—1“_2):—§t2(3—t_2):—t2—|—§ y:C1t2—|-C2t_1—|-t2|n|t|—|—§.



Reduction of Order

@ The method of reduction of order can also be used for the
nonhomogeneous equation.

Use the method of reduction of order to find the general solution of
the equation (1 —t)y” +ty' —y =2(t—1)%e"t, 0<t<l,if
y1(t) = et is a solution of (1 —t)y” +ty/ —y =0.

o We use the transformation y = vy; = elv.
@ [t follows that

Y = etV + etv,
y" =etv" +2etv + etv.

@ Thus, the substitution w = v’ transforms it to a first order
linear equation for w:

(t— w4+ (t —2)w = —2(t — 1)%e ™2t

OR .o
W/ + m w = —2(t — 1)6_2t
et
@ This equation has the integrating factor u(t) = —r
@ Thus, we obtain
t t
et , e(t—-2) ¢
= -2
t—1W+(t—1)2W €
and hence
et’

@ Substituting into the equation we obtain
(1—t)et(vV' 4+ 2V 4+ v) + te!(V/ + v) — efv = 2(t — 1)%e ",

@ Dividing the equation by ef and collecting similar terms, we
obtain

—(t—1W'+@2=-2t+tWV +(1—t+t—1v=2(t—1)%%

OR
(t— 1)V + (t —2)v = =2(t — 1)%e 2.

@ This an second order equation for v with dependent variable v
missing.

o It follows that
Vi=w=2e?(t— 1)+ it — 1)e "

o Next we integrate to find

1
v=—e 2t (t — 2) — clte_t + .

@ Finally, we use the formula y = efv to obtain the general
solution of the given equation

1
y=cel —ct—et (t—2>.
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