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3.1 Introduction

Recall from Ch #1 that a common scenario in today’s electronic

systems IS to do most of the processing of a signal using a

comguter. DT

A computer can’t directly process a C-T signal but instead needs a
stream of numbers...which is a D-T signal.
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3.1 Introduction

N

" What is a discrete-time (D-T) signal?

A discrete time signal is a sequence of numbers indexed by

Integers Example: x[n]— n=...,-3,-2,-1,0,1, 2, 3, ...

Brackets mndicate discrete-time

signal. Recall... we used parentheses
to ndicate a C-T signal.
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A stem plof emphasizes that
the signal does not exist
in-between integer n values




3.1 Introduction

" D-T systems allow us to process information in much more
amazing ways than C-T systems!

L
Sensor /

v x(t) C-T system (1) Amnalog to
s *IDigital Converter

(RLC. etc.) ((ADT
“sampling” is how we typically get D-T signal}s

N

(computer)

In this case the D-T signal y[n] is related to the C-T signal y(t) by:

y[n]=v(t)|_;=y(nI) [T is “sampling interval”}
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3.1 Introduction

* Discrete-time signal is basically a sequence of numbers.
They may also arise as a result of sampling CT time

signals.
* Systems whose inputs and outputs are DT signals are
called digital system.

* X[n], n—integer, time varies discretely

N

Examples of DT signals in nature:
v/ DNA base sequence
\/ Population of the nth generation

px[0]

. ‘ g
of certain species [
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3.1 Introduction

« A function, e.g. sin(t)

In continuous-time  or

sin w1y 10) in discrete-time, useful in
« A sequence of numbers, e.g. {1,2,3,2,1} which is a sampled

triangle function, useful in

H D
« A piecewise representation, e.g.\
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Size of a discrete-time signal

N

Power and Energy of Signals
* Energy signals: all x € S with finite energy, i.e.

Ey & ‘éx[ﬂ] ? <o

* Power signals: all x € S with finite power, i.e.

| N
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3.2 Useful Signal Operations

Three possible time transformations:
* Time Shifting
* Time Scaling

* Time Reversal
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3.2 Useful Signal Operations

Time Shift

Delay or shift by integer k:
Definition:  y[n] = X[n - K]
Interpretation:

k > 0 — graph of x[n] shifted by(units to the rigE
k <0 — graph of x[n] shifted by k units to the left
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3.2 Useful Signal Operations

N

Time Shift

Signal x[n + 1] represents instaQ[t ahifted version of X[n]
‘\b

i 11 Ml%@

o

| .
_--,-.:.;’_HWH
. ‘,. 15 b ——
Find f[k-5]
‘ fu1=f-51)
!fl
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3.2 Useful Signal Operations

Time- Reversal (Flip)
Graphical interpretation: mirror image about origin

&—\—'3 & )
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3.2 Useful Signal Operations

Time- Reversal (Flip)
Signal x[-n] represents flip version of x[n]

—r—gy—t—— P——
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/3 2 Useful Slgnal Operatlons

T|me scale
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3.3 Some Useful Discrete-time Signal Models

e . NP e
Combined Operations

Ex; xln] = (-3,1.2 —2,3,—1}/

Find a) x[2-n] < D) X[3n-4] k@ 4

Solution
a) X2-n]={1, %’3,—2,2,1,—3}

b) x[3n — 4] = {0,1,3}
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هان الطريقة بتختلف شوية عن الي قبل هان مباشرة بتيجي بتطبق مثلاً -1 وبتشوف x(3) قديش وبتعوضها مكان ال-1

هان الطريقة بتختلف شوية عن الي قبل هان مباشرة بتيجي بتطبق مثلاً -1 وبتشوف x(3) قديش وبتعوضها مكان ال-1

هان الطريقة بتختلف شوية عن الي قبل هان مباشرة بتيجي بتطبق مثلاً -1 وبتشوف x(3) قديش وبتعوضها مكان ال-1


3.3 Some Useful Discrete-time Signal Models

4

[I\/Iuch of what we learned about C-T signals carries over to D-T signals

Discrete-Time Impulse Function d[n]

1 n=0 3[7]
5[,?]:{ T
On=x0
oln| =uln]—u[n—1] —0—0 *—o

ul ) = Zn:é'[k]
 S—

x| n])o| ] = x[O]o] #7]
x|n|lo|n— k] =x|k|o[n— k]

x| ] = ix[k]é‘[n — k]
v o——
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3.3 Some Useful Discrete-time Signal Models

| Discrete-Time Unit Step Function u[n]
| u[n]
0 n<0 1é
au*[;‘.*]:.:II I, . I T ]’n
' - T | 1 2 3
ufn] = % S[k] = §{$[;,_ K] o[n] = uln]-un-1]
k=-w k=0

1 ,HEk 1
uln-KI= 0 ,n<k
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3.3 Some Useful Discrete-time Signal Models

/

" Discrete-Time Unit ramp Function r[n]

M n>0 r[n]
0 ,n<0

rin]= 1
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3.3 Some Useful Discrete-time Signal Models

A
Y

'D-T Sinusoids
X[n]=Acos (2. n+ 0)

\

Use “upper case omega” for
frequency of D-T sinusoids
Anything inside a sine. cosine. or tangeni

What is the unit for g’): must be in radians... NOT in degrees!!

Qn + 0 must be in radians =Qn ir(fafdim

Q is “how many radians jump for each sample”

[Q IS In radians/sample }
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3.4 Classification of DT Systems

Linear Systems
Time-invariance Systems

x[n}——{ DT System ——>[1]

Memory Systems

O
O
o Causal Systems
O
O

Stable Systems

Linear Systems:
A (DT) system is linear if it has the superposition property:
If xi[n] —y1[n] and x2[n] —y2[n]
then axi[n] + bxz2[n] — ayi[n] + by2[n]
Example: Are the following system linear?
y[n]=nx[n]
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3 4 Classification of DT Systems
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3.4 Classification of DT Systems

N

Time-Invariance

A system is time-invariant if a|delay (or a time-shift)}in the
Input signal causes the same amount of delay (or time-

shift){n the output signal)

If X[n] —y[n]
then  X[n -no] —Yy[n -no]
x[n] = x4[n-ng] =» y[n] = y,[n-ng]

Ex. Check if the following system is time-invariant:

y[n]=nx[n]
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3.4 Classification of DT Systems

4

\I/
Al=Nne Xfﬁ] _
e e =2 Yinl =

y
XyTd=h (-0} 2> Y alz 90 fe )

o kDA

(Wl = ™ XUhl = n x[}\_“‘]
94 -1 ;‘:5&-—"\;} = Q'\-ﬂo) XCﬂ-ﬂc}

System |<{Tie Varying/
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3.4 Classification of DT Systems

Causal System

A system Is causal if the output does not anticipate future values
of the input, I.e., If the output at any time depends only on values
of the input up to that time.

A system x[n] —y[n] is causal if

When xi[n] —y1[n] x2[n] —ye[n]

LAnd x1[n] = x2[n] for all n< no & A
Then yi[n] = y2[n] for all n< no Q\I/

Causal: y[n] only depends on values x[k] for k < n.

Ex. Check if the following system is'Causal: y[n]= nx[n]\

System is causal because it does(not depend on future

Basil Hamed 23
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3.4 Classification of DT Systems

Memoryless (or static) Systems: System output y[n
depends only on the input at instant n, I.e. y[n] is a functio

of x[n].
Memory (or dynamic) Systems: System output y[n]
depends on input at past or future of the instant n

N

Ex. Check if the following systems are with memory

# i. y[n]=nx[n] Ii. y[n] =1/2(x[n-1]+x[n])
I. Above system is memoryless because is instantaneous
ii. System is with memory

Basil Hamed 24



3.5 DT System Equations:

| Difference Equations:
* We saw that Differential Equations model C-T systems...

* D-T systems are “modeled” by Difference Equations.
A general Nth order Difference Equations looks like this:

yinl+ayn=1]+..+a,yn-N|=bx[n]+bx[n-1]+...+b,x[n—-M]
L
Least “Advanced”
Output Sample ]

— R
—

Most “Advanced”
Output Sample

The difference between these two index values Is the “order” of the

difference eq. Here we have: n—(n —N) =N _
Basil Hamed 25




3.5 DT System Equations:

N

L

Difference equations can be written in two forms:

* The first form uses delay y[n-1], y[n-2], X[n-1],............
y[n]+awy[n-1]+.....+any[n-N]= box[n]+....... +bnx[n-M]

Order is Max(N,M)

* The 2" form uses advance y[n+1], y[n+2], X[n+1],....
y[n+N]+aiy[n+N-1]+.....+anvy[n]= bn-mx[n+m]+....... +bnx[Nn]
Order is Max(N,M)
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3.5 DT System Equations:

N

« Sometimes Difference Equations will be
presented as unit advances rather than delays

y[n+2] — 5 y[n+1] + 6 y[n] = 3 x[n+1] + 5 X[N]

 One can make a substitution that reindexes the
equation so that it is in terms of delays

Substitute n with n -2 to yield
y[n] -5 y[n-1] + 6 y[n-2] = 3 X[n-1] + 5 X[n-2]
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3.5 DT System Equations:

Solving Difference Equations

Although Difference Equations are quite different from
Differential Equations, the methods for solving them are
remarkably similar.

Here we’ll look at a numerical way to solve Difference
Equations. This method is called Recursion...and it is actually
used to implement (or build) many D-T systems, which is the
main advantage of the recursive method.

The disadvantage of the recursive method is that it doesn’t
provide a so-called “closed-form” solution...in other words, you
don’t get an equation that describes the output (you get a finite-
duration sequence of numbers that shows part of the output). i

Basil Hamed
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3.5 DT System Equations:

Solution by Recursion

We can re-write any linear, constant-coefficient difference
equation In “recursive form”. Here is the form we’ve already
seen for an Nw order difference:

yinl+ayin-1+..+a,yln=N]=bxn]+bx[n-1]+..+ b x[n-M]

N M
yln]+ Z a.yln—i]= Z bx[n—1i]
i=1 =0

Basil Hamed 29




3.5 DT System Equations:

N

Now...isolating the y[n] term gives the “Recursive Form”:

/

“current”
Output value to
be computed

N M
vn]= _Z a;y[n—i]+ be:r[ﬁ' —1]
» i=1 i=0
\ 4 \ /
o Y

Some “past” output
values, with values
already known

current & past input
values already
“received”

Basil Hamed

The key to Recursive

Form 15 that you have
the current output y[n]
i terms of past

outputs {71 - 1] Y
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3.5 DT System Equations:

N

n+k —n to get this form...as shown below.

L/
[Note: sometimes it Is necessary to re-index a difference equation using }

Here is a slightly different form...but it is still a difference
equation:

y[n+2]-1.5y[n +1] +y[n]= 2x[n]
If you isolate y[n] here you will get the current output value in
terms of future output values (Try It!)...We don’t want that!

So...in general we start with the “Most Advanced” output
sample...here it Is y[n+2]...and re-index it to get only n (of
course we also have to re-index everything else in the equation to
maintain an equation):

Basil Hamed 31



3.5 DT System Equations:

N

So here we need to subtract 2 from each sample argument.

y[n]-1.5y[n -1] +y[n-2]= 2x[n-2]

Now we can put this into recursive form as before.

Ex: Solve this difference equation recursively
y[n]-1.5y[n -1] +y[n-2]= 2x[n-2]

For X[n]=u[n] unit step
. [ 2] 5 Note: Youneed N
A 74 — “past” values as IC’s to
And ICs of: [_1] — 1} solve an N® order
Y T Difference Equation
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3.5 DT System Equations:

N
\

Recursive Form:

y[n]=1.5y[n -1] -y[n-2]+ 2x[n-2]

n | x[n]=uln]
2|
0|
|
2| b

y[n] ’/;://\ﬁ * Fill in Input (Unit Step here)

: } [ [ 200 put 107 Here]

3“1 Compute n= D Output
1"}1 2‘|‘2 0_—Oi 0]=1.5v[-1] - } +2.T[2]
5.(-0.5)-1+2-0=-175 o
Compute #=1 Output
-0125 y[1]=1.59[0] - y[-1] +2~T[]

3.563

Basil Hamed 33




N

yl

N

y[1]

1=y

3.5 DT System Equations:

Ex 3.9 P. 273

y[n+2]-y[n +1] +0.24y[n]= x[n+2]-2x[n+1]
y[-1]=2, y[-2]=1, and causal input X[n]=n
Solution

=y

y[O]

n -1] -0.24y[n-2]+ x[n]-2x[n-1]
-1] -0.24y[-2]+ x[0]-2x[-1]= 2-0.24= 1.76

1=y

Basil Hamed

0] -0.24y[-1]+ x[1]-2x[0]= 1.76 — 0.24(2)+ 1- 0= 2.28
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Convolution

N

Our Interest: Finding the output of LTI systems (D-T & C-T

cases)

Differential Difference
Equation Equation
‘/{5011’6) | | (solve) \
“Zero “Zero “Zero “Zero
input” state” input” _I_ state”
solution sollutiun solution sollution

‘ e C_hm' Convolution| | U C_hm' Convolution
oly. roots olv. roots

[Our focus In this chapter will be on finding the zero-state solution}
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3.8 System Response to External Input:
(Zero State Response)

N

L/
Convolution: o] | LI ]
— D-T system ——

For discrete case: h[n] = H[o[n]] ICs=0

vIni= X[ hInI= NPTy - S sk — k]
f=—o0

yln]=x[n]*h[n]
Notice that this is not multiplication of x[n] and h[n].

Visualizing meaning of convolution:
Flip hlK]
By shifting h[k] for all possible values of n, pass it through
X[n].
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3.8 System Response to External Input:

_6

(Zero State Response)

vInl= " x[ilhln —i] | CONVOLUTION!
o g P L
1 ICs=0 '

y[n]=x{n]*hn]

\4{ Noftation for Convolution

Fora LTI D-T system in zero state we no longer need the
difference equation model...-Instead we need the impulse

kresponse h[n] & convolution

~

)

a I
Difference ~ Convolution &
Impulse resp

\_Equivalent Models (for zero state) Y, 37




3.8 System Response to External Input:

(Zero State Response)

A
Y

/Properties of DT Convolution:

Same as CT Convolution
Ex: 3.13 P.289

11— DT System

—|1]

x[n] = (0.8)" u[n], h[n] = (0.3)"u[n] Find y[n

Vnl=xnl*hHn] = ix{k]h[n—k]

x[k] = (0.8)%u[k]  h[n—k] = (0.3)"* u[n—

Basil Hamed

k]

38




3.8 System Response to External Input:
(Zero State Response)

b
N>%

= Z(O.S)k (0.3)* % = (0.3)" Z(—)k n=0

rn+1 m

From Section B7-4 P49 Y * 1" = == r+1
OR N-l N
“Geometric Sum” 27 = Tl

(O.8)n+1—(0.3)n+1
(0.3)*(0.8 — 0.3)

yln] = (0.3)" uln]

yIn] = 2[(0.8)"" — (0.3)"* ]u[n]
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3.8 System Response to External Input:
(Zero State Response)

UExampIe
Determine y (n) as the convolution of h (n)
and x (n), where

0[] =

’

x(n)=(§)” u(n — 3)

h(n)=(§)" u(n — 5)
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3.8 System Response to External Input:
(Zero State Response)

N

- ] ol K o s
VAR CAE SR N R (V] utke) () Uy )
¢ =~ 20
| <k < ow
Ltk Utn-k=5 | = : >
O ¢ #Mw;sg

Ln-5 73 w7 B

Jwl- o £ ok v\CBK.
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3.8 System Response to External Input:
(Zero State Response)

(tal for w7 6

n S k. n-K h“’g ke
Yl = kza(m (/91_—_—;((41 (%]
) k=3

From Section B7-4 P49 Y rk =
] = 27 1n1 3.5 "
yinl = G2)EG)" A - ()" )for n
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3.8 System Response to External Input:
(Zero State Response)

0 n<a§yg
y[n1=(2_7 [EEmEn. )
EOEMA-OMT) n2s

27 1 3
yln] = (1—6)(§)n (1- (Z)" ’)  u[n-8]
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3.8 System Response to External Input:

N

(Zero State Response)

Graphical procedure for the convolution:

Step 1: Write both as functions of k: X[Kk] & h[k]

Step 2: Flip hlk] to get h[-K]

Step 3: For each output index n value of interest, shift by n to
get h[n -k] (Note: positive n gives right shift!!!!)

Step 4: Form product x[k]h[n—K] and sum its elements to get
the number y[n]
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3.8 System Response to External Input:
(Zero State Response)

Example of Graphical Convolution

x[n]
‘—z—lj—‘—A
. 1 ..
21t12345 n [Find y[n]=x[n]*h[n] }
n

h[n] for all integer values of

—BIJﬂ—]_—
-2 -1 12 34 56 7 h

So..what we know so far is that: y[n] = starts (0 + 0 = 0)ends (2 + 4 = 6)

N

]
6
| y[n] starts at 0 ends at 6

——i—

-2-1l113456? I
Basil Hamed 45




3.8 System Response to External Input:
(Zero State Response)

Solution
For this problem | choose to flip x[n]

My personal preference is to flip the shorter signal although |
sometimes don’t follow that “rule”...only through lots of
practice can you learn how to best choose which one to flip.

Step 1: Write both as functions of k: X[k] & h[K]
g 0

21+ 12 34 56 7 i
X

, 4 xls

: [T

21 + 12 34 5 7
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3.8 System Response to External Input:
(Zero State Response)

N

L

[Step 2: Flip X[K] to get x[-K] }

k]

‘ ‘ L “Commutativity” says
—a—as —— we can flip either x[K]
2-1 - 56 7 i or h[k] and get the same
answer...
[ ‘ Here | flipped x[K]
-1 1 2 34 56 7 I
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3.8 System Response to External Input:
(Zero State Response)

proceed from there.

Step 3: For n= 0, shift by n to get x[n-K]

i hlk]

I

1 2
] 1

2-1 12 34 567 i

3

"We want a solution for n = ...-2, -1, 0, 1, 2, ...so must do Steps
3&4 for all n. But...let’s first do: Steps 3&4 for n= 0 and then

™S

For n= 0 case there
IS no shift!

x[0 -K] = x[-K]

[Step 4: For n= 0, Form the product x[k]h[n—k] and sum its elements to give y[n]}

Sum over k = MHamed
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3.8 System Response to External Input:
(Zero State Response)

JSteps 3&4 forn=1
Step 3: For n= 1, shift by n to get x[n-k]

i

—2—11‘123456T i

X[ I=x[1 -x]
2

N

21 12 34 56 7 i

Step 4: For n= 1, Form the product x[k]h[n—k] and sum its elements to give y[n]

Sum over k= [y[l]:6+6:12}
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3.8 System Response to External Input:
(Zero State Response)

JSteps 3&4 for n=2
Step 3: For n= 2, shift by n to get x[n-K]

N

214123456 7 i

N

21 12 34 56 7 i

Step 4: For n= 2, Form the product x[k]h[n—k] and sum its elements to give y[n

Sumover k= | y[2]=3+6+6=15
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3.8 System Response to External Input:
(Zero State Response)

JSteps 3&4 for n=6
Step 3: For n= 6, shift by n to get x[n-k]

N

I h [1{]

T

2.1+ 12 34 56 7 k

t x[-9 =x[3 - K]
2

-2 -1 12 34 56 7

Step 4: For n= 6, Form the product x[k]h[n—k] and sum its elements to give Y[

Sum over k= y[6]=3

Basil Hamed 51



3.8 System Response to External Input:

(Zero State Response)

“Steps 3&4 for all n > 6
Step 3: For n> 6, shift by n to get x[n-K]

I hlY

-

21 %12 3456 7 k

N

Step 4: For n > 6, Form the product x[k]h[n—K] and sum its elements to give y[nj

Sum over k= [y[n] =0 n>6}
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3.8 System Response to External Input:
(Zero State Response)

N

So...now we know the values of y[n] for all values of n
We just need to put it all together as a function...
Here it IS easiest to just plot it...you could also list it as a table

15

12 fogdodicdimnn,

O Jo o do b g
o 5 T THT (A B I ............
"'l—'.—"'—.'—'.—%I T — .

2171234567 H
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3.8 System Response to External Input:
(Zero State Response)

GG PICTURE: So...what we have just done is found th}
Zero-state output of a system having an impulse response

given by this h[n] when the input is given by this x[n]:

x[n] y[n]=x[n]*h[n]

) hm] = (

ol

hn]

21"%"1234567 N
\_ //

54
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3.8 System Response to External Input:
(Zero State Response)

EX: given x[n], and h[n], find y[n]
: x[n 2 h{n]
] 123 }] ‘ 1 2
0 | n U, -10 | | n
—1 —1-1
v |k]
_ ll 12
] ;
" o 2 h[n — k]

_l
1T
n +

Il
1
d
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3.8 System Response to External Input:

N
\

(Zero State Response)

z (k]
Ly 1 2
5 :
woo 12 h(n — k]
4 1t
_11 I n T k
n + 1
yln] = 0 forn< -1
y[—1] = 1x1=1
.y:{] _ O0x1 +1x2=2
y[l] = (Dx1+0x2 +1x(-1)=-2
y2] = (Dx2+0x(-1)+1x%x(-1)=-3 Y[n]_{11%1_21_311/1}
yl3] = (DX (D+0x(-1)=1
ya] = () x(-1)=1
yn] = 0 forn>4
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3.8 System Response to External Input:
(Zero State Response)

b
N>%

Exercises : given the following systems Find y[n]

x[n]—— h[n] ——> y[n]'

. X[n]={_21_1101112}l h[n]={_1101112}

I. x[n]={-1,3,-1,-2}, h[n]={-2,ZT,O,-1,1}
Solution:

. y[n]={2,1,-2,-6,-4,1,4,4}

I, y[n]= x[n]* h[n]={2,-8,£BT,3,-8,4,1,-2}

Basil Hamed 57




3.8-2 Interconnected Systems

N

" hyln]
fil - b k) Dl xln]—— bl ——y[n]

“ hyln]

Example Find h[n] given:

h{|n] = é6[n] —ad[n — 1], h,|n] = a™u[n]
hz[n] = [n — 1]u[n], hy[n] = &[nl
Solution: dn]
hy[n] — hz[n] = §[n] + nuln f] + 6[n—2]—[n—1]uln
=6[n] + 6[n — 2] — n[u[n] — u|n — 1]] + u[n]
= 6[n] + 6[n — 2] + u[n]
hi[n] * hy[n] = (8[n] — adln — 1]) * a"u[n]
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3.8-2 Interconnected Systems

N

hy[n] * hy[n] = a™u[n] — a™ tu[n] Tn—m-V §[n]
Zufn - 1)

= a"u|n] — a"uln — 1] = a™(u|n

a"é[n] = é[n]

n] = hy[n] * hy[n] * (hy[n] — hs[n])
n| = &[n] * (6[n] + 6[n — 2] + u[n])
n] =6[n] +6[n— 2] +un]

= > > |
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Comparison of Discrete convolution and
f Difference Eg.

1. Difference Eq. require less computation than convolution
2. Difference Eqg. require less memory
3. Convolutions describe only zero-state responses. (IC=0)

* Since difference Eq have many advantages over
convolutions, we use mainly difference Eq. in studying LTI
lumped systems.

* For distributed system, we have no choice but to use
convolution.

e Convolution can be used to describe LTI distributed and
lumped systems. Where as difference Eq describes only
lumped systems.
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3.10 System Stability

N

A discrete-time system is BIBO stable if every bounded
input sequence x[n] produces a bounded output sequence.

LTID with h[n] is BIBO stable if:

S =Yr-_olh[k]| is finite

Ex Find if the following systems are stable;
L hq|n] = a™uln]

(& nx>o0)
11.. hz [n] = 4 i >
=ri-n-<-0
('3 )

(371 0<n= 100}
. h = -
11 hs[n] L0 otherwise
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N

3.10 System Stability

L hy =Yh-_wlh[n]l =X pla™| = which is finite if

la|<1, System is stable

1-|a|

I by =53 Lalhn) = B o)+ Erlofz)"-ig ot

bounded System is BIUBO unstable.

/11 hy = $A%(3)" =~ (31° — 1) < o0 system is bounded
System is stable
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3.10 System Stability

Example
yfi)= M

et 1{] an arbitrary signal bounded by B, 1e.

xul|< Bor-B<xfu)< B forall n.

in

I that case % < o™ 0% fe s auaranteed that 1f the mput 1 bounded by a postive

inmber B, the output iz bounded by a positive mmber ¢ " Thus, the system 1 stable.
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Quiz

I. Sketch the continuos-time signal;
X(t)= (t+1) u(t-1) — t u(t) — u(t-2)

ii. Express the signal Wilhis=-
shown in terms of
elementary functions
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OR ' A+
2 (B3] =YWk -3 ) -y lb-uf 420U (- Ultn)
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