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Introduction

N

'Z-Transform does for DT systems what the Laplace
Transform does for CT systems

Z-T Is used to
Solve difference equations with Solve zero-state systems
Initial conditions using the transfer function

In this chapter we will:

-Define the ZT

-See Its properties

-Use the ZT and its properties to analyze D-T systems
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Introduction

In mathematics and signal processing, the Z-transform
converts a discrete-time signal, which is a sequence of
real or complex numbers, into a complex frequency-
domain representation.

It can be considered as a discrete-time equivalent of the
Laplace transform.

 The basic idea now known as the Z-transform was
known to Laplace, and it was re-introduced in 1947 by
W. Hurewicz.

It was later dubbed "the z-transform" by Ragazzini and
Zadeh in the sampled-data control group at Columbia
University in 1952
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Introduction

What is the use of Z transform?

The z-transform is useful for the manipulation of discrete
data sequences and has acquired a new significance in
the formulation and analysis of discrete-time systems. It

is used extensively today in the areas of applied
mathematics, digital signal processing, control theory,
population science, economics.
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5.1 The Z-transform

We define X(z),the direct Z-transform of x[n],as
X[z] = Xn=—ox[n]z™"
Where z is the complex variable.

1

= i X[z]z" tdz

x|n]

The unilateral z-Transform
X[z] = ¥ox[n]z ™
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/-Transform of Elementary Functions:

N

L

Example 5.2 P 499 find the Z-transform of
a) 8[n]

b) U[n]

c) a™uln]

d) e~ %u(t)

Solution %, = 6[n]

2) x[n]= 5[n]={(1): L 8

aaaaaaaaaaa

X[zl =Y0 ox[n]Z"=1Z2°+0Z" 1+ 0272+ 0273 +--- =1
5ln] <=1
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/-Transform of Elementary Functions:

N

> %n = u[1]

1, n=0 Boow oo e e aa ey

b) Xx[n]=u[n] ={0, <0

X|z] = z xn|Z"=1+Z"1+Z2?2+773 + -
n=0

We have from power series from Book P 48

1+x+x2+x3+x3+........ =$ x| <1

R Y e

Yo X = = x| <1

; _ 1 —1 __Z
..X[Z]—l_z_1 z7 < 1 X[Z}—Z_1 Iz| > 1
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/-Transform of Elementary Functions:

N

J C) x[n] = a™u|n]
X()=)Ya"7"=) () = - ! 1

0 z-a l-a

ROC =all z such that |z| = |q]

:':n=|:

]:I'I

| e

1%

z |
a'uln] < = -
z—a l-az

n
l 2z *» 4 5 6 7T & 9 10
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/Z-Transform of Elementary Functions:

d) x(t)= {eo_at :<28 t —> nT
X[n]=e~ant n=0,1, 2
Xl2] = Z[e-anT] ix z p-ant
- n=0 n=0
" E(Q—aTZ—l o ge QT g —1ogs 20T 72 i
n=0
X[z]2————— = —Z 1Z| > e~9T

1— e—aTZ 1 Z_e—aT
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/Z-Transform of Elementary Functions:

N

L

1 n
Example given x[n] = {[g] n=>0
0 n<o

(ﬁP n<o
0 n=0
Find X(z) & Y(z2)

Solution X(2) = Ty-0()"Z ™" = TrzeGZ ™"

X(2) = ol |m>1

7) = —
1., 1 2
l=p4” 273

Basil Hamed
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Region of Convergence

N
\

Example

LR |
.....

", a5
R ITTT LA T —n gm
X(z) = Z a"uln]z
n=—oc
: . Unit Circle
_ Z (az™ 1 )" z-plane
n=0
e * T tﬂe

.‘f‘. l l'._." _:I.*'.‘ z i'

If laz7Y < 1, i.e.,|z| > |a] \
This form to find

Thﬂ]{ 18, RQC | = |al. pole and zero locations
outside a circle
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Region of Convergence

L

x[n]

X(z)

Example
= —a"u[—n — 1] - left-sided
s =
= Z {—a"u[-n—1]z7"}
n=—oo gﬂ!
—1
_ Z a™z Unit Circle
n=-—oc
s8] O3
= =Y a""=1-) (atz)" z-plane
n=1 n=>0
1 Re
_q_ 1 B a lz
N l—alz alz-1
o =
a =z — i

If la=1z| < 1, ie., |z <|al |
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/-Transform of Elementary Functions:

Y(2) = ¥at e —Q"Z T = Tal o GZ7TH"
Let n=-m

Y(z) = —m——oo ( Z" 1)—m = Zm 00 (_)—m

Y(Z)
z (2Z)" =1 = z 27y = 27| < 1
Y(Z) =+ Z |Z| < E

As seen in the example above, X(z) & Y(z) are identical,
the only different is ROC
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Relationship between ZT & LT

N

x(t) «— X(s) = /m x(t)e *tdt = L{x(t)}

— 00
Let t =nT’ : - g sT—m
— | 2(nT) (e noq
Tlﬁbﬂ_z___ r(nd’) (e )
- x[n]
R T sT—n
= ’]l’lﬂ-l{]l H:_mx[ﬂ]{e )
The (Bilateral) z-Transform
x[n| «— X(z) = Z x(n]z™" = Z{x[n|}
n=—00

Can think of z-transform as DT

version of Laplace transform with
sT

e = €
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Relationship between ZT & LT

e = Z

jw axis in s-plane (s = jw) < |z| = |&/*?| =1 - a unit circle in z-plane

dm dm

|m-axis Izl=1

s-plane . // \ z-plane
Re Ha
"LHP"
LHP RHP

"RHP"
* LHP in s-plane. Re(s) <0 = |z] =| &*/| < 1. inside the |z| = 1 circle.
Special case. Re(s) =-»0 < || =0.
* RHP in s-plane. Re(s) > 0 = |z| =] e*’| = 1. outside the |z| = 1 circle.
Special case. Re(s) =+=» < [z|==.

» A vertical line in s-plane. Re(s) = constant < | &7 = constant. a

circle in z-plane.
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Relationship between ZT & LT

N
\

In the S-plane, the region of stability is the left half-plane.
If the transfer function, G(s), is transformed into a
sampled-data transfer function, G(z), the region of stability
on the z-plane can be evaluated from the definition, z = ¢**.

Letting s = a +jw, we obtain

s _ @ Tletjw) — gal gl
= ¢! (cos T +jsin wT)
=" /0T

iI=€

since (coswT +jsinwl) = 1ZoT.
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ROC

N

z-plane z-plane

Re Re

right-sided [eft-sided

Basil Hamed

two-sided

17




ROC

N

‘Example given x[n] = (5)"u[n] + ()"uln] Find X(z)
Solution
X[z] = Zpo o2 + T2

X|z] = 11 — 11 1 Z1+ Z1
1->Z 1-37 - Z— I
1 1
ROC |Z|>=, |Z|>= } | /
2 3 \ /"”‘“(/ROC
1 ” \\
o.o e S — 4 r’--."‘"\ \J
|Z| > maX( ) ) 2 \II ;/ \\ \‘ [

Basil Hamed / / / \



Table of z-transforms

Sequence Z —transform
5[] 1
2 u[n] = - 1
= jauk = z]':l
4 |b™lun-1] = l]:-
o e = —zm‘
=
G5 ha) (= — 1%
" = (= + 1)
7 n (= -13%
b =
a b™n = _—hb1%
= @’
9 e IEEren
_ =in (Al =
10 sin (an) =f_Z cas (a) = +1
. =in (a) b =
11 | " 3in (an) =f-Z cos (a) b = +b?
= [(Z—co=s (a))
1z cos [an) zi_F cos (a) = +1
- = (s-b co=s (al)
13 | B™ cas ran) Zi_7 cos (a) b = +bE

Tahle 2.1. =-transforrs of sorme coranon sequences.
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5.2 Some Properties of The Z-Transform

T As seen in the Fourier & Laplace transform there are many
properties of the Z-transform will be quite useful in system

analysis and design.

[Linearity}

If x1[n] & X;[7] & x3|n] © X;|z]
Then  ax;[n] + bx,[n] & aX,[z] + bX,[Z]

Example Find z-transform of  x(n) = u(n) — (0.5)"u(n).
Solution:

L

B Z(u(n)) =

z—1
Using z- transform

table:

S

Z(0.5"ulm) = ——.

7 — 1 e 'D.fl- Basil Hamed 20




5.2 Some Properties of The Z-Transform

f
N>%

 Time-Shifting

Right Shift of x[n] (delay) if x[n] & X|[z]
Then Z[x[n — no]] =Z"X[z] + X[-no] + Z71X[-ng + 1] + -
o Z ot X—1]

Note that if x[n]=0 for n=-1,-2,-3,..., —n, then
Z{X[n—ny]}=Z""0X|z]

x[n —1] & Z71X[z] + x[—1]
x[n — 2] & Z7%X|[z} + x[-2] + Z71x[-1]

Basil Hamed 21




5.2 Some Properties of The Z-Transform

" Left Shift in Time (Advanced)
x[n+ 1] & ZX|z] — x[0]Z
x[n + 2] & Z?X[z] — x[0]Z% — x[1]Z

x[n +ng] © Z"0X[z] — x[0]Z10 — x[1]Z"01 — - — x[ny — 1]

Example given y[n] ——y[n — 1] = §[n], y[-1] =3
Find y[n]

Basil Hamed 22




5.2 Some Properties of The Z-Transform

Y[z - [z (2] + y[-1]] = 1

viz]|1 -5z =1+

5
5/2 <

: — — 27
~Ylz] = 1-2z71  Z-

y[nl = Z7H{Y [z]}

N|R

Basil Hamed 23




5.2 Some Properties of The Z-Transform

A
Y

L

Example Given y[n+ 2] —y[n+ 1]+ %y[n] = x[n]

Fory[n], n= 0 if  x[n]=ul[n], y[1]=1, y[0]=1
Solve the difference equation

Solution

[22Y[2] - y[0]2° — y[112] — [2Y[2] - y[01Z] + 5 V2]
= X|z]

viz]|z2 -z +3| - 22 —-z+2 =2

»Yiz] = fi—;zé take inverse z and find y[n]

Basil Hamed 24




5.2 Some Properties of The Z-Transform

b
N>%

Example Find z-transform of ~ »(n) = (0.5)" " u(n - 5),
where uln —5)=1forn = 5and uln — 5) = 0forn < 5.

Solution:

Using shift theorem,

Y(z) = E[[{].ijﬂ “1uln — 5]] = z 2 Z[(0.5)" u(n)].

Using z-transform table

F[:}z:j-? ' 5=

Basil Hamed 25




5.2 Some Properties of The Z-Transform

p
NP

Frequency Scaling (Multiplication by a™) 1
if x[n] & X[z] Then a"x[n] e X[%]

Example given y|n| = (a™ cosQy)u[n] Find Y[Z]
Solution
From Z-Table

Z(Z— cosQ)yp)
7Z2-27 cosQy+1

x[n] = (cosQy)uln] - X|z] =

. _ (zJa)(Z/a—- cosQyp)
“Ylz] = (Z/a)2-2(Z/a) cosQg+1

Y[z] = Z(Z—a cos Q)
Z2-2aZ cosQy+a?
Basil Hamed 26




5.2 Some Properties of The Z-Transform

b
Y

[Diﬁerentiation with Respect to Z}

if x[n] & X[z] Then Z|n*x[n]|=(-Z)*X(2)

Example; given y[n]=n[n+1]u[n], find Y[Z]
Solution y[n]=n?u[n] + nu[n]
ZInuln]l= -z z[u[n]] = -z +|-Z| = -2

- (Z-1)2

And Z|[n?u[n]| = (-Z %)2 Z[u[n]]

_ L, d Z _ Z(Z+1)
- dz (Z-1)2  (Z-1)3
Z(Z+1) Z 27%
Y[Z] = + —
Z—1)3 (Z-1? ((Z-1)3

asil Hamed 27




5.2 Some Properties of The Z-Transform

A
Y

L

[ Initial Value Theorem }

if x[n] & X[z] Then x(0) = Zli_r)gloX(z)

z3-372427-> _
Example Xz) 1 - find x(0)
Z (Z—1)(Z—§)(ZZ—EZ+1)
Solution
x(0) = Zlim X(z)
zZ* —223 + 2Z° —%Z
x(0) = Jim ——— 9, 1 1
7P 74—~ 73 2 _ 2 =
Z e Z° + 27 6Z + 3
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5.2 Some Properties of The Z-Transform

b
Y

"The initial value theorem is a convenient tool for checking
if the Z-transform of a given signal is in error.

Using Matlab software we can have x[n];
x[n] = uln] + @)"uln] — Q" cosGn)

The initial value is x(0)=1, which agrees with the result
we have.

[ Final value Theorem }

lim x[n] = %i_r)ri(Z — 1X(2) =%i_r)ri(1 — 7" YX(2)

n—->00

Basil Hamed 29




5.2 Some Properties of The Z-Transform

b
Y

/As in the continuous-time case, care must be exercised in
using the final value thm. For the existence of the limit; all
poles of the system must be inside the unit circle. (system
must be stable)

>

= Find X(o0)

(Z2-1)(Z—3)(22—5Z+1)

_ z3-272427—
Example given X(z) = 1

z3-372427-2
4 4

Solution x(o0) = %irri(l — 77 HY)X(z) = =1

Z(Z-3)(22-5Z+1)
Example given x[n]=2"u[n] Find Xx(o0)

Solution x(z) =£ The system is unstable because we
have one pole outside the unit circle so the system does
not have final value, 30
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5.2 Some Properties of The Z-Transform

/

"Example Find the Initial and Final value of x[n]
whose signal is given by  x(z)=2+321+422
Solution the initial value of the signal by apply theorem
x(0) = lim X(z)  =1lim, ,[2+3Z7! +4Z 7]

=2+ (%) +(x) =2

Final value of signal applying the theorem
x(e0) = lim(1 - Z71)X(2)

= lim, 1 (1~ Z1)(2+3Z ! +4Z2)]

=lim, ,12+Z'+Z2%-4Z27° =2414+1—-4=0

Basil Hamed 31




Stability of DT Systems

A discrete-time LTI system with impulse response h 1s stable if and only if the
transfer function H, which is the Z transform of k. has a region of convergence that
includes the unit circle.

‘For the stability of the system function If the discrete
rational system is stable then | h(x) | < e

Pole/Zero Plot

H{E] — = lm(z)

6D )

The zeros are: {0} The poles are: {

1= | =

e |
S

?

System is stable
Basil Hamed 32
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Stability of DT Systems

Result:

[v.0]

n=0

S ] <

U

System 1s stable

is equivalentto  |qg/] | J.U:'| <1

U

System 1s stable

1.€.. poles are inside
the unit circle

it Im{=
o “unit circle™
x Re{z}
* _1 >€ = > 1 »
)4
o For a Stable Svstem

* Poles must be “inside unit circle™

= Zeros can be anywhere

Basil Hamed
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Stability of DT Systems

Example  H(z)=

B

ROC Jm(z)

Figure :The shaded area represents the chosen ROC for the transfer function.
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5.2 Some Properties of The Z-Transform

A
Y

¥

[Convolution}

e[n) ———  hjn|] F———y[n|] = z[n] «hln|

Y(z)= X(z)H(z2)

Example: given h[n]={1,2,0,-1,1} and x[n]={1,3,-1,-2}
Find y[n]

Solution y[n]= x[n] * h[n] == Y(2)=X(2)H(2)
X(z2)=1+3Z2"Y—-27272%2-27"3
Hz)=1+2Z"'+0-23+Z7"*

Y(z) =14+5Z"1 45272 —-523—-6"*+47>+776-2777
Y[n]={115151-51-6I4lll-2}

Basil Hamed 35



5.2 Some Properties of The Z-Transform

/
N>%

Example: (Final 2006) given  hy[n] = (n — 1)u[n],
h,[n] = 6|n] + nu|n — 1] + 6[n — 2], hs; = (=)"u|n]
Find the T. F of the System

—{ 1y (1)

_1.-“4]_—:-nfrl{u]—--4

e —

=t f15 (1)

Basil Hamed 36




5.2 Some Properties of The Z-Transform

b
N>%

Y(2)

Solution: H(z) = @

= H3(2)[H,(z) — H,(2)]

Z zZ  2Z-Z°
(Z-1)? Z-1 (Z-1)?

Z4—73427%+41
Z2(Z-1)%

H,(z) =1+ (—Z %) Z-u(z) + 272 =

z
H3(z) = ==

2

273 +7°+7Z—1
2(Z - )(Z - 1)

H(Z) —

Basil Hamed 37




5.2 Some Properties of The Z-Transform

A
Y

Example (Final 2007) Find the impulse response of the
system shown in the Figure below. Assume that

h,[n] :(%)n u[n] >t By (1) ] By()

hz [n :5[n] adind - fis(n) foisaipe
i 1.,

hy[n] =h,[n] =(§) u[n].

h4(ﬂ)

Solution

! - ’ { F | :,\ ) 9. p |~\ -
nEnY =2 [ VA wlnl ¢ 50T - (B ) w1 ‘ .

b o l C ! 3 | LA LL\& " ".'l\[/'j l»\ u L A ;,

. -

" f\; ‘\V\', » W - \‘A \ { \/ W > . ’ & A

o
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5.2 Some Properties of The Z-Transform

4

\‘/
7 W WM = “ i

= 7 1 wkl () \ A Tu- K] — Z “’3‘ U (k] (l/l UTh-k ]
Ko % ik

n K &
. l\fa\v\ ZN (36} = (‘A,l f K\IK
K=

M

0T D™ & AR { W )
=YE 2

"’/}_~ \

ok {3 ([/ \M = }(\/)]“ < (\/3 K{h—\\]& \Afh}
[)U/ a® 3(\/3 U/sr&\/\fh}
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5.2 Some Properties of The Z-Transform

A
Y

L

Example

= 20 —30[n—-2]+40[n-3
Suppose that L] 7] 2] 731

h[n] = 8[n]+28[n—1]+8[n-2]

We wish to find y[n] by finding first Y(2)
Solution

X(z) = 2-3z°+4z"
H(z) = 1427  +z2° Y(2)=X(2)H(z)

Y(z) = (2=3z “+4z )1 +2z ' +27%)

=2+ 42_1 — 2_2 — 22_3 + 52_4 + 42_5

y|n] = 20[n]+40[n—-1]—-0|n—-2]
—20[n—3]+508[n—-4]+40[n-5]

40




5.2 Some Properties of The Z Transform

A
Y

L

Example Let us find the convolution given by two signals
x1(n)={3,—-2,2} x2(n)={2, 0=n<4 and 0 elsewhere}

Solution

Z-transformation of the first equation can be written as;
Yy mn)Z™ =3-2Z142Z72

Z-transtormation of the second signal can be written as;
Yoo Za(m)ZT" —242Z 1127212734274

So, the convolution of the above two signals is given by
X(Z)=[z1(2)'z2(Z)] =3—2Z1+2Z Y x[2+2Z2 1 +2Z2+2Z3+2771

Taking the inverse Z-transformation  z(n) = {6,2,6,6,6,0,4}

Uil 1 Il IA




TABLE 10.2

SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. &[n] 1 All z
~ 2. u[n) : ~ lz] > 1
] =2
1
3 ~—3f—n—1] — Izl < 1
4. S[n — m] zm All z, except
O (if m = 0) or
> (if m < 0)
n 1
5. a"ul[n] =TT |zl > ||
”n o o 1
6. —a"u[—n 1] = 1z] < ||
n az_l —
7. na”ul[n] A —azTp lz] > ||
=i
az
[ - n S = _ <%
8 na"ul[—n — 1] TR |z| x|
1 — [coswolz™!
9. [cos wonlu[n] = B ocswcleT T |zl > 1
. [sinwgolz !
: =5
10. [sinwon]u[n] i — D opaogls F 22 |z| 1
.\ 1 — [rcoswolz !
11. [#" cos won]u[n] I~ recsnil e IZ| >r
. -1
12. [»" sinwon]u[n] [78weagle lz| > r

=2

1 — [2rcoswolz~! + r2z
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Properties of the z-Transform

Property Time Domain z-Domain
Notation x(r) X(2)
X 1(”) XI(Z)
x5(r2) X5(2)

Linearity and
Superposition

ayx () + ax5(1)

a; X 1(2) + a5 X5(2)

\

Time-Shifting x(rn — &) = *x
Scaling in the 1

z-domain an'x(n) X(a 2z)
Time reversal x(—r) X(zil)
Conjugation x*(n) X*(z *)
Real part Rel[x()] %[X(z) + x7zH
Imag part Imag[x(r)] Z,1;_[)((z) — X (z)]
Differentiation in the o
z-domain r1x(rt) —z—X(=)

dz

Convolution X, @ x50) X ()X 5(2)
Correlation (D = X (D ® x5(-D R, (D = X (DX D

\— ELECTRICAL AND COMPUTER ENGINEERING |
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The Inverse of Z-Transform

There are many methods for finding the inverse of Z-
transform; Three methods will be discussed in this class.

1. Direct Division Method (Power Series Method)
2. Inversion by Partial fraction Expansion
3. Inversion Integral Method

Basil Hamed 44
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The Inverse of Z-Transform

1. Direct Division Method (Power Series Method):

The power series can be obtained by arranging the

numerator and denominator of X(z) in descending power
of Z then divide.

Example determine the inverse Z- transform :

7
X(z) = 7|01
@) =701 121>

Solution 1+01Z7 ' +1%Z7% + -
/-0.1| Z
/Z-0.1
0.1
X@)=1+.1Z"*"+1%2Z72+-- > x[n] = (0.1)"u[n]

Basil Hamed
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The Inverse of Z-Transform

N

L

73-72-7-—~ ot
Example X(z) = 23_522_12_11 |Z] > = find X[n]
4 2 16
Solution 1+17-1 41872
4 16
FBeute 2 F ik Al Bl F2 e Tl
4 2 16 16
73272 27 _ =
4 2 16

X(0)=1, x(1)=1/4, x(2)=13/16,.......

In this example, it is not easy to determine the general
expression for x[n]. As seen, the direct division method may be
carried out by hand calculations if only the first several terms of

the sequence are desired. In general the method does not yield a

closed form for x[n].
Basil Hamed 46




The Inverse of Z-Transform

N

2. Inversion by Partial-fraction Expansion

T.F has to be rational function, to obtain the inverse Z
transform.

The use of partial fractions here is almost exactly the same as
for Laplace transforms...... the only difference is that you first
divide by z before performing the partial fraction
expansion...then after expanding you multiply by z to get the
final expansion

3_p2 1
Example X(z) = = 10 |Z] >% find x[n]

3_3,2 1,
Ze—3L =54 —1¢
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The Inverse of Z-Transform

N

L

73-72-7—— 73-72-7-—
Solution: X(ZZ) = 3 3.5 1 - = 15 T
Z(Z3-222-27-2)  Z(Z-)2(Z—)
X@)_ A _B € D
A 1 , 1
(Z-57 (- ) Z—7

Using same method used in Laplace transform To find
A,B,C,D A=1, B=5/2, C=-9, D=9

xw 1, b o s

1
2 T2 @b T eh -

N

5

-9/ 9/
__2 1 21

¢4 ) Z 2) Z—7

1 1 1
ssaranes x[n] = 8[n] + [5n(Z)" + 9" — 9IG) "uln]]

X(z) =1+




The Inverse of Z-Transform

 Obtain the Inverse z-transform of the

function
Z+1
F(z) = Z240.324+0.02

Solution: Solve using two different methods.
(1) Partial Fraction Expansion (dividing by z)

F(z) Z+1 . ﬂ B C
z  z(z+0.1)(z+0.2) z z4+01 z+0.2
Az Bz Cz
F(z) =—+ +

Z z+01 z+4+0.2

Basil Hamed 49



The Inverse of Z-Transform

F(z) 1
A=z ~ | . —F(O) _W_SO

F(2)] 1-0.1
B=(z+0.1) 2 | e —90

F(2)] 1—-0.2
C=(z+02) z . = 20 (=01) 40

 Partial fraction expansion then multiply by z
90z 40z
F(z) =50 — +

z+01 z+4+0.2
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The Inverse of Z-Transform

N
¥

90z 40z
F(z) =50 — +

z+01 z+0.2
* (1) Table Lookup

505(k) —90(=0.1)F +40(=0.2)%, k>0
@ =5 k=

* Note: f(0) =50—-90+4+40=0
* The time sequence can be rewritten as

90(—=0.1)% + 40(=0.2)%, k>1
Fk) = { k=

Basil Hamed 51




The Inverse of Z-Transform

(1) Partial Fraction Expansion (without
dividing by z)
z+1 A B
(z4+0.1)(z+02) z+0.1 T 02

 Partial fraction coefficients

F(z) =

1—-0.1
A — (Z + O'l)F(Z)]Z:—U.l — O 1 — 9
1—-0.2
B=(z+02)F(z)]|;=-02 = = —8

—0.1
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N

The Inverse of Z-Transform

« Partial Fraction Expansion

o = 9 g
VX041 Z+02
Oz 8z
_ = ~1
Z+01° 71027

(1) Table Lookup (use the delay theorem)

_ j9(-0.1) "t —8(-0.2)k"1, k=1
ﬂ})_{o, k<1

(Verify: same answer as before)
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The Inverse of Z-Transform
MATLAB

G(z) numerator z + 1,
denominator z° + 0.3z% + 0.02z
>>num = [1, 1]

>> den = [1, 0.3, 0.02, 0]

« Partial Fraction Coefficients

>> [r, p, k] = residue( num, den)
 p = poles, r =residues

* Kk = coefficients of remainder polynomial.

54



/The Inverse of Z-Transform

Results
r= k =
40.0000 1
-90.0000
50.0000
0 =
-0.2000
-0.1000

0

Basil Hamed




The Inverse of Z-Transform

N

Obtain the inverse z-transfc':rrm of the function

F(z) = z%(z —0.5)

Solution

(1)  Partial Fraction Expansion (Dividing by 2)

F(z) . 1 - A11 Ay Ags Ay

z  z3(z—0.5) vt "7 C0s

F(z)] 1
z=0

— 3
Z Z
5 z=0.5

A, = (z—0.5) -

Basil Hamed 56




The Inverse of Z-Transform

F(z) 1
Ay, =23 ] — ] = -2
zZ | _, z—0.5 =0
y _1d 3F(z) _d 1
12_1!dzz Z Z=U_dzz—053=0

) (1) -DE=D)|
- \2/(@z-05)3] .




The Inverse of Z-Transform

N

1 \ 7

 Partial Fraction Expansion
B 8z
z2(z—-05) z-0.5

* (if) Table Lookup

F(z) = 2z 4 —4z71 -8

» z-transform tables and Definition 2.1 yield

f (k)
_18(0.5)—26(k—2)—46(k—1)—-858(k), k=0
0, k<0
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The Inverse of Z-Transform

L

2Z(3Z+17)
(Z—-1)(Z?%-6Z+25)

Example 5.3 P 501 given X(z) =

Find the inverse Z-Transform.
X(z) 2(3Z+17)
 (Z-1)(Z-3—j3)(Z-3+j4)
X(z k k k"
A _ ke kT
Z Z—1 Z-3—j4 Z—-3+4+j4
A 1.6e772:2467 1 gel22467
_|_
Z—1+ Z—3—j4 Z—3+j4
From Table 5-1 (12-b)
0 0
o (0.5ref )Z N (O.Sref )Z
Z—y Z—-y*

Solution:

X(z) =2

Basil Hamed

} = rly|™ cos(B, + 8) u[n]
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The Inverse of Z-Transform

vy = |yle’f  0.5r=1.6 ==) r=3.2, §=-2.246 rad
y=3+j4=5 /%97 |y| =5, B =0.927
x[n] = [2 + 3.2(5)" cos(0.927n — 2.246)|uln]

Example find y[n] Y(sy=_ =+1
:2—|—%:—|—%
First divide I(z) by = to get: I'(z) _ : ”}
I I3 4y
Then we have: }(:): 1 _ 12 +§ -}’(;): & _ 122 +8
I I+7 I+§ T+T I+

m | v[7]=4(—3) uln]-12(-3)"u[n]+80[n]

Basil Hamed




The Inverse of Z-Transform

N

L

3. Inversion integral Method:

1
n-1
x[n] = T X(z)Z™" dz

x[n] = Z [residue of X(z)Z™ 1]

at poles
ofX(z)zn-1

If the function X(z) Z"~ ! has a simple pole at Z=a then the
residue is evaluated as

[residue]|z=q = (Z — )X (2)Z" *|z=a

Basil Hamed
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The Inverse of Z-Transform

N

For a pole of order m at Z=a the residue is calculated using
the following expression:
1 dm—l

(m—-1)/ dz [(Z = a)"X (22" Nlz=a

|[residue]|,-, =

Example Find x[n] for X(z) = (z—Z1)2

Solution: The only method to solve above function is by
integral method.

X (2)Z™1 has multiple poles at Z= 1
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The Inverse of Z-Transform

Z Ak
X Zn—l — Zn—l —
W2 =T =1y 717
1 d+-1 , .
. — i n-—
d
x[n] = E(Zn)|z=1 =nZ"" " z=1=n
Example Obtain the inverse Z transform of
Z—Z
X(2) =
(z) =713 ROC |Z| > 1
N _Z
Solution: X(z) = T
Z -1 AL

X (z)Z" 1 =

(Zz -1)° (Z-1)3 63

Basil Hamed
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\

The Inverse of Z-Transform

X (2)Z™" ! has a triple pole at Z=1

x[n] = [residue o f

- at triple pole Z=1]
g . Z"

(3 —1)! dz? (z—1) (Z — 1)3]|Z=1

x|n| = %n(n —1DZ" %, = %n(n -1) n=01,.2..

Example Obtain the inverse Z transform of
X(2) = FF+D)
YT @13

x|n] =

Basil Hamed 64




The Inverse of Z-Transform

N

"By Partial Fraction:
X(z) Z+2 ky k2

7 (Z-12 (Z-12 z-1
k1:3, k2:1 X(Z): >z £

_|_ —

(Z-1)2  Z-1

x[n] = [3n + 1]u[n

By Inversion Integral Method:

X(z)zm 1 = ((Z;_Zl))zzn ., X(2)Z™ ! has double poles at Z=1
x[n] = [residue of ((Z;_Zl))zzn at double poles at Z=1]

. - 1 d i 2(Z+2)Zn o i n
wxlnl = o2 (2 = VP2 e = 12 + 2212

X[Tl] =3n+1 n= 0;1;2; Basil Hamed 2




Example

N
\

Obtain the inverse z transform of

1

I{:E]‘={z — 1}1 z:

Solution:

(y-k
X,(H Q‘L‘ L\Q\g (lb' . )n{f \( &“I UHM\ )

A
wulbifle ol d 220 .

Basil Hamed 7




Example

4
WV

2 rlr‘ ‘V\; / [

: / e ‘\ -».‘ vJ/ y ' : !
o (\ | (| (\ v \d (! |

I = (\ . 1
\ (v ' \ i (’\\4’ ‘ A
" (
(-
- |

(A
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Example

N

gi;l‘\) ) M = 0

| cj’ ?T\XT

xivl = [ ws\;lva gg

\Z~-\})’ r
) [y OV ) '\ v'f'% g Z:UA
(Z2-\¥<Z
== \/ L\vv\ —Q’\ (Z"” N N & ¥ _B‘\)\ il
'\/.-}“l )E 2% I{_éz' (z-1)* 23 ( 3-\}
L o \ { = =3%3=0
CU', ‘ ;3 . T— ‘ & >

Basil Hamed -




'Example

" L/;\ 1 A Y (- ‘}'_17 : 1 T
i K (] o= A RN —&A L\¢ K}‘\;f Je 27 X
){\\‘ - \1\)1 d"%
| ) > ’_(\__ﬁ -t =0
ceTR I LR PR
\}”\_ L 7

b I =3 NSy~ -2
( rk’"i_L-—‘lJ\ & = if‘-:?

(AR N N LN

X IR L2 1R
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Example

X[K={, _"

0

Basil Hamed

k =0,1,2,3
k =4,5,6, ... ....
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The Inverse of Z-Transform

N

L

Example Find Z~1[X(z)], where X(2) = iy

Solution:
X(2)2* 1 =

(e = 1P(z- e

Simple pole at z = 7%

Double pole at 2z = 1

2 o
z(k) = ; residue of TP — e ) at pole 2 = %
= Ki+ K

71
Basil Hamed
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The Inverse of Z-Transform

where
| - St E—a(k-l—i]T
Ky = E_IEET (z —¢€ ) (z _ 1)2(3 _ E,—{IT):| - (1 _ E—a-T)E
| o : et
o = o I g 6~V e
__k L oo steps bel
= 7 = » see steps below
_ o—0kT
k)= et U ) gy

T(1—eeT) (1—eaT)?

Basil Hamed
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The Inverse of Z-Transform

N

L
Steps v udv —vdu
d— = ;
Uu U
i d zk-|—1
1 4z (:s: - E'ﬂ>
ki,  g—aT\ _ ket
_ lim(ﬁc-l—l)z (2—€) -2
=i (2 — T2
(k1) 2kt
= lim -
—1 |y — E—&T (E _ E—aT)E
k41 1
o 1 — gl (1 _ E—aT)E
ok . 1—¢®f 1
o 1 — el (]_ _ E—aT)E (l _ E—aT)E
k el

1 — E—CI:T (1 — E—HT)E
Basil Hamed




Property Name Propertv
Lineanty ax[n] + vin] aX{z)+ 5V (z)
Right Time Shaft xn—gql, g>0 zX(2)
(Causal Signal)
Fight Time Shaft x[n—1] zX(2) + x[-1]
(Non-Causal Signal) x[n—2] =2 X(2) + x[-2]+ 2% ]-1]
xin—ql. g>0 zX(2) + x[—g]+ 2 x[-g + 1]+ -+
TR s [ |

Multiply by » rx[n] __d ¥(2)

2 A
Multiply by 1~ i nm d Ldo

(] —X(2)+z" —= X(z2)

dz dz

Multiply by Exponential a"x[n]. areal or complex X(z/a). arealorcomplex

Multiply by Smne sin(0)_m)xn] J 0, T I
E[ﬁ:’(e*‘ 2)— X(e7™2)]

Multiply by Cosine cos(Q) n)x[n] 1M-0 ;o S,
E[..l (e 2)+ X (e7™z)]

Summation " T

(Causal Signal) ;-"[f ] T 7Y@

Convolution in Time x[n]* h[n] X(z)H(z)

Initial-Value Theorem

x0]= }E[ﬁ'[:}]
x{1] = lim[=X(z) — zx[0]]

+{g] = lim[z" X (z) - #x[0] - z'x{1] - - - =x{g —1]]

Final-Value Theorem

If X(z) 15 rational and the poles of (z — 1).Y(z) are inside unit circle
Then limx{n]=[(z-1)X(2)]_,

Bdasll fAdmed
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Transfer Function

HT_“] = YIn-1d + wn]
N L
ﬂ"hl-‘tpui_ MF wt,

i‘[r-»r(w-" Y@ = y-1J+ 2 Y@ + U@

y t mital  comdlidion
(-2 Jrﬁﬂ = HE"I:} + ULD)

. (5 UL2)
Y@ = et e
Zero - Input j C Zero-state
R.H]n‘-\s#. Rgsr e with
'I'N'Ptr Functim
H@) = ——

-z
Basil Hamed 75
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Transfer Function

H[n'l 2 O-F&IH-IJ t+ ﬂ-s.ﬂ["'33 T “'D‘]

yiny ——2——5 YD
W —2 s U
05 yin-1) 2, 0.5 4L-1) + 0.52" Y(2)
05 yina) — peply the dilay rule twia |
05 yL21+ 052" A{yln-)

205yl-2] « 0.52"yL-3+ 05 7' @)
=05yt 052 Y-+ 052 1D

Basil Hamed
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Transfer Function

N

Y@= 05 ytt) + 0.5 2'Y(2) +
0.5 4[]+ 0.52" yl-3 + 0.5 27Y( +
U(Z)

Y@) = 0.5yt + 054(2] 4052 4]

| -05z" - 0527

S
/ - 0.527-p853" V)

[Zero Input Response

[Zero State Response }
Basil Hamed 77




ZT For Difference Egs.

N

Given a difference equation that models a D-T system we may
want to solve it:

-with IC’s ﬁ Apply ZT to the Difference Equation j
with1Cs-of ZerOﬁ Use the Transfer Function Approach j

Note...the ideas here are very much like what we did with
the Laplace Transform for CT systems.

We’ll consider the ZT/Difference Eq. approach first...

Basil Hamed 78




Solving a First-order Difference Equation using
the ZT

N

L

Given: vy[n]+av[n—1]=bx[n]

Solve for: y[n] forn=0.1.2....

IC = y[—1]

x[n] forn=0,1, 2, ...

Take ZT of differential equation: | Z{y[n]+ av[n — 1]} = Z{bx[n]}|~Use Linearity
of ZT

Z{y[nl}+aZ{y[n —1]}=bZ{x[n]}

Need Right-Shift Property...
but which one???
Because of the non-zero IC we need to use the non-causal form;

Z{y[n—1]}= =7 (2) + v[-1]
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A

Solving a First-order Difference Equation

Using these results gives;

using the ZT

Y(z)+ n[:_lf(:) + jr‘[—l]] =bX(2)

Which is an algebraic equation that can be solved for I1z):

Not the best form for doing

v(o="20,
1+ az

1

Inverse ZT... we want things
in terms of z not z-1

Y(2)= —fz1’[—'1]§_ i ﬁ+ -

On ZT Table

Multiply each term by z/z

If |a| < 1 this dies outas n T.
its an IC-driven transient

Part due to mput signal H(z)= —
modified by Transfer Function -1
If the ICs are zero.
this 1s all we have!!!
3J*

Ddsil AdIred




First Order System w/ Step Input

For x[n]=u[n] < X(z)=-

-1
Then using our general results we just derwed we get:

Y(:}:—t’{1’[—1]:+{ bz ](-: i

z+a z+a)\z-1)

For now assume that a = -1 so we don’t have a repeated root.

Then doing Partial Fraction Expansion we get (and we have to do the PFE by
hand because we don’t know «... but it 1s not that hard!!!)

T _ _ Now using
}r(__) — N ﬂ}[—l]_ + (aa_-ll%.l); + (ﬁ)" ZT Table
] Z+a Z4+a -1 we get:

° 1[3(—*-‘5?)“ +(1)"] n=0,12...

Input-Driven Output... 2 Terms:

IC-Driven Transient:
decays if system is stable 1% term decays (Transient)
2nd term persists (Steady State)
Basil Hamed 81




Solving a Second-order Difference Equation

using the ZT

N

L

The Given Difference Equation: |y[n]+a,yv[n—1]+a,y[n—2]=byx[n]+bx[n—1]

Assume that the mput is causal
Assume you are given ICs: v[-1] & [-2]
Find the system response y[n] forn=0,1,2, 3, ..
Take the ZT using the non-causal right-shift property:
Y () +a, (=Y () + y[-1])+ a, (77 (2) + =7 =1+ 5(-2])
= b X (2)+bz""X(2)

. nl 1[ 1] _n 1[ 1]:_1_ aﬂ[_z] - E;I:‘l

Y(z)= ——= + = X (= )
l+az +nj_ Ciltaz +a,z
" - FEAEEAFEA R A ERAE AR pan® \1 ................. _\;_ ................. SLFRIERRL SRR R RS
Due to IC’s... decays Due to input — will have
if system is stable H() transient part and

steady-state part
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Solving a Nth-order Difference Equation
using the ZT

p
N
; I, el Contains x[n]. x[n-1]....
vin]+ Z {T‘,-J‘[H - Z b x[n —1] If this system 1s causal. we won't
— =l =0 ~ have x[n+1]. x[n+2]. etc. here
/ k
A(z Vraz" T+ tay z+ay

B(z)=b,z" +bz""+...+ b, z"M

C(z) =depends on the IC's

Transforming gives:

Y(z)= e ) B(-) ( )/"——_"" Transient and steady
B A(= )E =_ A( ) state part due to input

Q H(z) — transfer function

Tramnsient part due to ICs
—— 83
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Example

System described by a difference equation

yInl=5y[nl1]+6 y[n2] =3 1]+ 5F[n2]
Y[-1] = 11/6, y[-2] = 37/36
fln] =2"u[n] find y[n]

16 - 84




Example

1Sl b et ] {2l i b e )
{1 i ;]YH [ 131]23—30.5+z(:0.5)

260 z T z 18( z
¥lz)- Iz Bz
15\2z-0.5) 3\z-2) 51z-3

_,v[nJ:F(o.sr-i(zrﬁ(sr Juw

15 3 5
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Example

Find the unit impulse response of the system
described by the following equation :

Vin+2]+2y[n+1]+ yn]=2xqn+ 2]-xn+1]

Solution:

g & 9 s o
[‘k)\-—-— M;_L _;—-—-'— - __:_____k,_f)‘_:——:)/—","
- s 4| (;})‘w
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N
\

Example

Basil Hamed
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Discrete-Time System Relationships

A
Y

Time Domain Z. / Freq Domain

Pole/Zero

|
[
I
[ .
I Diagram
I
[
[

Difference ZT I (Theory) Transfer ()= Boz" + by 2 -+ Bz + By

- . _n-1 -
Flmctlon _?! + I!TH_]_E +---+ 'ﬂl4 + ﬂl:l

Equation Inspect : (Practice)

M1+ Gk =11+ -+ app{k — (n = )] + agy [k — n] =
ba fTk]+ by fTk ~ 1]+ -+ by Tk — (n ~ 1]+ By fTk —n]

Tnit Circle

Frequency
Response

Impulse
Response

| HQ)=HE)|_n

h[K]
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Example System Relationships

Time Domain

: Z / Freq Domain

|
Difference ZT (Theory) _ Transfer
Equation Inspect (Pfactice) Function

Input-Output Form

yv(n)—oy(n—1) = fx(n)

Recursion Form

v(n)=px(n)+ay(n-—1)

Basil Hamed

b Y(o)l—az"'|= BX(2)

|
Yz _ p

H(z) =

X(z2) 1z

o |H = F

.—'_&
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Example System Relationships

N

[ U -[-
ZJ"’FI’E{] Domain Cl1]111
Im{z} 'ircle
-
Dhagram S5
K Re{z}
Roots

Transfer
. —
Function Zero
Num. =0

J5i [z A‘When z=10

Lmar - Pol
De; i 0 If o < 1: Inside UC
When z=u If ¢ = 1: Outside UC

Basil Hamed &




N

Example

A system with impulse response  Ji(n)=2(%)" u(n-1

produces an output y(n)=(-2)"u(n-1).

Determine the corresponding input x(n).
Solution

11
h[n] = 25(5)"‘111[11 —1]
y[n] = —2(=2)""u[n - 1]

Basil Hamed 91
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Solution

Hizl~ Z 253

Z"\/§
Yizrz 2= =22
2+ i
Z =22
Xiz1= Wizl (2] = X2 = Y‘f‘m‘- =y
1
7' a3
2%
= (2]l =« 3 2-%
bl E e ral e .5
A g S Z ) "‘2;‘).]
- Klw| = ...?I(_;_)"\ Uln| - \/} K“'}\h“‘u(hﬂ)}
o ] = 2 8[n] — = (~2)"
x[n| =-o[n]— - (—2)"u|n
Cut g0~ g Cbn]

Basil Hamed
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Example

Obtain the z transform of the curve shown in
Figure Assume T= 1 sec

x(r) A

Basil Hamed
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ﬂ Solution
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Example

N
\

Solve Mntil-hin+

with y[-1]

d gl Forwm 15

4 2=

=1, y[-2]=0,and x[n]=u[n].

Nl =3 2§ w-vy o 2N Cwedk | = % Ev\—}]

\ "}’2-\-3_]

§ ) - -
\\/\z\—>12“{\zm \}*3[? 1“2)*%11: g 2/\
2—r

?QEf\\
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Example

W . B ET L HEAY
? >
(2-4) (27-32 %)
Y12\~ /2/ &i? (2|
2~ 1 2¥ -3 2x)

Basil Hamed
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