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Introduction
Z-Transform does for DT systems what the Laplace

Transform does for CT systems

In this chapter we will:

-Define the ZT

-See its properties

-Use the ZT and its properties to analyze D-T systems
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Solve difference equations with

initial conditions
Solve zero-state systems 

using the transfer function

Z-T is used to



Introduction
In mathematics and signal processing, the Z-transform
converts a discrete-time signal, which is a sequence of
real or complex numbers, into a complex frequency-
domain representation.

It can be considered as a discrete-time equivalent of the
Laplace transform.

• The basic idea now known as the Z-transform was
known to Laplace, and it was re-introduced in 1947 by
W. Hurewicz.

• It was later dubbed "the z-transform" by Ragazzini and
Zadeh in the sampled-data control group at Columbia
University in 1952
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Introduction
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What is the use of Z transform?

The z-transform is useful for the manipulation of discrete
data sequences and has acquired a new significance in
the formulation and analysis of discrete-time systems. It
is used extensively today in the areas of applied
mathematics, digital signal processing, control theory,
population science, economics.



5.1 The Z-transform

We define X(z),the direct Z-transform of x[n],as

𝑋 𝑧 = σ𝑛=−∞
∞ 𝑥[𝑛]𝑧−𝑛

Where z is the complex variable.

𝑥 𝑛 =
1

2𝜋𝑗
ර𝑋[𝑧]𝑧𝑛−1𝑑𝑧

The unilateral z-Transform

𝑋 𝑧 = σ𝑛=0
∞ 𝑥[𝑛]𝑧−𝑛
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Z-Transform of Elementary Functions:

Example 5.2 P 499 find the Z-transform of

a) 𝛿 𝑛

b) U[n]

c) 𝑎𝑛𝑢[𝑛]

d) 𝑒−𝑎𝑡𝑢(𝑡)

Solution

a) x[n]= 𝛿 𝑛 ={1, 𝑛 = 0
0, 𝑛 ≠ 0

𝑋 𝑧 = σ𝑛=0
∞ 𝑥 𝑛 𝑍−𝑛 = 1𝑍0 + 0𝑍−1 + 0𝑍−2 + 0𝑍−3 +⋯ =1

𝛿 𝑛 1
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Z-Transform of Elementary Functions:

b) x[n]=u[n] ={1, 𝑛 ≥ 0
0, 𝑛 < 0

𝑋 𝑧 = ෍

𝑛=0

∞

𝑥 𝑛 𝑍−𝑛 = 1 + 𝑍−1 + 𝑍−2 + 𝑍−3 +⋯

We have from power series from Book P 48

1 + 𝑥 + 𝑥2 + 𝑥3 + 𝑥3+……..=
1

1−𝑥
𝑥 < 1

σ𝑛=0
∞ 𝑥𝑛 =

1

1−𝑥
𝑥 < 1

∴ 𝑋 𝑧 =
1

1−𝑍−1
𝑧−1 < 1 𝑋 𝑧 =

𝑧

𝑧−1
𝑧 > 1
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Z-Transform of Elementary Functions:

c) 𝑥 𝑛 = 𝑎𝑛𝑢[𝑛]
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Z-Transform of Elementary Functions:

d) x(t)= {𝑒−𝑎𝑡 𝑡 ≥ 0
0 𝑡 < 0

t         nT

X[n]=𝑒−𝑎𝑛𝑇 𝑛 = 0,1,2,…… .

𝑋 𝑧 = 𝑍 𝑒−𝑎𝑛𝑇 = ෍

𝑛=0

∞

𝑥[𝑛]𝑍−𝑛 = ෍

𝑛=0

∞

𝑒−𝑎𝑛𝑇𝑍−𝑛

= ෍

𝑛=0

∞

(𝑒−𝑎𝑇𝑍−1)𝑛 = 1 + 𝑒−𝑎𝑇𝑍−1 + 𝑒−2𝑎𝑇𝑍−2 +⋯

X[z]=
1

1−𝑒−𝑎𝑇𝑍−1
=

𝑍

𝑍−𝑒−𝑎𝑇
𝑍 > 𝑒−𝑎𝑇
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Z-Transform of Elementary Functions:

Example given   𝑥 𝑛 = {
[
1

2
]𝑛 𝑛 ≥ 0

0 𝑛 < 0

y 𝑛 = {
−[

1

2
]𝑛 𝑛 < 0

0 𝑛 ≥ 0

Find X(z) & Y(z)

Solution 𝑋 𝑧 = σ𝑛=0
∞ (

1

2
)𝑛𝑍−𝑛 = σ𝑛=0

∞ (
1

2
𝑍−1)𝑛

∴ 𝑋 𝑧 =
1

1 −
1
2
𝑍−1

=
𝑍

𝑍 −
1
2

𝑍 >
1

2
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Region of Convergence  
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Region of Convergence 
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Z-Transform of Elementary Functions:

Y 𝑧 = σ𝑛=−∞
−1 −(

1

2
)𝑛𝑍−𝑛 = -σ𝑛=−∞

−1 (
1

2
𝑍−1)𝑛

Let n=-m

Y 𝑧 = -σ−𝑚=−∞
−1 (

1

2
𝑍−1)−𝑚 = -σ𝑚=∞

1 (
1

2𝑍
)−𝑚

𝑌 𝑧

= ෍

𝑚=1

∞

(2𝑍)𝑚 = 1 − ෍

𝑚=0

∞

(2𝑍)𝑚 = 1 −
1

1 − 2𝑍
2𝑍 < 1

∴ 𝑌 𝑧 =
𝑍

𝑍−
1

2

𝑍 <
1

2

As seen in the example above, X(z) & Y(z) are identical, 
the only different is ROC
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Relationship between ZT & LT
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Relationship between ZT & LT
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Relationship between ZT & LT
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In the S-plane, the region of stability is the left half-plane.
If the transfer function, G(s), is transformed into a
sampled-data transfer function, G(z), the region of stability
on the z-plane can be evaluated from the definition,
Letting s = 𝛼 +jw, we obtain



ROC
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ROC
Example  given 𝑥 𝑛 = (

1

2
)𝑛𝑢 𝑛 + (

1

3
)𝑛𝑢 𝑛 Find X(z)

Solution

𝑋 𝑧 = σ𝑛=0
∞ (

1

2
)𝑛𝑍−𝑛 + σ𝑛=0

∞ (
1

3
)𝑛𝑍−𝑛

𝑋 𝑧 =
1

1−
1

2
𝑍−1

+
1

1−
1

3
𝑍−1

=
𝑍

𝑍−
1

2

+
𝑍

𝑍−
1

3

ROC     𝑍 >
1

2
, 𝑍 >

1

3

∴ 𝑍 > max
1

2
,
1

3
=

1

2
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Table of z-transforms 
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5.2 Some Properties of The Z-Transform

As seen in the Fourier & Laplace transform there are many
properties of the Z-transform will be quite useful in system
analysis and design.

If 𝑥1 𝑛 ↔ 𝑋1 𝑧 & 𝑥2[𝑛] ↔ 𝑋2[𝑧]

Then a𝑥1 𝑛 + 𝑏𝑥2[𝑛] ↔ 𝑎𝑋1[𝑧] + 𝑏𝑋2[𝑧]
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Example Find z-transform of
Solution:



5.2 Some Properties of The Z-Transform
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Right Shift of x[n]  (delay) if 𝑥 𝑛 ↔ 𝑋 𝑧

Then 𝑍 𝑥 𝑛 − 𝑛0 = 𝑍−𝑛0𝑋 𝑧 + 𝑋 −𝑛0 + 𝑍−1𝑋 −𝑛0 + 1 +⋯

…+𝑍−𝑛0+1𝑋[−1]
Note that if x[n]=0 for n=-1,-2,-3,…, −𝑛0 then 
Z{x[n−𝑛0]}=𝑍−𝑛0𝑋 𝑧

𝑥 𝑛 − 1 ↔ 𝑍−1𝑋 𝑧 + 𝑥[−1]
𝑥 𝑛 − 2 ↔ 𝑍−2𝑋 𝑧 + 𝑥 −2 + 𝑍−1𝑥[−1]



5.2 Some Properties of The Z-Transform

Left Shift in Time (Advanced)  

𝑥[𝑛 + 1]↔ 𝑍𝑋[𝑧] − 𝑥[0]𝑍

𝑥 𝑛 + 2 ↔ 𝑍2𝑋 𝑧 − 𝑥 0 𝑍2 − 𝑥 1 𝑍

:

:
𝑥 𝑛 + 𝑛0 ↔ 𝑍𝑛0𝑋 𝑧 − 𝑥 0 𝑍𝑛0 − 𝑥 1 𝑍𝑛0−1 −⋯− x[𝑛0 − 1]

Example given 𝑦 𝑛 −
1

2
𝑦 𝑛 − 1 = 𝛿 𝑛 , 𝑦 −1 = 3

Find y[n]

Basil Hamed 22



5.2 Some Properties of The Z-Transform

𝑌 𝑧 −
1

2
𝑍−1𝑌 𝑧 + 𝑦 −1 = 1

𝑌 𝑧 1 −
1

2
𝑍−1 = 1 +

3

2

∴ 𝑌 𝑧 =
Τ5 2

1−
1

2
𝑍−1

=
5

2
𝑍

𝑍−
1

2

𝑦 𝑛 = 𝑍−1{𝑌 𝑧 }
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5.2 Some Properties of The Z-Transform

Example Given   𝑦 𝑛 + 2 − 𝑦 𝑛 + 1 +
2

9
𝑦 𝑛 = 𝑥[𝑛]

For y[n], n≥ 0 𝑖𝑓 x[n]=u[n],  y[1]=1, y[0]=1

Solve the difference equation

Solution

[𝑍2𝑌 𝑧 − 𝑦 0 𝑍2 − 𝑦 1 𝑍] − [𝑍𝑌 𝑧 − 𝑦 0 𝑍] +
2

9
𝑌 𝑧

= 𝑋[𝑧]

𝑌 𝑧 𝑍2 − 𝑍 +
2

9
− 𝑍2 − 𝑍 + 𝑍 =

𝑍

𝑍−1

∴ 𝑌 𝑧 =
𝑍

𝑍−1
+𝑍2

𝑍2−𝑍+
2

9

take inverse z and find y[n]
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5.2 Some Properties of The Z-Transform

Example Find z-transform of

Solution:

Using shift theorem,

Using z-transform table
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5.2 Some Properties of The Z-Transform

if 𝑥 𝑛 ↔ 𝑋 𝑧 Then   𝑎𝑛𝑥[𝑛]↔ 𝑋[
𝑧

𝑎
]

Example given 𝑦 𝑛 = (𝑎𝑛 cosΩ0)𝑢[𝑛] Find Y[z] 

Solution  

From Z-Table 

𝑥 𝑛 = ( cosΩ0)𝑢 𝑛 → 𝑋 𝑧 =
𝑍(𝑍− cosΩ0)

𝑍2−2𝑍 cosΩ0+1

∴ 𝑌 𝑧 =
(𝑍/𝑎)(𝑍/𝑎− cosΩ0)

(𝑍/𝑎)2−2(𝑍/𝑎) cosΩ0+1

𝑌 𝑧 =
𝑍(𝑍− a cosΩ0)

𝑍2−2 𝑎 𝑍 cosΩ0+𝑎
2
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Frequency Scaling (Multiplication by 𝑎𝑛)



5.2 Some Properties of The Z-Transform

if 𝑥 𝑛 ↔ 𝑋 𝑧 Then   𝑍 𝑛𝑘𝑥 𝑛 = (−𝑍
𝑑

𝑑𝑧
)𝑘𝑋(𝑧)

Example; given    y[n]=n[n+1]u[n], find Y[z]

Solution y[n]=𝑛2𝑢 𝑛 + 𝑛𝑢[𝑛]

Z[n u[n]]= −𝑍
𝑑

𝑑𝑧
𝑍 𝑢 𝑛 = −𝑍

𝑑

𝑑𝑧

𝑍

𝑍−1
=

𝑍

(𝑍−1)2

And 𝑍 𝑛2𝑢 𝑛 = (−𝑍
𝑑

𝑑𝑧
)2 𝑍[𝑢 𝑛 ]

= −𝑍
𝑑

𝑑𝑧

𝑍

(𝑍−1)2
=

𝑍(𝑍+1)

(𝑍−1)3

𝑌 𝑧 =
𝑍(𝑍 + 1)

(𝑍 − 1)3
+

𝑍

(𝑍 − 1)2
=

2𝑍2

(𝑍 − 1)3
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Differentiation with Respect to Z



5.2 Some Properties of The Z-Transform

if 𝑥 𝑛 ↔ 𝑋 𝑧 Then    𝑥 0 = lim
𝑍→∞

𝑋(𝑧 )

Example  
𝑋(𝑧)

𝑍
=

𝑍3−
3

4
𝑍2+2𝑍−

5

4

(𝑍−1)(𝑍−
1

3
)(𝑍2−

1

2
𝑍+1)

find x(0)

Solution

𝑥 0 = lim
𝑍→∞

𝑋(𝑧 )

𝑥 0 = lim
𝑍→∞

𝑍4 −
3
4
𝑍3 + 2𝑍2 −

5
4
𝑍

𝑍4 −
11
6
𝑍3 + 2𝑍2 −

9
6
𝑍 +

1
3

= 1
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Initial Value Theorem



5.2 Some Properties of The Z-Transform

The initial value theorem is a convenient tool for checking
if the Z-transform of a given signal is in error.

Using Matlab software we can have x[n];

𝑥 𝑛 = 𝑢 𝑛 + (
1

3
)𝑛𝑢 𝑛 − (

1

2
)𝑛 cos(

𝜋

3
𝑛)

The initial value is x(0)=1, which agrees with the result
we have.

lim
𝑛→∞

𝑥 𝑛 = lim
𝑍→1

𝑍 − 1 𝑋 𝑧 = lim
𝑍→1

1 − 𝑍−1 𝑋 𝑧
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Final value Theorem



5.2 Some Properties of The Z-Transform

As in the continuous-time case, care must be exercised in
using the final value thm. For the existence of the limit; all
poles of the system must be inside the unit circle. (system
must be stable)

Example given 𝑋 𝑧 =
𝑍3−

3

4
𝑍2+2𝑍−

5

4

(𝑍−1)(𝑍−
1

3
)(𝑍2−

1

2
𝑍+1)

Find x(∞)

Solution x ∞ = lim
𝑍→1

1 − 𝑍−1 𝑋 𝑧 =
𝑍3−

3

4
𝑍2+2𝑍−

5

4

𝑍(𝑍−
1

3
)(𝑍2−

1

2
𝑍+1)

= 1

Example given x[n]=2𝑛𝑢 𝑛 Find x(∞)

Solution 𝑥 𝑧 =
𝑍

𝑍−2
The system is unstable because we

have one pole outside the unit circle so the system does
not have final value, Basil Hamed
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5.2 Some Properties of The Z-Transform

Example Find the Initial and Final value of x[n]
whose signal is given by

Solution the initial value of the signal by apply theorem
𝑥 0 = lim

𝑍→∞
𝑋 𝑧
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Final value of signal applying the theorem
x ∞ = lim

𝑍→1
1 − 𝑍−1 𝑋 𝑧



Stability of DT Systems

Basil Hamed 32

For the stability of the system function If the discrete
rational system is stable then

System is stable



Stability of DT Systems 
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Stability of DT Systems

Example
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5.2 Some Properties of The Z-Transform

Basil Hamed 35

Convolution

Y(z)= X(z)H(z)  
Example: given h[n]={1,2,0,-1,1} and   x[n]={1,3,-1,-2}
Find y[n]
Solution  y[n]= x[n] * h[n]              Y(z)=X(z)H(z)
𝑋 𝑧 = 1 + 3𝑍−1 − 𝑍−2 − 2𝑍−3

H 𝑧 = 1 + 2𝑍−1 + 0 − 𝑍−3 + 𝑍−4

𝑌 𝑧 = 1 + 5𝑍−1 + 5𝑍−2 − 5𝑍−3 − 6𝑍−4 + 4𝑍−5 + 𝑍−6 − 2𝑍−7

Y[n]={1,5,5,-5,-6,4,1,-2} 



5.2 Some Properties of The Z-Transform
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Example: (Final 2006) given    ℎ1 𝑛 = 𝑛 − 1 𝑢 𝑛 ,

ℎ2 𝑛 = 𝛿 𝑛 + 𝑛𝑢 𝑛 − 1 + 𝛿 𝑛 − 2 , ℎ3 = (
1

2
)𝑛𝑢 𝑛

Find the T. F of the System 



5.2 Some Properties of The Z-Transform

Solution: 𝐻 𝑧 =
𝑌(𝑧)

𝑋(𝑧)
= 𝐻3 𝑧 [𝐻2 𝑧 − 𝐻1 𝑧 ]

𝐻1 𝑧 =
𝑍

(𝑍−1)2
−

𝑍

𝑍−1
=

2𝑍−𝑍2

(𝑍−1)2

𝐻2 𝑧 = 1 + −𝑍
𝑑

𝑑𝑧
𝑍−1𝑢 𝑧 + 𝑍−2 =

𝑍4−𝑍3+2𝑍2+1

𝑍2(𝑍−1)2

𝐻3 𝑧 =
𝑍

𝑍−
1

2
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∴ 𝐻 𝑧 =
2𝑍3 + 𝑍2 + 𝑍 − 1

𝑍(𝑍 −
1
2
)(𝑍 − 1)



5.2 Some Properties of The Z-Transform

Example (Final 2007) Find the impulse response of the
system shown in the Figure below. Assume that

Solution
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5.2 Some Properties of The Z-Transform
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5.2 Some Properties of The Z-Transform

Example

Suppose that
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We wish to find y[n] by finding first Y(Z)
Solution

Y(z)=X(z)H(z)



5.2 Some Properties of The Z Transform

Example Let us find the convolution given by two signals

x1(n)={3,−2,2}           x2(n)={2, 0≤n≤4 and 0 elsewhere}

Solution 

Z-transformation of the first equation can be written as;

Z-transformation of the second signal can be written as;

So, the convolution of the above two signals is given by 

Basil Hamed 41

Taking the inverse Z-transformation
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The Inverse of Z-Transform

There are many methods for finding the inverse of Z-
transform; Three methods will be discussed in this class.

1. Direct Division Method (Power Series Method)

2. Inversion by Partial fraction Expansion

3. Inversion Integral Method
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The Inverse of Z-Transform
1. Direct Division Method (Power Series Method): 

The power series can be obtained by arranging the
numerator and denominator of X(z) in descending power
of Z then divide.

Example determine the inverse Z- transform :

𝑋 𝑧 =
𝑍

𝑍 − 0.1
𝑍 > 0.1

Solution 1 + 0.1𝑍−1+.12 𝑍−2 +⋯

Z-0.1   Z
Z-0.1

0.1

X(z)=1 + .1𝑍−1+.12 𝑍−2 +⋯ → 𝑥 𝑛 = (0.1)𝑛𝑢[𝑛]

Basil Hamed
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The Inverse of Z-Transform

Example   𝑋 𝑧 =
𝑍3−𝑍2−𝑍−

1

16

𝑍3−
3

4
𝑍2−

1

2
𝑍−

1

16

𝑍 >
1

2
find x[n]

Solution 1 +
1

4
𝑍−1 +

13

16
𝑍−2 +⋯

𝑍3 −
3

4
𝑍2 −

1

2
𝑍 −

1

16
𝑍3 − 𝑍2 − 𝑍 −

1

16

𝑍3 −
5

4
𝑍2 −

1

2
𝑍 −

1

16

X(0)=1, x(1)=1/4,   x(2)=13/16,…….

In this example, it is not easy to determine the general
expression for x[n]. As seen, the direct division method may be
carried out by hand calculations if only the first several terms of
the sequence are desired. In general the method does not yield a
closed form for x[n].
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The Inverse of Z-Transform
2. Inversion by Partial-fraction Expansion

T.F has to be rational function, to obtain the inverse Z
transform.

The use of partial fractions here is almost exactly the same as

for Laplace transforms……the only difference is that you first

divide by z before performing the partial fraction

expansion…then after expanding you multiply by z to get the

final expansion

Example  𝑋 𝑧 =
𝑍3−𝑍2−𝑍−

1

16

𝑍3−
3

4
𝑍2−

1

2
𝑍−

1

16

𝑍 >
1

2
find x[n]

Basil Hamed 47



The Inverse of Z-Transform

Solution:        
𝑋(𝑧)

𝑍
=

𝑍3−𝑍2−𝑍−
1

16

𝑍(𝑍3−
3

4
𝑍2−

1

2
𝑍−

1

16
)
=

𝑍3−𝑍2−𝑍−
1

16

𝑍(𝑍−
1

2
)2(𝑍−

1

4
)

𝑋(𝑧)

𝑍
=
𝐴

𝑍
+

𝐵

(𝑍 −
1
2
)2
+

𝐶

(𝑍 −
1
2
)
+

𝐷

𝑍 −
1
4

Using same method used in Laplace transform To find 

A,B,C,D         A=1,  B=5/2,  C=-9,   D=9

∴
𝑋(𝑧)

𝑍
=

1

𝑍
+

5

2

(𝑍−
1

2
)2
+

−9

(𝑍−
1

2
)
+

9

𝑍−
1

4

𝑋(𝑧) = 1 +
5

2
𝑍

(𝑍−
1

2
)2
+

−9𝑍

(𝑍−
1

2
)
+

9𝑍

𝑍−
1

4

𝑥 𝑛 = 𝛿 𝑛 + [5𝑛(
1

2
)𝑛 + 9(

1

4
)𝑛 − 9(

1

2
)𝑛𝑢 𝑛 ]Basil Hamed 48
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The Inverse of Z-Transform
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The Inverse of Z-Transform
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The Inverse of Z-Transform

Basil Hamed 55



The Inverse of Z-Transform
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The Inverse of Z-Transform
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The Inverse of Z-Transform
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The Inverse of Z-Transform

Example 5.3 P 501 given  𝑋 𝑧 =
2𝑍(3𝑍+17)

(𝑍−1)(𝑍2−6𝑍+25)

Find the inverse Z-Transform.

Solution:     
𝑋(𝑧)

𝑍
=

2(3𝑍+17)

(𝑍−1)(𝑍−3−𝑗3)(𝑍−3+𝑗4)

𝑋(𝑧)

𝑍
=

𝑘1
𝑍 − 1

+
𝑘2

𝑍 − 3 − 𝑗4
+

𝑘2
∗

𝑍 − 3 + 𝑗4

𝑋 𝑧 = 2
𝑍

𝑍 − 1
+
1.6𝑒−𝑗2.246𝑍

𝑍 − 3 − 𝑗4
+
1.6𝑒𝑗2.246𝑍

𝑍 − 3 + 𝑗4

From Table 5-1 (12-b)

𝑍−1
0.5𝑟𝑒𝑗𝜃 𝑍

𝑍 − 𝛾
+

0.5𝑟𝑒𝑗𝜃 𝑍

𝑍 − 𝛾∗
= 𝑟 𝛾 𝑛 cos 𝛽𝑛 + 𝜃 𝑢[𝑛]
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The Inverse of Z-Transform
𝛾 = 𝛾 𝑒𝑗𝛽 0.5r=1.6           r=3.2, 𝜃=-2.246  rad

𝛾=3+j4=5 𝑒𝑗0.927 𝛾 = 5, 𝛽 = 0.927

𝑥 𝑛 = [2 + 3.2 5)𝑛 cos 0.927𝑛 − 2.246 𝑢 𝑛

Example find y[n]

Basil Hamed
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The Inverse of Z-Transform

3. Inversion integral Method:

𝑥 𝑛 =
1

2𝜋𝑗
ර𝑋(𝑧)𝑍𝑛−1𝑑𝑧

𝑥 𝑛 = ෍
𝑎𝑡 𝑝𝑜𝑙𝑒𝑠

𝑜𝑓𝑋(𝑧)𝑍𝑛−1

[𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓 𝑋 𝑧 𝑍𝑛−1]

If the function X(z) 𝑍𝑛−1 has a simple pole at Z=a then the 
residue is evaluated  as 

𝑟𝑒𝑠𝑖𝑑𝑢𝑒 |𝑍=𝑎 = 𝑍 − 𝑎 𝑋(𝑧)𝑍𝑛−1|𝑍=𝑎
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The Inverse of Z-Transform

For a pole of order m at Z=a the residue is calculated using 
the following expression: 

𝑟𝑒𝑠𝑖𝑑𝑢𝑒 |𝑍=𝑎 =
1

(𝑚 − 1)!
𝑑𝑚−1

𝑑𝑧
[(𝑍 − 𝑎)𝑚𝑋 𝑧 𝑍𝑛−1]|𝑍=𝑎

Example Find x[n] for   𝑋 𝑧 =
𝑍

(𝑍−1)2

Solution: The only method to solve above function is by 
integral method.

𝑋 (𝑧)𝑍𝑛−1 has multiple poles at Z= 1
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The Inverse of Z-Transform

𝑋 𝑧 𝑍𝑛−1 =
𝑍

(𝑍 − 1)2
𝑍𝑛−1 =

𝑍𝑛

(𝑍 − 1)2

∴ 𝑥 𝑛 =
1

2 − 1 !

𝑑2−1

𝑑𝑧2−1
[(𝑍 − 1)2

𝑍

(𝑍 − 1)2
𝑍𝑛−1]|𝑍=1

𝑥 𝑛 =
𝑑

𝑑𝑧
𝑍𝑛 |𝑍=1 = 𝑛𝑍𝑛−1|𝑍=1 = 𝑛

Example Obtain the inverse Z transform of 

𝑋 𝑧 =
𝑍−2

(1 − 𝑍−1)3
𝑅𝑂𝐶 𝑍 > 1

Solution: 𝑋 𝑧 =
𝑍

(𝑍 −1)3

𝑋 𝑧 𝑍𝑛−1 =
𝑍

(𝑍 −1)3
𝑍𝑛−1 =

𝑍𝑛

(𝑍−1)3
Basil Hamed
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The Inverse of Z-Transform

𝑋 𝑧 𝑍𝑛−1 has a triple pole at Z=1 

𝑥 𝑛 = [𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓
𝑍𝑛

(𝑍−1)3
at triple pole Z=1] 

𝑥 𝑛 =
1

(3 − 1)!

𝑑2

𝑑𝑧2
[(𝑧 − 1)3

𝑍𝑛

(𝑍 − 1)3
]|𝑍=1

𝑥 𝑛 =
1

2
𝑛 𝑛 − 1 𝑍𝑛−2|𝑍=1 =

1

2
𝑛 𝑛 − 1 𝑛 = 0,1,2. .

Example Obtain the inverse Z transform of 

𝑋 𝑧 =
𝑍(𝑍 + 2)

(𝑍 − 1)2
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The Inverse of Z-Transform
By Partial Fraction:

𝑋(𝑧)

𝑧
=

𝑍 + 2

(𝑍 − 1)2
=

𝑘1
(𝑍 − 1)2

+
𝑘2

𝑍 − 1

𝑘1 = 3, 𝑘2 = 1 𝑋(𝑧) =
3𝑍

(𝑍−1)2
+

𝑍

𝑍− 1

𝑥 𝑛 = 3𝑛 + 1 𝑢[𝑛]

By Inversion Integral Method:

𝑋 𝑧 𝑍𝑛−1 =
(𝑍+2)𝑍𝑛

(𝑍−1)2
,    𝑋 𝑧 𝑍𝑛−1 has double poles at Z=1

𝑥 𝑛 = [𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓
(𝑍+2)𝑍𝑛

(𝑍−1)2
at double poles at Z=1]

∴ 𝑥 𝑛 =
1

(2−1)!

𝑑

𝑑𝑧
[ 𝑍 − 1)2

𝑍+2 𝑍𝑛

(𝑍−1)2
|𝑍=1 =

𝑑

𝑑𝑧
[ 𝑍 + 2 𝑍𝑛]|𝑍=1

𝑥 𝑛 = 3𝑛 + 1 𝑛 = 0,1,2,… Basil Hamed
65



Example

Obtain the inverse z transform of

Solution:
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Example
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Example
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Example
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Example
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X[k]= {
0 𝑘 = 0,1,2,3

𝑘 − 3 𝑘 = 4,5,6,…… .



The Inverse of Z-Transform
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Example Find 𝑍−1[X(z)], where



The Inverse of Z-Transform

Basil Hamed
72



The Inverse of Z-Transform
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Steps
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Transfer Function
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Transfer Function

Basil Hamed 76



Transfer Function
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Zero State Response
Zero Input Response



ZT For Difference Eqs. 

Given a difference equation that models a D-T system we may 

want to solve it:

-with IC’s 

-with IC’s of zero 

Note…the ideas here are very much like what we did with 

the Laplace Transform for CT systems.

We’ll consider the ZT/Difference Eq. approach first…
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Solving a First-order Difference Equation using 

the ZT
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Solving a First-order Difference Equation 

using the ZT
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First Order System w/ Step Input
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Solving a Second-order Difference Equation 
using the ZT
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Solving a Nth-order Difference Equation 
using the ZT 

Basil Hamed 83



16 - 84

Example

System described by a difference equation

y [n] – 5y [n-1] + 6 y [n-2] = 3 f [n-1] + 5f [n-2]

Y [-1] = 11/6,  y [-2] = 37/36

f [n] = 2-n u [n]  find y[n]



Example
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Example

Find the unit impulse response of the system
described by the following equation :

Solution:
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Example
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Discrete-Time System Relationships
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Example System Relationships
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Example System Relationships
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Example

A system with impulse response 

produces an output 

Determine the corresponding input x(n).

Solution

𝒉 𝒏 = 𝟐
𝟏

𝟑
(
𝟏

𝟑
)𝒏−𝟏𝒖[𝒏 − 𝟏]

𝒚 𝒏 = −𝟐(−𝟐)𝒏−𝟏𝒖[𝒏 − 𝟏]
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Solution

Basil Hamed 92

𝒙 𝒏 =
𝟏

𝟐
𝜹 𝒏 −

𝟕

𝟐
(−𝟐)𝒏𝒖[𝒏]



Example

Obtain the z transform of the curve shown in 
Figure  Assume T= 1 sec
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Solution

Basil Hamed 94



Example
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Solve 

with y[-1]=1, y[-2]=0,and x[n]=u[n].



Example
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