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Signal & Linear system

Chapter 7 CT Signal Analysis :
Fourier Transform
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Time Domain vs. Frequency Domain

N

Fourier Analysis (Series or Transform) is, in fact, a way
of determining a given signal's frequency content, I.e.
move from time-domain to frequency domain.

It iIs always possible to move back from the frequency-
domain to time-domain, by either summing the terms of
the Fourier Series or by Inverse Fourier Transform.

Given a signal x(t) In time-domain, its Fourier
coefficients (a,) or its Fourier Transform (X(w)) are
called as its “frequency (or line) spectrum”.
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/.1 Aperiodic Sighal Representation by
Fourier Integral

N

L
Recall: Fourier Series represents a periodic sighal as a sum
of sinusoids

] - : Jkeyt
or complex sinusoids €

Q: Can we modify the FS idea to handle non-periodic signals?

: 1
A: Yesl!! Yes...this will work for any

| = |
How about: |x(7) = ELC X(@)e’"dw| practical non-periodic signal!!
$ "

|
Called the “Fourier Plays the \ Plays the role of

Integral™ also. more Tkt
: : e
commonly. called the role of C;
“Inverse Fourier
Transform™

Integral replaces sum because it can “add up
over the continuum of frequencies™!
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/.1 Aperiodic Sighal Representation by
Fourier Integral

N
\

The forward and inverse Fourier Transform are defined
for aperiodic signal as:

X =Fx(0] =[x
/ \ ) =F ' [X(0)] = 2i / X (@) de
| 'l.—_} e
Fourier series is used for periodic signals

X7, (1) = Z D, e/
\ /\ Tuf"
‘. jmunfﬂrl,

xy = 'ﬁ
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/.1 Aperiodic Sighal Representation by
Fourier Integral

Fourier Series: Used for periodic signals

Fourier Transform: Used for non-periodic signals (although we
will see later that it can also be used for periodic signals)

If X(w) Is the Fourier transform of x(t)...then we can write this

In several wavs:
1. x(1) e X(o)

2. X(w)=§ {x(r)} = J{ } 15 an “operator” that operates on x(¢) to give X o)

3.x(1)=8 {X (() ); = F1{} isan “operator” that operates on X{ ) to give x(r)
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/.1 Aperiodic Signal Representation by

N

Fourier Integral

Fourier Transform Viewpoint

YView FT as a transformation into a new “domain™

X () = _[x{s}e—f'“” it

Time et Fregquency
Dr;mﬂf}f/-\ Dorain

X 1) X))

\/

1 e MNew Model
x(1) = — ‘j(’(f'r})(_‘:""ffﬂfr_’.i’rf'fj for Signal
2
—_—

x(f) is the “time domain™ description of the signal
X(w) is the “frequency domain™ description of the signal

Convergence (Existence) of Fourier transform; a function f(t)  has

a Fourier transform if the integral converges ffoool fHldt < oo

6
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/7.2 Transform of Some Useful functions

b
Y

"Fourier Transform of unit impulse 0(t)
Using the sampling property of the impulse, we get:

fp+&

[ (8t —1ty)dt=f(1,) Ve>0

fg—¢&

Fl5()] = / (e 'dt = 1 8(t) &1
4 x(r) = 8(1) X(w) = 1
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/7.2 Transform of Some Useful functions

N

‘Inverse Fourier Transform of O(w)
Using the sampling property of the impulse, we get:

| ; |
—1 _ jowl —
F'éw)] = 7 /.1 d(w)e’"dw o

1

27 = o(w) —> | & 2md(w)

xr) =1 X{w) = 2mé(w)
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7.2 Transform of Some Useful functions

Fourier Transform Table
xr) X|T) X
5t 1 1
1 4i(F) el G,
St —t) g T g it
R S —15] 2w — &g ]
Cos( 2,0} %:JI:F—F:-HJI:H?.:]] x[Flae—my) + 5w +ag 1]
LTS A E_L[JI:F_?"]_JI:F 5] — =[Sl —mg ) — Far+ao )
rect{t) sincir) i
EHGLE
sincit) recif) ——a
=)
Al sinc(r) =
Elm.-‘l_znj
Elnc=ir) AT A
;'LlLEI:I
e @ >0 1 1
&+ | 2=1 =+ far
N, =0 1 1
(@+j2=r)* [@+ jaol®
g= Bl =0 2= or
(” +(2xr)* ™ +{as)™
E—.'.I': E—r.-r: _—
sgn) N z
=t e
&nr) 1 1 Ll
2'§U]+;w :.5{.:*:.+JI£
a 12=r Jao
)
= 1 = 4, A’ 1 2xn
B S(t-nTy) T 2 .ﬁLr—?uJ T b 5[.:-— T;.]




Time Domain

Frequency Domain

2t) = F ' {X(u)}

X(w) = F («(t)

X{jw) = f o(t)e ™ dt

30

z(t) = %ﬁmf{wjej‘“!du

2

2 1 Ib{w)
2 05+ u(t i

4 4(t) 1

5 Sit—e) e

5 ult) mh{w) + =

7 e ult) (b 0) ﬁ

] Co8 iyt | {w + wp) =+ Sw = wo)]

g cos{uyt + ) w (e ®8{w + wp) + e — wp)|
10 sinwyt o bl + o) = 8 — )]

1 sinfuwyt + 0) i e 8w+ wn) — " 6(w - w)]
12 rect (1-“’_) E)




/.2 Transform of Some Useful functions

b
Y

"Fourier Transform of X(t) = rect(t/T)

Evaluation: = £
X(w) = [ rect (1—_) e ' dt

(P}

o T r—
3

Jl4

Since rect(t/T) = 1 for -1/2 < t < 7/2 and 0 otherwise

ot T
JE 1 2 sin (?) s (T) i
X[m] — f E_def — _‘_{E—jmr,"z — glwtl 3} — S, S S rsinc(—)
~t/2 jo @ (aj) 2
! ) wT 2
T'E':t(_) — T Elﬂc(_)
T 2

' (1) X{w) y

1

=
b =
-

i

l

|

|
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7.2 Transform of Some Useful functions

b
Y

L

The sinc function is the Fourier transform of the
rectangular function. It is used in the concept of
reconstructing a continuous bandlimited signal
from uniformly spaced samples of that signal.

1 for 2 =10
sinc(x) = { ,%E otherwise, -
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7.2 Transform of Some Useful functions

" Example: Given a signal x(t) = e~?tu(t) find X(w) if b> 0
Solution: First see what x(t) looks like:

I x(1)
b controls decay rate
t

\‘
The u(f) part forces this to zero

Now...apply the definition of the Fourier transform. Recall the
general form:

X(w) = foox(t)e‘f“’tdt
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/.2 Transform of Some Useful functions

A
Y

" Now plug in for our signal:

oo

X(o)=[" Mu(e I = |
Y —

integrand = 0 for 7 <0 Set lower limit to 0
due to the u(7) and then u(f) = 1 over

integration range

—bre—jaﬁdr _ J'ﬂ e—(b+jm)r£:1r

e
—

I=aoo
_ —1 o (Brio) _ —1 [g—(b+}a}}m _e—{b+jm){}]
b+ jo ., bt+jo
1 | e —iow —1 1
= e el | = 0—1| —
b+jo| =% T TJjo b+ jow
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/.2 Transform of Some Useful functions

b
Y

‘Inverse Fourier Transform of (W - wo)
Using the sampling property of the impulse, we get:

| | L o
Flbo-o=5 [ So-aedo =3¢

Spectrum of an everlasting exponential e/®ot is a single

impulse at w=wo. 1
— ¢/ = §(w — )
2

or

¢ = 21b(0 - wy)

and

¢ = Db+ wy)
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/.2 Transform of Some Useful functions

b
Y

L
Fourier Transform of everlasting sinusoid cos wot

Remember Euler formula:  cos axt = 3(/*" +¢7/*)

Use results from previous slide, we get:

c08 ayf <= 1[8(w+ wp) + (@ = wy)]
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/.2 Transform of Some Useful functions

C/Ex. Find Fourier Transform of shown Fig. sgn(t) | 1
(1 t>0
Solution: snft)ed o0 1
-1 t<0
son(t) =u(t)-u(-t)= im e ult)-e*u(-t)
Fison(t)) = Iirrg[F e *u(t)|- Fle*u(-t)]
a—
_ Jim 1- + 1- _ lim —221602 :.i
a_>0_a-|- Jo a-— Jo | a—>0_a + o | Ja)
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/7.2 Transform of Some Useful functions

Find Fourier transform Unit Step
u(t)
u(t)= 1 >0 |
O-—r2-<0 : t
Solution:

u(t) = % + % Sgn(t) take Fourier transform
Fu®) = F 5} +F {5 Son®} = ;(2n8() +3( )

Ulw) = d(w) + i
jw
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7.3 Fourier Transform Properties

N

As we have seen, finding the FT can be tedious(it can even be
difficult)

But...there are certain properties that can often make things
easier.

Also, these properties can sometimes be the key to
understanding how the FT can be used in a given application.

So...even though these results may at first seem like “just boring
math” they are important tools that let signal processing
engineers understand how to build things like cell phones,
radars, mp3 processing, etc.
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7.3 Fourier Transform Properties

N

L

[Linearity}
f  yeXe o xit)e o)
Then () + an ) < aXi(©) +aX )

Example Application of “Linearity of FT”:
Suppose we need to find the FT of the following signal...

24 .T(f)

1]
A

-2-1+12

Basil Hamed 20




7.3 Fourier Transform Properties

Solution:

Finding this using straight-forward application of the definition of
FT is not difficult but it is tedious:

1
— jox — jet — jox
Sh()= [ e i+ 2] e [
So...we look for short-cuts:

*One way Is to recognize that each of these integrals is basically
the same

«Another way is to break x(t) down into a sum of signals on our
table!!!

Basil Hamed 21



7.3 Fourier Transform Properties

N

L

Break a complicated signal down into simple signals before
finding FT:

/ “Ps,(f) \ \1
1 24 .T'l:f:l
_ F Add 1
-2 2 \ to get T ;
tp, (1) ) \ 2
1
) F
.t
Mathematically we write: x(f) = p,(f)+ p,(f) ==p X(0)=F,(0)+P (o)
From FT Table we have a known X(w) = 4511“{@] 1 2sinc EJ
result for the FT of a pulse, so... T T
Basil Hamed
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7.3 Fourier Transform Properties

Duality
If . x(t) &= X(w) then X(t) & nx(-0)

Proof: From definition of inverse FT (previous slide), we get

1 > .
3(1) = —/ X(u)e’"" du
27T J_
i

Hence
2nx(—t) = / Xu)e " du
Change t to w yield, and use definition of FT, we get:

2nx(—w) & X(t)

Basil Hamed 23
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7.3 Fourier Transform Properties

L

X () = | ~x(e)e/dr

f\‘

x () X ()
— I

! jm X (e’ deo

2 Y=

Duality

x(r) =

Suppose we have a FT table that a FT Pair A...we can get the dual
Pair B using the general Duality Property:

1.Take the FT side of (known) Pair A and replace o by t and move it to
the time-domain side of the table of the (unknown) Pair B.

2.Take the time-domain side of the (known) Pair A and replace t by —,
multiply by 2rn, and then move it to the FT side of the table of the

(unknown) Pair B.
Basil Hamed 24




7.3 Fourier Transform Properties

N

Pair A

Pair B

-

p.(O)[—

"'\.HI

. o7 )
rsinc | —
27 )

e
Step 1 Step 2
S

4

T SINC

Tl
T

™

/

—2mp (@)

Basil Hamed
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7.3 Fourier Transform Properties

N

"Example: Find Fourier transform of t sinc(t t / 2)
Solution: we have from FT Table;

rect(t/t) <> ztsinc(ot/2)
X(t)

xir)

Changew® ——t

Basil Hamed 26
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7.3 Fourier Transform Properties

T — r—l—
dar ir ir 4 P —= - 0 I w-—=
T T 2

) T! - w
T SInC (—) & 2m rect (—) = 2n rcct(—)l
2 T r

#W

X mx(~w)

rect(—x) = rect(x) because rect is even function

Xiw)
x(1) i

ey B

Basil Hamed
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/.3 FO

N

urier Transform Properties

Duality Property

% (ju)

2T,

! J L

-—F Ty T4
=T Ty G

Ka(t) X X (o)
_m v -—F
W W

w W @

Basil Hamed
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7.3 Fourier Transform Properties

Time-Shifting

it x(f) &= X(o)
x(t-1) = X (w)e™/ ™

Similarly

x(t)e/ @t «<— X(w — wy)

Freq Shift

Ex. Find F {x(t+1)} given X(w)=rect [(w-1)/2]

Solution: F{x(t+1}=e/®X(w) = e/® rect (wz—l)

Then

Basil Hamed




7.3 Fourier Transform Properties

N

TTime Scaling}
It X() &= X(w)

1 @
then for any real constant a, x(at) & I_HTX (E)

Ex. Find F{a rect (a E)}

T

Solution: From FT Table F { rect (E)} = 7 Sinc =—

T 2TC
w
t a ot , WwT
F{a rect (a —)} = —1Sinc=— =1Sinc —
T || 2T 2T
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7.3 Fourier Transform Properties

N

"Ex. Find F[x(-2t +4)] given X(w)=rect [(w-1)/2]

Solution: F[x(-2t +4)] = F[x(-2(t -2)]

1 W . p~J2w W+ 2
=== G 74 () S W SO NV t
( )e y rect (—

)
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7.3 Fourier Transform Properties

N

%

[Differentiation:}

if  x(t) &= X(w) Then — <> jw X(w)

TE e (jo)" X ()

Ex. Find F {dx(t)/dt}  given X(w)=rect [(w-1)/2]

Solution:
F{ dx(t)/dt}= Jw X(w) = jw rect[(w-1)/2]
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7.3 Fourier Transform Properties

N

L7

Multiplication by a Power of t

If x(t) = X(w) Then t"

n: Positive Integer
Ex. Find F{ t x(t)} given X(w)=rect [(w-1)/2]
Solution:

F{t x(t)}=jd/dw X(w)

X(w)=U(w)- U(w-2) 1

X(w)

F{tx(0)}=j[6(w) — 6(w = 2)] 2

Basil Hamed
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7.3 Fourier Transform Properties

N

Convolution

If xe=Xwe ad xit)e o)

Then (1) #1(f) & Xiw)Xy(e) - (time comvoluton)|

x(Hx(t) & 2I X, (w)* Xy(w) (frequency convolution)

Let H(w) be the Fourier transform of the unit impulse response h(t)
h(t) > H(w) x(7) ¥(7)

— W)

Applying the time-convolution property to y(t)=x(t) * h(t), we get:
Y(w)= X(w) H(w)

Basil Hamed 34
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7.3 Fourier Transform Properties

i

Convolution

1 X(o)*Y (o) = 1

XAV Y(o—A)dA
= Mf; (DY (- A)

x(H)y(t) <

This is the “dual” of the convolution property!!!

“Convolution in the gives “Multiplication in the
Time-Domain™ Frequency-Domain™

“Multiplication in gives “Convolution in the
the Time-Domain™ Frequency-Domain™

pasli Hamea 35




7.3 Fourier Transform Properties

N
\

Ex. Given h(t) =e u(t) x(t) = e Ptu(t) a>0
Find y(t) NG ¥(7)

1(0| —

Solution:

y(t)= x(t) * h(t) using FT Y(w)= X(w) H(w)
From FT Table

X(w)=1/a+jw ; H(w)=1/b+jw

Y(w)= X(w) H(w)= (1/a+jw) (1/b+jw)=—

1 1

V() = B2t 2 ey y(6) = 5[ — e u(t)

a+jw b+]w

ko
a+]w b+jw
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7.3 Fourie

N
\

Modulation:

If X(t) «=— X(w)
m(t) «— M(w)

r Transform Properties
D }E' Y ¥(O=m(t) x(t
m(t)

Then x(t) m(t) <—>% [X(w) * M(w)]
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/.7 Application of The Fourier Transform

b
Y

L

Fourier transform, are tools that find extensive
application in communication systems, signal processing,
control systems, and many other varieties of engineering
areas (such as):

Circuit Analysis
Amplitude Modulation
Sampling Theorem
Frequency multiplexing
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/.7 Application of The Fourier Transform

A
Y

Circuit Analysis by using FT

| 20
WA
Ex Find i(t) given v(t) = 10e tu(t) v f'/D
Solution:

Transform the ckt to FT.

V(w)
= = +
V() ==, 1) =52 Z=2+jw
10 e -
I(a)) _ 1+jo _ k4 n ko _ —-10 n 10 '™ T
2+jw 2+ja) 1+jw 2+jw 1+jw

i(t) = [-10e72%t + 10e~tJu(t)
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/.7 Application of The Fourier Transform

uAmpIitude Modulation (AM):

The goal of all communication system is to convey
information from one point to another.

Prior to sending the information through the
transmission channel the signal is converted to a useful
form through what is known modulation.

Reasons for employing this type of conversion:
1. To transmit information efficiently.

2. To overcome hardware limitations.

3. To reduce noise and interference.
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/.7 Application of The Fourier Transform

A
Y

L

Essence of Amplitude Modulation (AM)

For a transmission environment that only works at
certain frequencies, people shift the input signal by
multiplying them with either a complex exponential or
by a sinusoidal signal.

Multiplication done at the input end is called
“modulation”.

Multiplication done at the output end is called
“demodulation”.
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AM and FM Radio Frequencies

carrier frequencies are In the frequency range 535-
1605 kHz. Carrier frequencies of 540 to 1600 kHz are assigned
at 10 kHz intervals.

band is from 88 to 108 MHz between VHF television
Channels 6 and 7. The FM stations are assigned center
frequencies at 200 kHz separation starting at 88.1 MHz, for a
maximum of 100 stations. These FM stations have a 75 kHz
maximum deviation from the center frequency, which leaves 25
KHz upper and lower "gaurd bands" to minimize interaction
with the adjacent frequency band.

Basil Hamed 42
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N

AM and FM Radio Frequencies

10 kHz bandwidth from 200 kHz bandwidth from
540-1600 kHz for 88.1-108.1 MHz for
106 possible bands 100 possible bands

ALY

\

© =@
o = .2 M~ E
iS) o o|T o | ©
S = Emm Em =
T 5e u_En: |.:_E 2
= c O Sl= © | O
g n» S S8 =6 |5
| | | | | | |
6 7 8 9
10 10 10 10

Frequency in Hz

Basil Hamed
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N

AM and FM Radio Frequencies

UL P
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/.7 Application of The Fourier Transform
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/.7 Application of The Fourier Transform
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/.7 Application of The Fourier Transform

b
N>%

Example: Modulation and Demodulation
in Signal Processing

e Joc! Ideal lowpass e !
filter
H(jw)
(1) y(t) 1 wit) (0
v(t)y=e'""x(t) f(t)y=e """ w(t)
Y(jo)=X(j(w—-m.)) F(jo)=W(j(w+a®.))
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/.7 Application of The Fourier Transform

A
Y

L

Ex. 7.15 P 710
Find and sketch the Fourier transform of the signal
Where x(t) cos10t X(t) = rect(t/ 4).

X(f) X(f)cos @ !
>
(Modulating Signal) (Modulated Signal)

cos @, f
(Carrier)
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/.7 Application of The Fourier Transform

X i *
WAMAN . — |7 T
TAVATATATA -

| !
pnnW
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/.7 Application of The Fourier Transform

A
Y

L

The output of the multiplier is:
y(t)= x(t) Cos 10 t

X(t) Cos 10t <> — X(w) * m[6(w — wy) + 6(w + wy)]

Y(w) = % X(w) * [6(w = 10) + 8(w + 10)]

The above process of shifting the spectrum of the signal by
(wo=10) is necessary because low- freq information signals
cannot be propagated easily by radio waves. JZ(t)

X(tHﬁ\/lodulation} —sy(b) ...... y(t)——Demodulation—! filter |>X(t)

e Demodulation shifts back the message spectrum to its original
low frequency location. Demodulation is modulation followed by
lowpass filtering 52! famed 20



/.7 Application of The Fourier Transform

““Now we describe one technique for demodulation AM
signal known as coherent demodulation.

z(t)= y(t) Cos wyt
Z(w)= ;[¥(0 =) +Y(@+wo)] =5 [X(@ — wo ~ wo)
+ X(w — wy + wy)] +%[X(a) + wo + wg)

Z(w) =%X(a)—20) + %X(a)) +%X(a) + 20)

NI N

Il T T UH E-U'"' --'.'\_.r_-_'.,_,.r‘-'w_,_

220 A L 20
, (/[Low-Pass Filter}

W W = 51
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/.7 Application of The Fourier Transform

N

% x(t)cos(at) < %[X(m—mo) +X(o+ z:r)o)]

Visualizing the Result
X ()
/‘\ @

Shitt Down Shift Up
v Fi{x(r)cos(m,r)} v

1

Shiftup  Shift down

Interesting... This tells us how to move a signal’s spectrum up to higher frequencies
without changing the shape of the spectrum!!! What is that good for??? Well...

only high frequencies will radiate from an antenna and propagate as electromagnetic
waves and then induce a signal in a receiving antenna.... y
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/.7 Application of The Fourier Transform

/
(N

Application of Modulation Property to Radio Communication

FT theory tells us what we need to do to make a simple radio system...
then electronics can be built to perform the operations that the FT theory:

Ty

Sound and Transmitter antenna % ]
nu'cl;:-plmne _,_.HQQF.‘.I.‘?IQI_ Y AM Radio: around 1 MHz
MOH FM Radio: around 100 MHz Cell
.>E amp : mulnply = amp =
T et r)' Phones: around 900 MHz,
F oo around 1.8 GHz, around 1.9 GHz

i * — 1 ,

! P (;ﬂ) ] [ §{x(r)cos(amy)}
of N[
* | | |

FT of Message Signal
Basil Hamed 53



/.7 Application of The Fourier Transform

N

5 Receiver _De-Modulator Speaker
%‘ﬁ Amp & | L SlAmp & 4_|:|j

Filter Filter
Signals from Other
Transmitters

=l multiply

fcos alflor}

oscillator

y e e o r—Sig:uals from the:-'j

i Transmuitters

i

The “Filter” removes the Other signals
(We’ll learn about filters later)
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/.7 Application of The Fourier Transform

A
Y

%
Receiver
Y‘ .De-Modulator Speaker
Amp & |, ;] Am &
P =l multiply [ P
Filter |: T\Elltrﬂ
5 fcos mﬂf)
— — i Dscﬂlamr
Extra Stuff we don’t wanﬂ :
[ — s

The ‘Filter” removes the Exfra Smff

|
I
— @,

— 2w

0
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/.7 Application of The Fourier Transform

A
Y

Sampling Process

x(t) x[n y[n t)
(—"A-to-D (] * COMPUTER ynl * D-fo-A y—("

» Use A-to-D converters to turn x(t) into numbers x[n]
« Take a sample every sampling period Ts—uniform sampling

(1) [n] s =2 kHz
X[n] - X(nTS) - C-to-D — ampled Signal |]fr;j oo 271 00T, ). with T, = 0.0005
Contimonss Waveform: x(r) = cont21000) - :_ .I] l " Ih | 1 H “hl I lﬂ”
| v < H[lll e
, . | ; Sample H: - xln] = IHH oo 2 LI[I'lﬂw'i',r.mllnf:-iHIl:
0005 0 h:;:ltlriu 0.01 0.015 002 :'%; l1I [...\.‘t‘. l J ‘!I{-‘ ‘,—]'-..\r"“.“-‘L J .;'f‘,-.-T-.‘__‘h-\ I ld;rr'{_,.-]
= 100Hz R
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/.7 Application of The Fourier Transform

) Sampling Theorem

« Many signals originate as continuous-time signals, e.g.
conventional music or voice

« By sampling a continuous-time signal at isolated, equally-
spaced points In time, we obtain a sequence of numbers

S(k)=S(kTys)
ne{., -2,-1012,...}

T is the sampling period. ‘fﬂT H\T\ 4
R

Smmpfed (f) T S(f) i 5(3 L ]; )

~—

sampfed (f )

s(9)

impulse train
Sampled analog waveform

Basil Hamed >/




/.7 Application of The Fourier Transform

The Sampling Theorem A/D
ST () (1) - y(0) = X(OR0
x(t) n >< +III]T] ‘
S
Samsler P(t)
Impulse modulation
mode

x(t)

P(t) = 2 5(t — nT)

SERREE
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/.7 Application of The Fourier Transform

W

. - | t
P(t) — 2 5(t — TLT) rr(f) Impulse Tmm
|

n=—oo —ET —T

A
Y

L

T zr 31" "+

x, (1) = x() p(t) 7]

2T

X(D=x(Dor(D -
2T T l
T

-
T t

Because of the sampling property:

n=oo

%o (£) = x(D)P(t) = Z x(0)8(t — nT)

n=—oo
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/.7 Application of The Fourier Transform

A
Y

Shannon Sampling Theorem: A continuous-time signal x(t

N

can be uniquely reconstructed from its samples x.(t) with two
conditions:

X(t) must be band-limited with a maximum frequency g
Sampling frequency o, of x,(t) must be greater than 2wg,

l.e. 0 >20p.
The second condition is also known as Nyquist Criterion.

o, Is referred as Nyquist Frequency, i.e. the smallest
possible sampling frequency in order to recover the original
analog signal from its samples.

So, in order to reconstruct an analog signal,:
+ The first condition tells that x(t) must not be changing fast.

+ The second condition tells that we need to sample fast enough.
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/.7 Application of The Fourier Transform

A
Y

L

Generalized Sampling Theorem
« Sampling rate must be greater than twice the bandwidth

- Bandwidth is defined as non-zero extent of spectrum of
continuous-time signal in positive frequencies

« For lowpass signal with maximum frequency 7.,
bandwidth is 7,

« For a bandpass signal with frequency content on the
interval [4, 5], bandwidth is £, - £

Basil Hamed 61




/.7 Application of The Fourier Transform

/
N>%

Consider a bandlimited signal x(t) and is spectrum X(w):

Xiaw)
1]
‘
— — 3B 298 —

I \-/ ] .B' JiHz) —=
*

X
Ideal sampling = multiply x(t) with impulse train

w_ 8, (1)

LD e oA 11

=-2w =-w, 0 w, 2w, -

Therefore the sampled signal has a spectrum

- = sdKa
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/.7 Application of The Fourier Transform

A
Y

%
ADC ___ . pmeeaa RAC .
Hold = M
+ — “Hold e CTLPF
|
: Sample at — | : Gen | 3
\I--L-??-T---------I I -------------
b W)
AN
Wq = Z(UB pX(w) = L > X (W kwy)
i i .«iﬁT:ﬂ I k=—ao
2F, T, 7. B)

T4t H{‘F‘i‘j
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/.7 Application of The Fourier Transform
_67_

| _ I
I x[n] =x(nT) ! mmpulse I I
] o ‘ - CT LP:F
| Gen |-

1 I xX(1)
1 I

B | B
X (W)
uM_
w, 2V,

aliasing

JE'(W‘) -
IJ[\—I Called “aliasing”™ error

To enable error-free reconstruction, a signal bandlimited to wg
Hz must be sampled fagigrthan 2 og samples/sec 64




/.7 Application of The Fourier Transform

A
Y

L

“Aliasing”Analysis: What if the signal is NOT BANDLIMITED??

|
o CTLPE 71—

ﬂ For Non-BL Signal Aliasing always happens regardless of @, value T
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/.7 Application of The Fourier Transform

A
Y

JPracticaI Sampling: Use of Anti-Aliasing Filter

In practice it is important to avoid excessive aliasing. So we use a
CT lowpass BEFORE the ADC!!!

\ “ADC”

Anti-Aliasing Sample & “Burn™ bits

.l._\' f,/' I
By B Amp e . .

) LPF Digit ! i into CD
Microphone CT CT 12111Z7€ ’—l

Signal Signal Discrete-Time °

Signal

_________

: .
-20 kHz 20 kHz f
+ H_(f)... AAFilter
20 kH=z
i | i
79 - -
22 kH:z X () 20 kHz f

6
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.~ Sampling Theorem

Sampling: Reduction of a continuous time signal to a discrete time signal.

Mea-ju?c s?a‘nd
e

Zm(t) = s(t) = WM. (k)

‘J /\ 5"“A ‘ _‘)}

(AR ¥

band - Loud

e 0 SAMPLER

>

Tl\ T lo

.] S

S5 = S(w)
L = miy- dy

=) .
V4

("
v 5(w) = 1 [ M) * U
2n

F= _,,u,,,r.,ufg f evivd/ Samplry nt:

Wi = 22 -« Samplg fry

e |-,
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Sampling Theorem

Basil Hamed




Summary of Fourier Transform Operations

Operation x(D) X (w)
Scalar multiplication kx(r) kX ()
Addition xi(2) + x2(1) X () + X, (w)
Conjugation x*(1) X*(—w)
Duality X(t) 2nx(—w)
Scaling (a real) x(at) -1_ X (9)

la| a
Time shifting x(t — o) X (w)e~ @0
Frequency shifting (w, real) x(t)e/™' X (w — wy)
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Summary of Fourier Transform Operations

A
Y

L

Operation x(1) X(w)
Time convolution X1 (1) % xy(1) X () Xs(w)
|
Frequency convolution X1 ()xy(1) = X (@) * X5 (w)
dn
Time differentiation d—; (jo)"X (w)
[
X
Time integration / Xx(u)du —Jiwa-)-)- +1X(0)6(w)

Basil Hamed
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Final Exam 2008

N

A signal has Fourier transform ;;f j w4 4w +2
W)= -
—w + 74w +3

Find the transform of x(t) *0 (t-1)
Solution

) ")w 4 r-;)\‘U é- . \{Wr _&. '\
j{ﬁ.\m ¢ Gl & MWl =€ WRIVTNE

wr o Yw X %
' J
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Final Exam 2017

"The Fourier transform of the triangular pulse f(t)
shown in Fig (a) below is given to be
1

2
o

N

F(o)=— (" - joe® -1)

fal, fi (t)

|
\/”
2

o | D] t— 0

(a) (b)

Use this information and Fourier properties, find the Fourier
transform of the signal shown in Fig (b)
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2 (D)

Final Exam 2017

T ” (<) |
Rg(c) §, (t) = ¥ (-t)
Fa(e) = F(-w)= —LLQ’ Ju)ng-nj
7
P‘f} (b Fi1 (&)= F@-) + F2 (e -1) .
3 |

E Fi(w)= LF(N)Q + B(a)e 5

= [F@) v Feed [ 27
= |9 /wbu r LW s W — /
=1 )/

W
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Final Exam 2016

The Fourier transform of the triangular pulse x(t) in

Fig. is expressed as 1 1 A
X(wl=——(e" —jwe’" —1)

A% s
Use this information, and Fourier properties, to find the

Fourier transform of the signal Xxi(t) shown in Fig.
below.
xf) 5

2 R

0 1 o= -l o 1=

X, 4\~ yvdxt)+ x (1-+)
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Final Exam 2016

yw
il @] &—% Yl &

N

-
X (1-1] e X(-wl <

X, 4 = X (barfay ((-%]

i W
K wl~ Xiwle 4 Y (-W]e
. i g S LT T
Xewl = | (-e_)w" SW’QJV‘\) € __(__ (€ YV ~t]e.
\ w ¥ W ¥

X1 (W) = F ( 2c0swW — 2) Basil Hamed 75




