2.2 Counting Methods

General scenario

We have a set of 12 elements, e.g., A = {1,2,--- ,n} and we draw k
samples from the set:

With replacement

Ordered /

/ \ Without replacement

Sampling

\ Wlthout replacement

Unordered

With replacement
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2.2 Counting Methods

Unordered Sampling without Replacement (Combinations):

There are n distinguishable objects; we want to choose k objects, but ordering
does not matter: 1,2,3 =2,3,1 = 3,2, 1.

let A = {1,2,3} and k = 2, then
{1,2} {1,3} {2,3} —— 3 possibilities

In general:
n
L : # of ways to choose k elements from 12 elements (Unordered): k-
Combinations
P" — nl — kv(n) ('n) — B — n!
If ardered: P, = mn—k) " \k) If unordered: | , | = 7, T kl(n— k)
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2.2 Counting Methods
Unordered Sampling without Replacement (Combinations):

Thus the number of k£ -combinations of n objects is:

('n) B n!
k) k'(n—Ek)!
The number of ways to choose k objects out of n distinguishable objects is

equal to (n>
q L)
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2.2 Counting Methods

Unordered Sampling without Replacement (Combinations):

e [ he number of combinations of seven cards chosen from a deck of 52 cards is

52 h2x 51 x..--x 46
( ): = 133.784.560,
i 2x3IX---x7T ' ' '

e [here are 11 players on a basketball team. The starting lineup consists of five

players. There are (151) = 462 possible starting lineups.

e [here are (1620[") ~ 103%°. ways of dividing 120 students enrolled in a probability
course into two sections with 60 students in each section.

e [ here are four queens in a deck of 52 cards. You are given seven cards at
random from the deck. What is the probability that you have no queens?

The sample space contains H = (5?2) possible combinations of seven cards, each with probability 1/H

Thereare Hyg = (52;4) combinations with no queens

Hyg/H = 0.5504
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2.2 Counting Methods

Unordered Sampling without Replacement (Combinations):
Example 2.2.3

I choose 3 cards from the standard deck of cards. What is the probability that these cards contain
at least one ace? A s the event that at least one ace i selected.

3

- ()

‘S‘ _ (52) +«——— Sample space




—_— S,
2.2 Counting Methods

Multinomial Coefficients:

More generally if n = ny + ny + ... + n,., we define

( . ) n'
M1y TV eeuy Ny nilnsl...n,!

(nh Moy e, ’nr) is the number of possible divisions of n distinct objects into r

distinct groups of respective sizes 121, N2, ...y .
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2.2 Counting Methods

Unordered Sampling without Replacement (Combinations):

Example: the professor uses a curve in determining student grades.
When there are ten students in a probability class, the professor always
issues two grades of A, three grades of B, three grades of C and two
grades of F. How many different ways can the professor assign grades to

the ten students?

410 = 1 048,576 ways of assigning grades to ten students.

we are limited to choosing ng = 2 students to receive an A, n1 = 3
students to receive a B, no, = 3 students to receive a C and ny = 4
students to receive an F. The number of ways that fit the curve is the
multinomial coefficient

n 10 10!
(s, na) = (2,3.3,2) = 31313101 = 22200




2.2 Counting Methods

Bernoulli Trials:

Example 2.2.4 We toss an unfair coin ( P(H) = p) 5 times. What is the
probability of observing (k = 1, 3) heads?

k=1

A= {@ THTTT, TTHTT, TTTHT, TTTTH})
p(1 — p)* P(A) = 5p(1 — p)*

k=3

— {@‘ HHTHT,....}
5

P(A) = |Al.p°(1 —p)? |A| = (3)
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2.2 Counting Methods

Binomial Formula

Bernoulli trial (or binomial trial): is a random experiment with exactly two
possible outcomes, "success" and "failure"”, in which the probability of success is
the same every time the experiment is conducted.

For nindependent Bernoulli trials where each trial has success probability p,
the probability of k successes is given by

P = ()o@ —pn .
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2.2 Counting Methods

Unordered Sampling with Replacement (repetition allowed):

Example: A ={1,2,3}, n=3, k=2
(1,1) (2,2)
(1,2) (2,3) —— 6 Cases.
(1,3) (3,3)
The total number of distinct ksamples from an7-element set such that repetition is
allowed and ordering does not matter is

") =L,
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2.2 Counting Methods

Review

Let's summarize the formulas for the four categories of sampling.

: : k
ordered sampling with replacement n
n!

ordered sampling without replacement P = (n — k)!

. . (n) B n!
unordered sampling without replacement k) T Kl(n—k)!

] ] n==k + 1
unordered sampling with replacement L
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2.2 Counting Methods

Example 2.2.5

Consider a binary code with 4 bits (0O or 1) in each code word. An example
of a code word is 0110.

(a) How many different code words are there?
(b) How many code words have exactly two zeroes?

(c) How many code words begin with a zero?7|1 X 2 X 2x2=28
(d) In a constant-ratio binary code, each code word has N bits. In every

word, M of the N bits are 1 and the other N — M bits are 0. How
many different code words are in the code with N =8 and M = 37

2X2X2x2=24=16

(k) =6

() = 56 code words.
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