3.4 Cumulative Distribution Function (CDF)
Definition

Let. X be any random variable, the function

Fx(x) = P(X < z), for all x € R,

is called the CDF of X.




3.4 Cumulative Distribution Function (CDF)
Example 3.4.1

Example. Toss a coin twice, let X be the number of observed heads. Find the
CDF of X.

X ~ Binomial(2, %)

Sx = {0,1,2}

1 1
Pr(0)=P(X=0)=>  Px(D=PX-1)=7 Px(@=PX=2=;
x <0 Fx(z) =P(X<z)=0,forz <0
x> 2 Fx(z)=P(X <z)=1, forxz > 2

0<z<1 FX(R?):P(XEm):P(X:D):i
1<z<2 Fx(z)=PX<z)=PX=0+PX=1)=

|
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3.4 Cumulative Distribution Function (CDF)

Example 3.4.1
Example. Toss a coin twice, let X be the number of observed heads. Find the
CDF of X.
Fx(ﬂ’)
(0 forz <0
i for0 <z <1 : °
1 forl <z <2 %
wl forxz > 2 1
0 i > 3 +




3.4 Cumulative Distribution Function (CDF)
Definition

If X is adiscrete random variable with range Sx = {x1, 3, x3,...}, such
that 2, <z, < a3 <---.
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3.4 Cumulative Distribution Function (CDF)
Theorem

Let X be a discrete random variable with range

SX = {.’131, Loy L3, ...}.

a) Fx(—oo) = P(Y < —00) =0, Fx(4o00) =1
b) y > = Fx(y) > Fx(x)

c) x; € Sx, Fx(x;) — Fx(x; — €) = Px(x;), For € > 0 small enough.
For a discrete random variable X, there is a jump (discontinuity) at
each value of x; € Sy. The height of the jump at z; is Px(x;).

d) z; <z <xi11 = Fx(x) = Fx(x;).

Between jumps, the graph of the CDF of the discrete random variable
X is a horizontal line.



3.4 Cumulative Distribution Function (CDF)
Theorem

Forall a < b, we have

P(a < X < b) = Fx(b) — Fx(a).

mli)rgo Fx(x)=1

P— . . .

Px (%)I

O

P } e ! 3
T Higy) T3 Tk e xr




3.4 Cumulative Distribution Function (CDF)
Example 3.4.2

Let X be a discrete random variable with range Sy = {1,2,3,...}. Suppose the PMF of X is
given by

1
Px (k) = o fork=1,2,3,...

a. Find and plot the CDF of X, F'x(x).

In general

ForO<k<z<k+1,

Forz < 1, Fx(z) = 0. Fx(z) = Px(1) + Px(2)+...+Px(k)

Forl <z <2, Fx(z) = Px(1) = 3. 1 1 1 2F—1

-

For2 <z < 3,Fx(z) =Px(1)+ Px(2) =1+ =3. 2 4 ok ok




3.4 Cumulative Distribution Function (CDF)
Example 3.4.2

Let X be a discrete random variable with range Sy = {1,2,3,...}. Suppose the PMF of X is
given by

1
Px (k) = o fork=1,2,3,...

b. Find P(2 < X < 5).

31 3 7
P2 <X <5)=Fx(5) = Fx(2) = 5> — 5 = 35

1 1 1 7
P(2 <X =5)=Px(3)+Px(4)+Px(5) = g+ 5+ 35 = 55

c. Find P(X > 4).

15 1
— 1 — < = 1 — = 1 — — .
P(X>4)=1-P(X<4)=1-Fx(4) =1- = = —
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Let X be a discrete random variable with range Sy = {1,2,3,...}. Suppose the PMF of X is
given by

1
Px (k) = o fork=1,2,3,...

b. Find P(2 < X < 5).

31 3 7
P2 <X <5)=Fx(5) = Fx(2) = 5> — 5 = 35

1 1 1 7
P(2 <X =5)=Px(3)+Px(4)+Px(5) = g+ 5+ 35 = 55

c. Find P(X > 4).

15 1
— 1 — < = 1 — = 1 — — .
P(X>4)=1-P(X<4)=1-Fx(4) =1- = = —




B e e
3.4 Cumulative Distribution Function (CDF)

Example 3.4.3
Use the CDF Fy(y) to find the following probabilities:
| ] (a) P[Y < 1]
0.8 | i (b) P[Y <1]
FAy) 06| . (c) P[Y > 2]
ol | (@) PIY >2
0 — (e) PIlY = 1]

0 1 2 3 4 5 4 (f)py =3

(a) P[Y < 1] = Fy(17) = 0.
(b) P[Y <1] = Fy(1) = 0.6.
(c) P[Y 2] =1-P[Y <2]=1—-F(2)=1-0.8=0.2.
(d) P[Y >2]=1-P[Y <2]=1—-F{(2")=1-0.6 =0.4.
(e) PlY =1] =P[Y <1]=P[Y < 1] = Fy{(1T) — F,(17) = 0.6.
(f) P[Y =3] =P[Y <3]—P[Y < 3] = I{(37) — F{,(37) = 0.8 — 0.8 = 0.



