3.5 Averages and Expected Value
Example 3.5.1

For one quiz, 10 students have the following grades (on a scale of 0 to
10):

9,5,10,8,4,7.5,.5,8,7

Find the mean, the median, and the mode.

The mean value is 68/10 = 6.8

median is 7

The mode is 5




3.5 Averages and Expected Value
Definitions

Expected value (= mean=average):

a1 +az+ -+ an

n

A1,A2, .., Ayy = QA =

Definition. Let X be a discrete random variable with range Sx = {1, =2, 3, ... }.
The expected value of X, denoted by E[X]is defined as

EX]|=pux = Z rpP(X = xp) = Z xr Px ().
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3.5 Averages and Expected Value
Definitions

A mode of random variable X is a number xmyoq Satistying Px(xmeod) =
Px(x) for all .

A median, xmeq, Of random variable X is a number that satisfies

P[X <2med] = 1/2, P[X > 2meq] = 1/2.
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3.5 Averages and Expected Value

Example 3.5.2
Random variable X has PMF
Px() /4 ==0,
Py = /2 ==1
I I XX TV 14 2 =0,
0 0 otherwise.

1 0 1 2 3 k
What is E[X]?

E[X]=ux=0-Px(0)+1-Px(1)+2-Px(2)

= 0(1/4) + 1(1/2) + 2(1/4) = 1




3.5 Averages and Expected Value
Example 3.5.3

A probability function, P(x), is defined by the following table:

T 0 1 2 3 4 D §
P(z) | 0.17 ] 0.29 | 0.27 0.16 | 0.07 | 0.03 | 0.01

Determine (a) the mean, (b) the median, (¢) the mode and

(a) Mean = 1.8

(b) median = 2

(¢) mode =1




3.5 Averages and Expected Value
Families

Let X ~ Bernoulli(p), find E[X].
E[X]=0-Px(0) + 1Px(1) =0(1 —p) + 1(p) =p

Let X ~ Geometric(p), find E[X].

—1
pq* r=172 ... g=1—-p
Pyv(r) =
x (@) {D otherwise.

oo o0 1
E[X]= ) aPx(x)= ) apq’™
r=1 r=1

4P P q p
EX]=pY g l=23 ar=2_1 P _
a—1 q.= q1l —q? 2



3.5 Averages and Expected Value
Families

Let X ~ Poisson(a), find E[X].

EX]=Y aPx(x)=) m%e_“ 2/ = 1/(z — 1)!
=0 =0 |

o =qa-a* 1

1

=0
ot~ Ca
E[X]:--:mz(I O =21
r=1
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3.5 Averages and Expected Value

Families

(a) For the binomial (n,p) random variable X

E [X] = np.

(b) For the Pascal (k,p) random variable X
E[X]=k/p.

(c) For the discrete uniform (k,l) random variable X

E[X] = (k+1)/2.




3.6 Functions of a Random Variable
Definition

If X is arandom variableandY = g(X) ,thenY itself is a random variable.

For example: Y = X?2.

Sx = {z1,x2,23,...} — Sy = {g9(x)|x € Sx} = {g(®1),g9(x2),--- }.

Then,

Py (yx) = P(Y = yi) = P(g(X) = yi)-




3.6 Functions of a Random Variable
Example 3.6.1

Let X be a discrete random variable uniformly distributed with
1

Px (k) = = fork = {—1,0,1,2,3}. LletY = 2|X|.

a) Find PMFof Y, Py (y).

Sy = {2|x| where x € Sx} ={0,2,4,6}.

Py(0) = P(Y = 0) = P(2|X| = 0) = P(X = 0) = .

1 _
Py(2)=P(Y =2) = P(2|X| =2) = P((X = —1) or (X = 1)) 5 fork=0,4,6
1,1 _ 2 Py (k) = % fork =2
:PX(_l)"‘Px(l):g"‘g:g
0 otherwise
)

Py(4) = P(Y = 4) = P(2|X] =




3.6 Functions of a Random Variable

Example 3.6.2
The amplitude V (volts) of a sinusoidal signal is a random variable with
PMF
0.2
Py(v) )
0.1 ||||||| - 1/7 v=-3,-2,...,3.
Pr(v) = { otherwise.
0
-5 0 5 w
Let VV = VQ/Q watts denote the power of the transmitted signal. F/md
.J/ Py(y) 0.2
Py(y). ff,2 L 0yt 2, 45)  yh 71,
0

,\..,

- 2 =— e —

The possmlevaluesof}/ eSy_{D 05245]5’_/—’ \)]3 \/-q-JT’,l. :1_ 012345
SinceY =y when V= /2y or V= —/2y 1/7 y=0,

Pyly) = PUVZY) + PU—VZ5) = 2/7 )= {2/? y=05,2,45,

Py(0) = Py(0) =1/7

0 otherwise.
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3.6 Functions of a Random Variable
Example 3.6.3

Let X be a discrete random variable with PMF

(0.2 fork=0
0.2 fork =1
Px(k) =< 0.3 for k = 2
0.3 fork =3

L0 otherwise

Define Y = X(X — 1)(X — 2). Find the PMF of Y.

Sy = {a(x — 1)( — 2)|e € {0,1,2,3}} = {0,6}
Py(0)=P(Y =0) = P((X=0)or (X =1)or (X = 2))

0.7 fork =10
= Px(0) + Px(1) + Px(2) Py(k)={ 03 fork=6
= 0.7 0 otherwise




3.7 Expected Value of a Derived Random Variable
Theorem

Law of the unconscious statistician (LOTUS) for discrete random variables:

Eg(X)|=py = » g(zr)Px(zr)-
TRrESxX

Linearity of expectation:

Y =aX + b= E[Y] =aE[X]+b, a,b€eR

_— —_—
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3.7 Expected Value of a Derived Random Variable
Example 3.7.1

Let X be a discrete random variable uniformly distributed with

Px (k) = g’ fork = {—1,0,1,2,3}. LetY = 2|X| M\ \//)

a) Find PMFof Y, Py (y). (\/D)'V"J L fork=0,4,6
b) Find E[Y]. Pﬂk){i for k = 2
0 otherwise
E[X] 1 1—|—0 1—|—1 1—|—2 1—|—3 !
— — 1 % — * — * — * — * —
53 5 5 5 3

1 1 1 1 1 14
E[Y] = B[2|X[] = 2| = 1] - +2[0]x _ +2[1|x - +2[2[x - +2[3]x - = —
__

SN v
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3.7 Expected Value of a Derived Random Variable
Example 3.7.2

37

7T T
Let Sx = {O, Z, 5, Z,ﬂ'} ’ such that

Px(0) = Px(5) = Px () = Px("1) = Px(m) =
Find E[sin(X)].




