3.8 Variance and Standard Deviation
Definition

The variance of a random variable X , with mean E[X] = ux, is defined as
Var(X) = E[(X — px)?], wx = E[X].

The standard deviation of a random variable X is defined as

ox =/ Var(X).
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3.8 Variance and Standard Deviation
Theorem

Computational formula for the variance:

Var(X) = E[X?] — (E[X])".
Proof:

Var(X) = E[(X — px)?]
= E[X* —2uxX + px]
= F :XZ: — 2F [;LXX] + E[u,?x} by linearity of expectation.
= BE[X?] —2p% + 1k
= EX2 — u?X-.




3.8 Variance and Standard Deviation

Theorem

For a random variable X and real numbers a and b

Var(aX + b) :L@

Proof:

If Y =aX + b, E[Y] = aE[X] + b. Thus,

Var(Y) = E
=F
=FE

(Y — E[Y])?]
((aX 4 b) — (aE[X] + b))]

a®(X — px)?]

= a’E[(X — pux)?*] = a® Var(X)
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3.8 Variance and Standard Deviation
Theorem

If X7, X5,-:-,X,, are independent random variables and

a———

X:X1—|-X2—|—"°—|—Xn,then

Var(X) = Var(X;) + Var(X3) + -+ + Var(X,,).

—/—
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3.8 Variance and Standard Deviation
Moments

For a random variable X
- The nth momentis E[X"].

- The nth central momentis E[(X — pux)"].
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3.8 Variance and Standard Deviation
Example 3.8.1

roll a fair die and let X be the resulting number. Find E[X], Var(X), and ox.

Sx =1{1,2,3,4,5,6} Px(k) = ¢ fork=1,2,...,6.

1 1 1 1 1 17
EX]=1:-+2:-c+3.--+4- - +5- - +6. - =_;
6 6 2

R 1 1 1 1 1 91

E[X*] =1 —+4 ct9 o +16 - +25- - +36- = -
91 7\? 91 49

Var(X) = E[X2] — (E[X])’ = = — (2] == - =2 x 2.92,
() X7] = (BX]) 6(2) 6 4

ox = /Var(X) =~ v/2.92 ~ 1.71



3.8 Variance and Standard Deviation
Example 3.8.2

In an experiment with three customers entering the Phonesmart store,
the observation is N, the number of phones purchased. The PMF of N
IS

(4—-n)/10 n=0,1,2,3
0 otherwise.

Py (n) = {

Find

(a) The expected value E[N]

n |0 1 2 3
Py(n) | 0.4 0.3 0.2 0.1

3
E[N] =) nPy(n)
n=>0

— 0(0.4) + 1(0.3) +2(0.2) 4+ 3(0.1) = 1.



3.8 Variance and Standard Deviation
Example 3.8.2

In an experiment with three customers entering the Phonesmart store,
the observation is N, the number of phones purchased. The PMF of N

IS

(4—-n)/10 n=0,1,2,3
0 otherwise.

Py (n) = {
Find

(b) The second moment E[N?]

3
E[N?] = anﬂw(n) = 0%(0.4) + 1%(0.3) 4+ 2?(0.2) + 32%(0.1) = 2.
=0

(c) The variance Var[N]

Var[N] =E [N?] —(E[N])?’=2-1?=1

(d) The standard deviation oy oy =+/Var[N] =1




3.8 Variance and Standard Deviation
Example 3.8.3

Let X be a discrete random variable with the following PMF

(0.1 fork=0
0.4 fork =1
Px(k) =< 0.3 for k = 2

0.2 fork =3
b. Find Var(X).

L0 otherwise
a. FindE[X]
E[X]= ) ,cry oPx (21) . IfY = (X —2)?, find EY .
= 0(0.1) +1(0.4) +2(0.3) + 3(0.2)
= 1.6



3.8 Variance and Standard Deviation
Example 3.8.3

b. Find Var(X).

Var(X) = EX? — (EX)? = EX? — (1.6)?

EX? = 0%(0.1) +1%(0.4) +2%(0.3) + 3(0.2) = 3.4

Var(X) = (3.4) — (1.6)* = 0.84

c. If Y = (X —2)?, find EY .

E(X —2)?2 = (0—-2)%0.1) + (1 — 2)%(0.4) + (2 — 2)%(0.3) + (3 — 2)*(0.2) = 1.



Selected Problems




