4.6 Gaussian Random Variables

Definition Gaussian function
_ (x — b)?
X is a Gaussian (i, o) random variable if the PDF of X is fl@)=a-exp | ——5
1 2 iy D
__ —(x—p)< /20
fx (x) ~—— ,

where the parameter . can be any real number and the parameter o > 0.
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Two examples of a Gaussian random variable X with expected value p
and standard deviation o.
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4.6 Gaussian Random Variables

Theorem
If X ~ Gaussian(ux,o0x) ,andY = aX - b ,where a,b € R, then

Y ~ Guasstan(py,oy) , where

— 2 __ . 2_2
NY—GHX+b, Uy—a O'X.

EY]|=FE[aX +bl =aEX +b=au+ b,

Var(Y) = Var(aX + b) = a?Var(X) = a?c?.




— .
4.6 Gaussian Random Variables
Definition: Standard Normal Random

The standard normal random variable Z is the Gaussian (0,1) random

variable.
Z ~ N(0,1)
1 22
z) = e 2 for all z € R.
fZ( ) \/% Y

fz(2)q




4.6 Gaussian Random Variables
Standard Normal Random

CDF of the standard normal: The CDF of the standard normal distribution is
denoted by the & function.
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4.6 Gaussian Random Variables
Standard Normal Random

If X is a Gaussian (u,o0) random variable, the CDF of X is

Fy(z) = ("3_’”’).

a0
The probability that X is in the interval (a,b] is

P[a.-:::ng]=¢»(b_”)_¢>(“'_”).

) a
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4.6 Gaussian Random Variables

properties of the & function

1) lim ®(x) =1, lim ®(x) = 0;
1
2) ®(0) = —;
) ®(0) =
3) &(—xz) =1 — ®(x), for all x € R;

4) ®(—=x) + ®(x) = 1.
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4.6 Gaussian Random Variables

Properties
Suppose that X ~ N (u,o) .Then:

oo 01 02 03 04
l |

P(|X_HISU):P(M—USXSM+O') —-30 -—Zo —-1lo 0 1o 20 3o

- o o So, the probability that a Gaussian

_ <I)(1) . <I)(—1) _ 2(1)(1) _ 1 — 0.6827 random variable takes a value

within 1 standard deviation from
its mean is 0.6827.

P(IX — p| < 30) = P(u— 30 < X < p+ 30)

The probability that a Gaussian
u+30c—pu w—30 —pu random variable takes a value

within 3 standard deviations from
its mean is 0.9973.

o o

— &(3) — B(—3) = 2&(3) — 1 = 0.9973
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4.6 Gaussian Random Variables

Complementary CDF

T he standard normal complementary CDF is

QG)=P[Z>2] = —/2 gy = 1 — d(2).
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4.6 Gaussian Random Variables
Example 4.6.1

Let X ~ N(—5,2)

a. Find P(X < 0).

P(X <0)=Fx(0) = tﬁ(”‘;‘ﬁ’) — $(2.5) ~ 0.99

b. Find P(—7 < X < —3):

P(—T< X< -3)=Fx(—3)— Fx(-T7)

(-3)-(-5) (—7)—(-5)
o{e2) o(242)

=®(1) —P(—1) =29(1)—1 (since &(—z) =1 — &(z))

~ 0.68
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4.6 Gaussian Random Variables

Example 4.6.2

X is the Gaussian (0,1) random variable and Y is the Gaussian (0,2)
random variable. Sketch the PDFs fx(x) and fy(y) on the same axes
and find:

(@) P[-1 <X <1],

The PDFs of X and Y are:

Pl-1 <X <1]=Fx(1) - Fx(-1)

= (1) — d(-1)
= 2d(1) — 1
= 0.6826
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4.6 Gaussian Random Variables

Example 4.6.2

(b) P[-1 <Y < 1]

P[-1<Y <1]=Fy(1) - Fy(-1)

= ()2 ()

= 2¢ (%) —1=20.383

(c) P[X >3.5]] P[X >3.5=Q(3.5)=233x10"%

(d) P[Y > 3.5]

PW}&ﬂzQC%g=1—¢Uﬂﬂ=&M
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Selected Problems

4.2.1,4.2.2,4.2.4,4.3.1,4.3.2,4.3.5,4.3.6,4.4.1-4.4.8,4.5.1-4.5.13,
4.6.1-4.6.7,6.6.9,4.6.11,




