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5.4 Joint Probability Density Function

Definition

Two random variables X and Y are jointly continuous if there exists a
nonnegative function fxy : R? — R, such that, for any set A € RZ, we have

P((X,Y) € A) = / / Fxy (2, y)dady,
A

The function fxvy (x, y) is called the joint probability density function (PDF) of
X and Y.




5.4 Joint Probability Density Function
Definition

CDF: Fx(z)=P(X <zx) = /_‘B fx(u)du,

Y T
Joint CDF: Fxvy(z,y) = P(X <z,Y <y) = / / fxy (u,v)dudv,

\

and

fx(x) = - Fx(x),

2

Ox0y

fxy(z,y) = Fxy(z,y).
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5.4 Joint Probability Density Function

Properties

The joint cumulative function of two random variables X and Y is defined as

Fxy(z,y) = P(X <z,Y < y).

The joint CDF satisfies the following properties:

1) Fx(x) = Fxy(x,00), forany = (marginal CDF of X );

2) Fy(y) = Fxy(oco,y),forany y (marginal CDF of Y );

3) Fxy(oco,00) = 1;
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5.4 Joint Probability Density Function

Properties

4) Fxy(—oo,y) = Fxy(x,—00) = 0;

5) P(z1 < X <z3, y1 <Y < y3) =
Fxy(x2,y2) — Fxy(x1,y2) — Fxy(x2,y1) + Fxy(T1,Y1)




5.4 Joint Probability Density Function
Example 5.4.1

Random variables X and Y have joint PDF

XYY =0  otherwise.

Find the constant ¢ and P[A] =P[2< X <3,1<Y <3].

5 3
1=// dudr = 15 Y

0 Ocym c A
c = 1/15 _
PA—ff—d —2/1 '
[A] vdu /15 X



5.4 Joint Probability Density Function
Example 5.4.2

random variables X and Y have joint PDF

1/15 0<zx<5,0<y<3,
0] otherwise.

fX,Y(:B:y) — {

What is P[A] = P[Y > X]7?

F’[A]:/;3 (_/:115) dy dx

33—
=/ 3 mdm
o 15
X
>
B-22f_ 3
30 |, 10
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5.5 Marginal PDF

Definition
Marginal PDFs:

For discrete random variables:

PX(ZL’) — Z ny(m,y).
YERy

For continuous random variables:

fx(x) = /_ fxy(x,y)dy, for all x,

fY(y) — / fxy(:c,y)da:, for all y.



5.5 Marginal PDF

Example 5.5.1
The joint PDF of X and Y is
5y/4 —-1<z2<1,22<y<1,
fxy(z,y) = / .
0 otherwise. |
A v
Find the marginal PDFs fx(x) and fy(y).
When z < —1 or when z > 1, fyxy(z,y) ., and therefore fx(z) =0 4}. | ; p X
- X
For -1 <z<1
5(1 —z%)

15
fx(@) = [ 2rdy ="

The complete expression for the marginal PDF of X is

0.5
_|s(1-2%/8 —1<z<1,
0 m Ix(@) = {0 otherwise.

f )




5.5 Marginal PDF
Example 5.5.1

The joint PDF of X and Y is

S5y/4 —-1<z<1l,2?2<y<l,
fxy(z,y) = .
0 otherwise.
Find the marginal PDFs fx(x) and fy(y).
NG| =Y
y<O0Oory>1, fi{y) =0 fy(y)=/ e = 2y = 5y>/2/2
—i 4 2 y
j‘
The complete marginal PDF of Y is \
3 —

ey
. N AN
2 <+ >
< /l fy(y)z{(S/z)y?'f? 0<y<1,

172 12
0 otherwise. - l 'y y 1
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5.5 Marginal PDF
Example 5.5.2

The joint probability density function of random variables X and Y is

6(r+y2)/5 0<z<1,0<y<l1,
0 otherwise.

fX,Y(m‘ly) — {

Find fx(xz) and fy(y), the marginal PDFs of X and Y.

fx(z) =0forz<OQorz>1

< xr<
For0<z<1 (6z+2)/5 0<z<1

1 _ fx(z) = { :
fx(z) = g/ (x4 y%)dy = g(my + y3/3]|3;; — 61:;— 2 0 otherwise
0

fr{ly) =0fory<Oory>1

Foro<y<1 fy(y) = (3+6y%)/5 0<y<1,
YW =10 otherwise.

=617 +3

fr(y) = /_ fxy(zy) dy = g/l(:ﬂ-l-yg) der = g(x_z —|-3:y2)




