5.6 Independent Random Variables
Definition

Independent Random Variables:

Two random variables Xand Y are independent if

Pxy (xi,y;) = Px(x;)Py(y;), for all ;,y;.

Fxy(z,y) = Fx(xz)Fy(y), for all z,y.




5.6 Independent Random Variables
Example 5.6.1

dry 0<zx<1,0<y<I1,
0 otherwise.

fX,Y(ma y) — {

Are X and Y independent?

The marginal PDFs of X and Y are

2 0<z <1,
0 otherwise,

2y 0<y<I1,
0 otherwise.

fx(z) = { fy(y) = {

fxy(z,y) = fx(2) fy(y)

X and Y are independent



——
5.7 Expected Value of a Function of Two Random Variables

Definition

Let X and Y are two random variables, and suppose that Z = g(X,Y),

= / is random variable.

E[Q(Xa Y)] — Z g(mia yj)PXY(miayj)
(ri,y;)ERxY

Blox V)= [ [ g@n)fxr @),

E [a’lgl(X'.rY) + -+ a’ngﬂ(Xa Y)] — a E [gl(X'.rY)] + -+ apkE [gﬂ(XaY)] .



——
5.7 Expected Value of a Function of Two Random Variables

Theorms

E [a’lgl(X:Y) + -+ ﬂngn(X: Y)] =a1 E [gl(X&Y)] + -+ apE [gﬂ(X:Y)] .

For any two random variables X and Y,

E[X+Y]=E[X]+E[Y].




——
5.7 Expected Value of a Function of Two Random Variables

Theorms
The variance of the sum of two random variables is

Var [X + Y] = Var[X] 4+ Var[Y] +2E [(X — ux)(Y — py)].

Since E[X + Y] = px + py,
Var[X +Y] = E[(X +Y — (ux + py))?]
= E[((X = px) + (¥ = uy))?]
= E [(X — ux)? 4+ 2(X — px)(Y — py) + (¥ — py)?].

We observe that each of the three terms in the preceding expected values
is a function of X and Y. Therefore, Theorem 5.10 implies

Var[X + Y] = E [(X = px)?| + 2E[(X = px) (Y = iy)] + E [(V = py)?].

The first and last terms are, respectively, Var[X] and Var[Y].



——
5.8 Covariance, Correlation and Independence

Theorms

The covariance between X and Y is defined as
Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — (E[X])(E[Y)).

Proof:

E[(X — EIX))(Y — E[Y])] = E[XY — X(EY) — (E[X])Y + (E[X])(EY)]
= E[XY] - (E[X])(E]Y]) — (E[X])(E[Y]) + (E[X])(E[Y])
= E[XY] — (E[X])(E[Y]).




——
5.8 Covariance, Correlation and Independence

Properties

Lemma. The covariance has the following properties:
1) Cov(X,X) = E[XX] — E[X]E[X] = E[X?] — (E[X])? = Var(X).
2) X &Y independent:

Cov(X,Y) = E[XY] — E[X]E|Y] = E[X|E[Y] — E[X]E[Y] = 0.

3) Cov(X,Y) = Cov(Y, X)

4) Cov(aX,Y) =aCov(X,Y) a€R




5.8 Covariance, Correlation and Independence
Properties

5) Cov(X +¢,Y)=Cov(X,Y)
6) Cov(X +Y,Z)=Cov(X,Z)+ Cov(Y, Z)

7) Cov(X+4Y,Z+W) = Cov(X, Z)+Cov(X,W)+Cov(Y, Z)+Cov(Y, W)

Cov(2X +Y,3Z + W) =6Cov(X, Z) + 2Cov(X, W)+
3Cov(Y, Z) + Cov(Y, W)




——
5.8 Covariance, Correlation and Independence

Defention

Correlation Coefficient:

Cov(X.,Y Cov(X.,Y
pxy = p(X,Y) = (X,Y) (X, ).

v/ Var(X) Var(Y) .~ oxoy




5.8 Covariance, Correlation and Independence
Properties

Properties of the correlation coefficient:
1) -1 <p(X,Y) <15

2) p(aX +b,cY +d) = p(X,Y) for a,c > 0;

3) p(X,Y)=1 ifY=aX+b a> 0;
p(X,Y)=—1 if Y =aX +b a <O0.




5.8 Covariance, Correlation and Independence
Properties

Consider two random variables X and Y :

1) If p(X,Y) = 0,wesay that x and y are uncorrelated.

2) If p(X,Y) > 0,wesaythat x and y are positively correlated.

3) If p(X,Y) < 0,wesaythat X and Y are negatively correlated.




——
5.8 Covariance, Correlation and Independence

Defention

The correlation of X and Y is rxy = E[XY]

Random variables X and Y are orthogonal if rxy = 0.

Random variables X and Y are uncorrelated if Cov[X,Y] = 0.




5.8 Covariance, Correlation and Independence
Properties

For independent random variables X and Y,

(@) Elg(X)h(Y)] = E[g(X)] E[A(Y)],
(b) rxy = E[XY] = E[X]E[Y],

(c) Cov[X, Y] =pxy =0,

(d) Var[X 4+ Y] = Var[X] + Varl[Y],




——
5.8 Covariance, Correlation and Independence

Example 5.8.1

Random variables L and T have joint PMF

t = 40sec t = 60secC

Pr,r(l,t)
[l =1 page
[ = 2 pages
[ = 3 pages

Find the following quantities.
(a) E[L] and Var[L]

0.15
0.30
0.15

0.1
0.2
0.1.

E[L] = 1(0.25) + 2(0.5) + 3(0.25) = 2

E [L?] = 1%(0.25) + 22(0.5) + 3%(0.25) = 4.5

Var [L] = E [L?] — (E[L])* = 0.5

PLT(E, t) t=40 t =60 PL(J)
=1 0.15 0.1 0.25
=2 0.3 0.2 0.5
=3 0.15 0.1 0.25
P{0) |06 04




5.8 Covariance, Correlation and Independence

Example 5.8.1
(b) E[T] and Var[T] Poi(l,t) |t =40 t=60| Pyl)
E [T] = 40(0.6) + 60(0.4) = 48 =1 0.15 0.1 0.25
=2 0.3 0.2 0.5

E [7°] = 40%(0.6) + 60°(0.4) = 2400 =3 |015 01 |025
Var[T] = E [T°] — (E[T])® = 96 Pr(t) 06 o4

(c) The covariance Cov|[L,T]

Cov[L,T) = E[LT] — E[L] E [T]

3
=T = t:;;m; P (i) Cov [L.T] = E [LT] — E [L] E [T] = 96 — 2(48) = 0.

= 1(40)(0.15) + 2(40)(0.3) + 3(40)(0.15)
+ 1(60)(0.1) + 2(60)(0.2) + 3(60)(0.1)
= 96.

(d) The correlation coefficient PL,T| Since Cov[L,T] = 0, the correlation coefficient is prr =0



5.8 Covariance, Correlation and Independence
Example 5.8.2

The joint probability density function of random variables X and Y is

zy 0<zx<1,0<y<2,
m? — .
fX"Y( y) {O otherwise.

Find the following quantities.
(a) E[X] and Var[X]

y=2

00 2
1 2r 0<zx<1
L) = T, d == rydy = —xy® = 2x. — - = 77
Tx (@) ./—oc Jxx () dy A R y=0 fx(2) {O otherwise,
o ' 1, [ /2 0<y<?2
Y Y =Y =<

— e dr = — 2 = = =

fr () [m fxy(z,y) dx _/D WEEE ST T fr () {0 otherwise.

= [y an= [ 2rtar=d €l = [t ae= [[20a =]

Var(X] = E[X?] - (E[X])? = —

18



5.8 Covariance, Correlation and Independence
Example 5.8.2

(b) E[Y] and Var[Y]

o0 oo 2 1
E[Y] =f yfy (y) dy =f %yz dy = : E [v?] =f v fr (y) dy = / 5y3 dy =2
— e 0 ; —o o

Var[y] = E[y2] - (E[v])2 =2- 22 =

9

OIm

(c) The covariance Cov[X,Y]

E[XY]= fm fm zyfxy(z,y) dz,dy

—f/Iydrdy——

(d) The correlation coefficient px y

, Cov[X,Y]=E[XY]-E[X]E[Y]=2-2.2 =0
8

,y.?.

1
030

o 9

Since Cov[X,Y] = 0, the correlation coefficient is pxy =0



—— S
Selected Problems

All Questions of 5.1 — 5.8




