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Review of AC Circuits

Chapter Focus: Key Relationships:
DC basics - single-phase AC - three-phase AC
Sinusoidal waveforms, phasors and impedance. V(t) = U, COS(Wt -+ (p)
AC power and power factor V=71

Short formulas, clear examples, key ideas only

P = Vims Lyms cos(6)
P3pn = V3V, I, cos(B)

Preparation for transformers and AC machines.

DC Circuits > Single-Phase AC »> Three-Phase AC > Electrical Machines

Eng. Nael S. Dokhan



4 The Sinusoidal Waveform

Main Definitions V

V(t) = V, cos(wt + @) \ |

T = period \ Vl’"

f=1/T (Hz) 0 ;
w=2nf=2n/T (rad/s) \/ \\/

@ = phase angle —v, |

A sinusoid is defined by magnitude, frequency, and phase.

Vrms

Nls
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A sinusoidal current has a maximum amplitude of 20 A. The current passes through
one complete cycle in 1 ms. The magnitude of the current at zero time is 10 A.

a) What is the frequency of the current in hertz?
b) What is the frequency in radians per second?

c) Write the expression for i(t) using the cosine function. Express ¢ in degrees.
d) What is the rms value of the current?

a)f=1/T=1000 Hz
b) w =2nf=2000mrad/s
c)i(t) =1L, cos(wt + @)
10=20cosp = @=60° - i(t)=20cos(2000mt+ 60°) A
lnl
d) = Nk 14.14 A
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A sinusoidal voltage is given by the expression: v(t) = 300 cos(120mtt + 30°)
a) What is the period of the voltage in ms?

b) Write the magnitude of the voltage at t=2.778 ms?
c) What is the rms value of the voltage?

a) w=120mrad/s
f=w/2nt=60Hz - T=1/f=16.667 ms

b) v(2.778 ms) = 300 cos(120T x 2.778x1073 +30°) =0 V

) V. =%° =212.13V

Eng. Nael S. Dokhan
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8 The Phasor

Phasor Basics

Time domain: V(t) = V,, cos(wt + @)

V.el® — frequency domain

V.. e/® - exponential form

V =V, cos(e) + jV, sin(¢p) — rectangular form
V = V,,£@ — angle notation form (Phasor form)

Example: 100£-26° < 100 cos(wt — 26°)

Phasors keep magnitude and phase in Use phasors only for sinusoidal steady-state
one compact quantity. sighals of the same angular frequency w.
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° V-l Relationship for a Resistor

i
I p— T/4 0 T/2 ¥ 37T/2 24
Resistor
_ v v
Zrp =R
V' =RI

_ _ . S _
v and i are in phase Purely resistive load > power factor =1
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10 V-l Relationship for an Inductor

| —T/4\0 T/2 T T/ t

Inductor l

ZL :]WL 90°
V==Z1=jwlLlI
i lags v by 90°

Purely inductive load > lagging power factor

Eng. Nael S. Dokhan



11 V-] Relationship for a Capacitor

: V,1
l/joC i | Y i Y i o
| [
TN \ /[
-t V —
| | | I | ¢
I ~/T/4 0 TR/ | T T/ 2T
Capacitor
1 —] i D i
Z = —— —
¢ jwC  wC
vV = ZC ] = __] I Purely capacitive load > leading power factor

wC
i leads v by 90°
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12 Transformation of Circuit Elements from Time Domain to Frequency Domain

% : :
*— \/\NN—0 *— " \/N\N—0
Resistor e v - =) Frequency domain * V = Impedance:
R i I Z=R
| v=Ri | | ¥=RI |
e o b=> o £ =
& :
Inductor di =) Frequency domain ¥ _ Impedance:
T V= LE L V=joLlI JjoL Z =+jal.
o o
© = B
Capacit i . s Impedance:
pacitor ‘ dv . =) Frequency domain PednCy o= I 1
I = i — = = —_——
¢ v dr e jo€ | 4= 55¢
o o
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13 Impedance and Reactance

AC Ohm'’s Law
V=7 Z=R+iX X, =wlL X, =—
wc
Circuit
Element Impedance Reactance
Resistor R -
Inductor JoL wl

Capacitor j(—1/wC) —1/wC

Eng. Nael S. Dokhan



145 Example 3

A 90Q) resistor, a 32 mH inductor, and a 5 yF capacitor are connected in series

across the terminals of a sinusoidal voltage source. The steady-state expression
for the source voltage vs is: 750 cos(5000t + 30°) V

a) Construct the frequency-domain equivalent circuit.
b) Calculate the steady-state current i by the phasor method.

90 () 32 mH

+
Us C_) —~duF
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= Example 3 — Solution

Answer

w =5000rad/s

Z, = jwlL =160 Q, Zc = =L - =j40 Q
Zeqg =90+ j120=1504£53.13° Q)
V=750430° (peak-form phasor)

=2 =5,-23.13°A

a 90Q j1600Q
'S AM, A —YY Y

1
o /T
P00 C_) == —j40Q

oy
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165 Example 4

For the circuit shown, a current source i, = 500 cos(20007) mA is applied.
Find v, in the time domain.

120 Q 40 €

12.5 uF Vo 60 mH

Eng. Nael S. Dokhan



0 Example 4 — Solution

@ Convert the circuit to frequency domain.

Z; = jwlL [ Original circuit (time domain) |
= j %2000 x 60 x 1073 = j120 T %
J § 120 © § 40 Q
2323 — ——"——zf? -
@ i T ‘g -
N—_— J = — j40 Q 125uF Vv,  60mH
2000 x 12.5 x 107° -

— 500 cos (20007) mA = 500 x 103 £0°

0.5£0° A &
( Equivalent circuit (frequency domain) ]
%
120 © 40 Q

0.5£0° CT) 2

—— —j40 v, = j120

0
I

&

Eng. Nael S. Dokhan



18

Example 4 — Solution Continued

® By current divider
120 — j40
IL = ; .
(120 — j40) + (40 + j120)

I, = 025—j0.25 A

x 0.520°

Vo

j120 x I
7120 x (0.25 — j0.25)
30 + j30 = 42.43/45° V

v, () = 42.43 cos (2000t +45°) V

Eng. Nael S. Dokhan
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20 ' The Instantaneous Power

Instantaneous Power - Py

p(t) = V(1) i(t)

Let: v(t) = V,, cos(wt + 6,)
i(t) = L, cos(wt+6;)
¢ =0y — 6

Vil cos(2wt + )

pm=MMww+2

2

Power contains an average part and a double-frequency part.

Eng. Nael S. Dokhan



21 | Active and Reactive Power

Core Relations

VimIm

p(t) = Vm;m cos() + V""‘Zlm cos(¢) cos(2wt) -
p(t) =P + P cos(2wt) - Q sin(2wt)

sin(@) sin(2wt)

Vimlm

P = TCOS(P Vrms Irms COS((P)

lem
Q - Sln((p) rms Irms Sln((p)

P — average (real) power
Q — reactive power

Eng. Nael S. Dokhan



22 Power for Purely Resistive Circuit

,- 3
. = 2.0
PY QO
= 2 D
‘ Q.
() %)D LS =
— i
o O P
= 1.0
e
e
4]
Result § 0.3
e -
Q=0 S 0 0005 001 0015 002 0.025
= .
p(t) =P + P cos(2wt) w5

Average power is positive and constant: P

Eng. Nael S. Dokhan



230 Power for Purely Inductive Circuit

5
| 2
1 8, i O (VAR)
| Q &
T ® E p (W)
v §
= 05
_— ~ ig
< WAt 1L
o 0 P (W)
EE
O
>
Result z —0.5
— o =
0, —6; =90 3
P=0 £ -10 | | | |
_ = 0 0.005 0.01 0.015 0.02 0.025
p(t) = -Q sin(2wt) Z Time (5)

Q>0 (inductive)

Average power is zero. Energy oscillates back and forth.

Eng. Nael S. Dokhan



24

Power for Purely Capacitive Circuit

— - °

)

— e
Result
6, — 0, =-90°
P=0

p(t) = Q sin(2wt)
Q<0 (capacitive)

1.0
p (W)
0.5
P (W)
0 .

[Instantaneous, average, and reactive power

=03
O (VAR)
-1.0
-15 l I | | |
0 0.005 0.01 0.015 0.02 0.025
Time (s)

Average power is zero. Energy is stored and returned.

Eng. Nael S. Dokhan



25 ' The Power Factor

Power Factor Rules
@ =0, —0; - power-factor angle
pf=cos(p) ,0<|pf| =1

Inductive load — lagging pf
Capacitive load — leading pf
Pure resistor —» pf=1



%6 The rms Value and Power Calculation

@
Useful Forms .y
Vo I _
P = T cos@ V,.cos (ot + 6,) R
P = VimslrmsCOS® ®
Q = Vrmslrmsﬂ'nga
2 v, =100V (rms) R§ = V,=100V (dc) R§

. V.
For a resistor: P = r’gs =I,....“R

A 100V rms source produces the same heating as 100 Vdc in R.

Eng. Nael S. Dokhan



27 Example 5

a) A sinusoidal voltage having a maximum amplitude of 625 V is applied
to the terminals of a 50 Q resistor. Find the average power delivered to
the resistor.

b) Repeat (a) by first finding the current in the resistor.

Method 1: Using Vs Method 2: Using I,.,,,
625 v 625
V. .= —=44194V I = 2= _—=1254
rms \/E m R 50
Vems ©_ 441.94%2 _lzo
P = T oo T 3906.25 W [rms = W = 8.84 A
P=1I.,.“R

P=(884)°x50=23906.25W

Eng. Nael S. Dokhan



Definitions
S=P+jQ
P = Re{S}
& =1mi{S}
Formulas
S = \/ P? + Q?
S| = Vims Lrms

tang = 0O /P

Quantity and Units

Quantity
Complex power

Average power

Reactive power

Power Triangle

S| = apparent power

b

28 Complex Power

Units

volt-amps
watts

var

Q = reactive power

P = average power

Eng. Nael S. Dokhan



Complex Power

§ CORE EQUATIONS

VOLTAGE & CURRENT

CURRENT & IMPEDANCE

VOLTAGE & IMPEDANCE

S = Vims I*rms S = Izrms A S = Vzrms /1Z”
# POWER COMPONENTS (S =P + JQ)
COMPONENT FORMULA UNIT
Real Power (P) P =P 5 R = Vypg Irms €0s(6,, - 6;) W (Watts)
Reactive Power (Q) Q =g X = Vi Irms sin(0,, - 6;) VAR
Apparent Power (|S|) IS| = Vims Lrms = \/ITQz VA

§ QUICK DEFINITIONS

« Complex Conjugate: I = |I|Z£-6
* Inductive Load: +Q (Absorbs Q)

» Power Factor: PF = cos(0, - 6;) = P/ |S|
» Capacitive Load: -Q (Supplies Q)

Eng. Nael S. Dokhan




309 Example 6

An electric load operates at 240 V rms. The load absorbs an average
power of 8 kW at 0.8 lagging power factor.

a) Calculate the complex power of the load.

b) Calculate the impedance of the load.

Ic (f
-

A Circuit

Eng. Nael S. Dokhan



=tV Example 6 — Solution

Answer ]
a) @ = cos 1(0.8) = 36.87° L
P 8 + °. |
S| = o =98 10 KVA Vet Circuit
- O
Q = |S|sin(¢)=10 X 0.6 = 6 KVAR

S=8+j6 KVA

b) | = P 8000

o = 41.67 A
VXpf 240 X0.8

vV

|Z| = 7 = 5.76 Q)

= 41.67

7 =5.76,36.87°=4.608 +j3.456 ()

Eng. Nael S. Dokhan
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33 Example 7

The two loads in the circuit shown can be
described as follows:

0.05  j0.5
_I\N\,_fYW\
Load 1: P = 8kW, 0.8 leading p.f. Il]l Illz
4 +
Load 2: |S| =20kVA, 0.6 lagging p.f. V, @ 2\5,%2) Iy L
Determine: l

a) Line current
b) Source voltage
c) Power factor of the two loads in parallel

Eng. Nael S. Dokhan



34

Example 7 — Solution Part (a)

o For Load 1

P, = 8 kW, p.f. = 0.8 leading
L
$1] = & = 10kVA
Q) = |S;] sin(cos '(0.8))
= 10 x 0.6 = 6 kVAR

Since the power factor is leading,
reactive power is negative:

S; = (8 — j6) kVA

For Load 2
|S>| = 20 kVA, p.f. = 0.6 lagging
P, = |S,]| x0.6 = 12 kW
Q> = |S,| sin(cos™'(0.6))
= 20 X 0.8 = 16 kVAR

Since the power factor is lagging,
reactive power is positive:

= (12 + j16) kVA

Total complex power

S+ 5>

(8 —j6)+ (12 +j16)
(20 + j10) kVA

Stolal —

Use the complex power relation
S = VI*

V = 250£0° V (rms)
5 _(i)* (20 + j10) x 103 )*
V 250
I = (80 + j40)*
= 80 — j40 A
17| = v/80%+ (—40)2 = 89.44 A
ZI =t —'( )——266°
I = 89.44/—26.6° A

Line current: 7 = 80 — j40 A

89.44/—-26.6° A

Eng. Nael S. Dokhan



= Example 7 — Solution Continued

(b) Source voltage (c) Power factor of the two parallel loads
Vi = (0.05 +j0.5)1 + 250 Stotat = (20 + j10) kVA
— (0.05 +j0.5)(80 — j40) + 250 b i ] (%) = apa] (%)
= 274 + j38 V = 26.56"

p.f. = cos@ = cos 26.56°
= 0.8944 lagging

= 276.62/£7.89° V

Source voltage: V; =274 + j38 V = 276.62£7.89° V

Power factor: 0.8944 lagging

Eng. Nael S. Dokhan



36 ' Balanced Three-Phase Voltages

Three-phase
line
/N
= o
Three-phase
voltage @ / \ ® Thl'el(i;l%hase
source \ .
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37 Balanced Three-Phase Voltages

Positive phase sequence (abc)

V.=V, 200

Vi = Vin £-1200= Vyy, 22400 Definition / |
Vb

Ve =V £-2400=1;, £1200 Balanced set:

Equal magnitudes
Phase displacement = 120°

V.=V, 2-1200=V, 22400
V, =V, £-2400=V, 21200

b
Negative phase sequence (acb)
Va=Vin £00 Also:V, +V, + 1. =0 \ v

Eng. Nael S. Dokhan



Three-Phase Voltage Sources

Wye (Y) source
ye(¥) Three-phase

line

Three-phase ° / A\\ °

Three-phase
voltage @ ® P
\ load
source
@ ®
Delta (A) source Connections

d

Common source/load combinations:
Y-Y
Y-A
b A=Y
A-A

Eng. Nael S. Dokhan



39 Analysis of the Wye-Wye Circuit

a A
® Zla —
l;l.-\.
Zgﬂ I
= Z 7z
*I']* () 1:1 A
@ Zlh = @ ZB
b Ig B
Zc
th
@ VAR —@
C i C
c(C

Eng. Nael S. Dokhan



40 ' Analysis of the Wye-Wye Circuit

Key Relations | ° Zinf—= .
For a balanced system: a e {2} —s Zn
A DAANEEA S5 ves (D) ]
Z(I) o Z(I)A — Z(I)B — Z(I)C E Zip ]MTE Zy
Zoy = Zg+ Ziine + Z z
ﬁc o Zic o
IaA: Va’n/Z(I) c . C
Ipg=Vprn/Z¢ s Tzl s Iz1 %
a ® . o}
Vy =0 (balanced neutral) Vo faa Z4
Solve one phase, then shift by £120° ° N

Eng. Nael S. Dokhan



41 Example 8

A balanced three-phase Y-connected generator with positive sequence has an
impedance of 0.2+j0.5 Q/¢ and an internal voltage of 120 V/¢. The generator feeds
a balanced three-phase Y-connected load having an impedance of 39+j28 Q/®. The
impedance of the line connecting the generator to the load is 0.8+4j1.5 Q/®. The a-
phase internal voltage of the generator is specified as the reference phasor.

a) Construct the a-phase equivalent circuit of the system.

b) Calculate the three-line currents I, 4, [, , and I .. .

c) Calculate the three phase voltages at the load, V,n , Vgy , and Ve .

d) Calculate the line voltages, V5, V4 , and V-, , at the terminals of the load.
e) Calculate the phase voltages at the generator terminals, V., , Vp,, , and V., .
f) Calculate the line voltages at the generator terminals, V,;,, V., and V., .

Eng. Nael S. Dokhan



2’ Example 8 — Solution

Given Data
Parameter Value
Generator internal impedance Z,=0.2+j0.5 Q/phase
Line impedance Zi. =0.8+j1.5Q/phase
Load impedance Z,=39 +j28 Q/phase
Generator internal phase voltage E,, =1204£0°V

Sequence Positive sequence (abc)

Eng. Nael S. Dokhan



Example 8 — Solution Continued

a) a-Phase Equivalent Circuit
The per-phase circuit contains the generator internal impedance, line impedance, and load

impedance in series.

a’ 020 050 080 J15Q A

*— W —YYM E AN, —Y Y Y\ o
+ - +
I,
" 390
_F- 7 T
28 Q)

=X
Z

Eng. Nael S. Dokhan



44 Example 8 — Solution Continued

b) Three Line Currents

c) Phase Voltages at the Load

Z.=(0.2+j0.5) + (0.8 +j1.5) + (39 +j28) Van=1laZ,

7.=40+j30 = 50236.87° 0 |Z,| =V(39% + 28%) = 48.01 O
1,=E,_/Z 27, = tan"1(28/39) = 35.68°

[,a = (120£0" ) /(504£36.87" ) V,y = (2.42—36.87° )(48.01235.68° )
[, =24,-3687" A V,y=115.225,-1.193° V

For a positive-sequence abc system: VBN —115.225,.—-121.193° V

Iy =2.424-156.87" A V.y = 115.2252118.807° V

I =24,83.13° A

Eng. Nael S. Dokhan



45

Example 8 — Solution Continued

d) Line Voltages at the Load
For a balanced positive-sequence Y system, each
line voltage has magnitude v/ 3 times the

corresponding phase voltage and leads it by 30° .

V,s = V3 VAN 230°

V,p = 199.576.,28.807° V
Vye = 199.5764-91.193° V
V., =199.576,148.807° V

Note: If the required quantity is V, instead of Vg,

e) Phase Voltages at the Generator Terminals

W = B = o A

[,,=24+4-36.87" =192 —jl44A

LaZ,= (1.92 —j1.44)(0.2 +j0.5)

LaZ, = 1.104 +j0.672 V

V,, =120 — (1.104 +j0.672)

V., =118.896 —j0.672 = 118.8982—0.324" V
V,,=118.898,-120.324" V

V., =118.8982119.676° V

Eng. Nael S. Dokhan



4659 Example 8 — Solution Continued

f) Line Voltages at the Generator Terminals

V,=V3V,_ 230°
V,, =205.937229.676° V

V,.=205.9372-90.324° V
V_ =205.9372149.676° V

Eng. Nael S. Dokhan
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48 Three-Phase Power Calculations
Balanced Wye Connected Load

Balanced Wye Connected Load

Total Power L. é
Vol = [Van| = Ven| = [Vl T
ARNGIIA =
Vi
Io| = Haal = Ipgl = el = 1L a i ZM = )
@ —o N

P, = |V<p| |I<p| cos 6, B :
Pr=3P,=3|V,| |I,| cos 8, Zes| Was
0p = 0ya —0ia =0y —0ip =0yc —0Oic e

L» C 45 13
Pr =+/3 |V,| |I,] cos 0, °
Qr =\/§ |VL| |IL| sm9¢ ForY loads: |VL| =\/§|V(p|
ST :\/§ |VL| |IL|

|1, =|I<p|

Eng. Nael S. Dokhan



49" Three-Phase Power Calculations
Balanced Delta Connected Load

Balanced Delta Connected Load

A
Total Power T

V<p| = Vagl = Vel = [Veal = VL]
I¢| = |IAB| - |IBC| - |ICA|

IL|=\/3_|I¢| : ¢ B l(‘,\A Z\ Vea
P<0=|V<p| |1¢|C039<p |
Pr=3P,=3 |V(p| |I(p| cos 0, Vec | 4a | Tsc

l "
Pr =+/3 |V,| |I,] cos 0, C
Qr = V3 Vil 1] sin 9<P For A loads: |I; | =\/§|I<p|
Sr =3 V| || Vil=|V,|

Eng. Nael S. Dokhan



50 Example 9

A three-phase generator supplies a three-phase load.
The loads are connected in parallel as shown in the figure.

20 j10Q

Load 1: 150 kVA, 0.8 leading power factor — AA—TT *+

Load 2: 200 kVA, 0.6 lagging power factor 220020° V
Vi (v Ly || Ly || Ls (rms)

Load 3: (100 + j20) kVA

Find:

(a) Draw the power triangle for each load.

(b) Total complex power consumed by the load.
(¢) Supply current.

(d) Complex power of the source.

Eng. Nael S. Dokhan



>’ Example 9 — Solution Part (a) — Load 1

Given: | S:| = 150 kVA, p.f. = 0.8 leading

o Real Power (P)
P =|S;|cos@ = 150 x 0.8 = 120 kW

Power Triangle (Leading p.f.)

e Reactive Power (Q)
120 kW

Q = |S;|sin@ = 150 x 0.6 = 90 kVAR >
36.87°
e Power Factor Angle
P = cos " (0.8) = 36.87° 90 kVAR
150 kVA
Q Sign of Reactive Power

Since the power factor is leading,
the reactive power is negative.

9 Complex Power
S1 = (120 — 790) kVA

Eng. Nael S. Dokhan



520 Example 9 — Solution Continued Part (a) — Load 2

Given: |S>| = 200 kVA, p.f. = 0.6 lagging

o Real Power (P)
P = |S5|cos@ = 200 x 0.6 = 120 kW

Power Triangle (Lagging p.f.)

e Reactive Power (Q)
Q = |S5|sin@ = 200 x 0.8 = 160 kVAR

e Power Factor Angle

8 =:cos’ 1(0.:6) =:53.13° 160 kVAR

e Sign of Reactive Power

Since the power factor is lagging,
the reactive power is positive. 120 kW

e Complex Power
S> = (120 + j160) kVA

Eng. Nael S. Dokhan



53 Example 9 — Solution Continued Part (a) — Load 3

Load 3: §; = (100 + j20) kVA

S5| = v/100% + 202 = /10400 = 101.98 kVA =~ 102 kVA

0 =20 kVAR

P =100 kW

Eng. Nael S. Dokhan



%4 Example 9 — Solution Continued

(b) Total complex power consumed by the load

(¢) Supply current

S, 40 + j |
Sp= 2 = Z0ETD _ (113.33 + j30) kVA
PRy 113.33 + j30) x 10°
1:(—"’) =<( 555 ) — 51.5— j13.63 A
v 2200

=85 3200 % =85 A

Eng. Nael S. Dokhan



55 Example 9 — Solution Continued Part (d)

Ssource = _(Sline Wt Sload)
Sine1on = |I1? Z = (53.29)*(2 +j10) = (5.68 + j28.4) kVA

Ssource el (3 Sline, iph T Sload, 3ph)
—[(3)(5.68 +j28.4) + (340 + j90)] kVA
— —(357.04 + j175.2) KVA

Ssource = —357.04 —]1752 kVA

Eng. Nael S. Dokhan



%6 ' Thank you

Thank you

nnnnnnnnnnnnnnnn
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